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Magi&ates and Council, both with reipeft to this. WorlE, 
and to my publick Employment, is but the Native Con- 
fequence of that Noble Difpofition for promoting Learn- 
ing and all good Education, which is the wetMqjown 
Character oLAberdeen \ fo, I belief, I fhould rather offend 
than pl£afe by attempting any Apology for this Addrefs ; 
or running into the Confcnoii Way of Mattering Dedica- 
tions. I know how difegreeable it is to Generous Minds, 
to hear their own juft Praifes : But J hopq you walj forgive 
me, if I avoid the Appearance ,qf Ingi?taT&i(ie,, [fey making 
this pubjick Acki^yledgement of the Kindiie^ aifcd Civi- 
lity with which You haveufed, • 
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T XT HENa Subject bas gone thro 3 fo many Hands as At ithtnetick has done, a new 
\f\f Book cannot Want many Prejudices againft it : and therefore t6 fend it into the 
* * World Without Ibnte introductory Account of it, is no better than laying ic 
down at random 5 or, more ptopcrly, expofing it. 'Tis an uflreafbnable ; Neglect of forne- 
thing, that equally concerns tneAutnor and the World : for if an Author hds endeavoured 
to do fomething more uieful and complete upon any Subjeft than has been already done, 
and thinks he has in fome meaftrre fucceeded ; as' the telling the: World fo, rha'y be done 
without any Breach of Modefly, fb it appears to me equally juft arid necefiairy to explain 
particularly wherein the Improvements and Advantages of the Work lie ; that; every one 
may fee how far it anfwers trreir Purpofe, and deferves their Encouragement. It rhuft 
ftand'upon its. own. Bans, nb doubt ; yet nothing feems more honeft and reafo'nable than 
"this kind of Invitation to look' into it. It may be objected, I know, that here is only 
the Author's Word for this Account, which is a partial Tefrimony : But if it be cbnfi- 
der'd, that he ventures his Credit as well as the Succefs of his Work, upon- a fair Repre- 
fentation, this, I may reafonably hope, will incline the more Candid and Charitable, to 
believe that it is fo. And. upon this Hope I prefume to give you the following Account 
of this Work. 

Arithmetick is a Sabjcd of that Extent, that in fome Refpecls it can never be 

exhaufted; and of that Valucj as to deferve all the Study and Pains that can bebeftow'd 
upon it. It is certain, there is no End in the Knowledge of Numbers ; but as to a juft 
and rational Syftem of the Science, one Would think that can't be a thing ftill Wanted, 
after fo many Books already written on this SubjecTr: Neverthetefs, in my Opinion, we 
are far from having any. fuch thing, in our Language at leaft ; and as to what may be in 
other Languages, I can only fay, That I have not found it in the Books that have come 
to my hands. 

But that I may exprefc my Sentiments upon this Matter a little more particularly, as 
neceflary to in*: ->duce an Account of the prefent Work, I fliall firnY obferve. That Arith- 
metick is to be confider*d in two Refpeffe, viz.. either in its Theory, which contains the 

Abftraft and Speculative Knowledge of pure Numbers ; or in its VraRke, which con- 
tains the Application of that Theory to human Aflairs. The Theory is firft in order of 
Science; the Application fuprjofing and depending upon it : So that there canbe no Appli- 
cation without fome previous abftradfc Knowledge of Numbers; that abftract Knowledge 
being the very thing , to. be applyU But then it is to be confider'd, that there is a great 
Difference betwixt underftanding the Senfe and Meaning of any Propofition, or of any 
Rule in Arithmetjck, fo as to be able to follow its Directions; and knowing the Reafon 
and Demonftration of die Truth of rthat Propofition or' Rule. Hence it is, that there 
are two very different ways of ftudying and knowing Arithmetiek* The Generality who 
pradtile Arithmetick, and even many whofe BufineS requires a Knowledge much above 
the more common Parts, yet underftand Utde or nothing of the Reafon or Demonitration 
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of what they do, becaufe they ftudy not the Theory of Arithmetick, and ask no more 
than plain Rules for the Practice, fo far as they have ufe for it. But others, confidering 
Aiithmerick as a Science founded upon Principles and Reafbn, require a Demonftration 
for every thing. 

Anfwer2ble to thofe two different Demands, the Books of Arithmetick which we have,* 
are of two kinds; the Tragical and Theorical. The practical Books are moft of them 
imall Tre3tifes of the firil and more fimple Elements and Applications of Arithmetick : 
Eur befides that they go a very ihort way into the Science, they have alfo left us without 
the leaft Reaicn for any triing they deliver, more than what is in fbme Cafes evident 
from the "Nature of the thing : Taking all the reft for granted, or leaving the Demonftra- 
rion to the Theorifts- 

The Theorical Writers have treated Arithmetick as a Science, by demonfl: rating what 
they deliver : Some of them treat the Subject altogether abftractly, without any particular 
Application, as Verfins in his Clavis Arithmetic* : others with the Theory join alfo the 
Application, doin* more or ids in it as they have thought fit, as Ward, Tacaucty and 
others. Of this Gals, again, fome begin in the natural Order with the fimple Elements : 
Others omit thefe, fuprxriing them already underftood, and fall in at once into a more ad- 
vanc'd Theory. Such Elements of Arithmetick we have in Euclid's 7 th , 8 th , and 9 th Books; 
and this Method has been imitated both anciendy and of late. Tacquet has given us 
thofe three Books of Euclid for the Elements of Arithmetick j placing them before what 
he calls the practical Arithmetick, which contains the common Principles and Rules, 
and fome things relating to Projpeffions, with the Extraction of the Square and Cube 
Roots ; all very neatly explained and demonftrated, as far as he carries the matter, [ex- 
cepting one fmall Miftake I have occafionally taken notice of in the following Work y 
and his Demonftrarions of the Square and Cube Roots, which appear to me deficient.]] 
But I could never underftand the Keafbn of this Order \ he % could not certainly mean 
that thofe Elements of Euclid were to be ftudied before the more fimple Elements, which 
without doubt Euclid fiippofed as neceflarily previous to his. 

But of all the Works of this Clals, I have found none which I can reckon a plain, ra- 
tional and com pleat Syftem or Inftitution of the Science of Arithmetick j either from the 
want of feveral things, even elementary and fundamental in the Science, (which is a 
common Fault with them all) or being too concife and flion in other things ; or from 
fome other Difficulty or Fault in the Method j owing, perhaps, to their particular Views 
and Deugnsj but which anfwers not to my Idea of the thing wanted. How unac- 
countable (for Example) is ir in Mathematical Writers, to leave feveral things unde- 
monftrated, to fend us to Euclid for others, or give us but very general and imperfect Hints 
of a Demoriftration ? But I have done ; for to be more particular, would not only be 

ufelete, but perhaps be mifconftmed to a worfe Senfe. 

From this general Account of Arithmetick, and the different Ways of treating it, the 
Thing wanted will eafily appear to be this, wz. A Trearife, wherein the Science is de- 
duced from its nrft Principles ; and carried on with clear and accurate Demonstration 
thro' all the fundamental Branches of its Theory and Practice, With the more Consider- 
able Improvements hitherto made in the Science ; all difpofed according to the molt eafy 
2nd natural Connection and Dependence of die feveral Parts ; hereby uniting the whole 
into one regular and complete Syftem. Again, in fuch a Syftem Numbers muft not only 
be confider'd abftradHy, or purely as Numbers, but we muft alfo confider their Applica- 
tion to particular Subjects, that we may have a compleat Courfe of what we call the 
practical Arithmetick ; which, befides the more fimple Elements of Practice, or funda- 
mental Rules of Operation with pure and abftract Nu mbers, explains the Application of 
thofe Rules to die more common and ordinary Subject? of human Affairs. 




Such 
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Such a complete and rational Syftem of Arithmetic!*:, accommodated to the Purpoies 
both of the practical and fpeculative People, I have endea vour'd to give in the following 
Work ; of tn e Contents and Order of which, I jfhall give you a more particular Account 

immediately : But before this, it wiii be proper to make the following general Refle£tion 

upon the Syftem of Arithmetick, both as to its Theory and Practice^ which is this: 

Arithmetick taken abftra&ly, or in its Theory, being the firft great Branch of the 
Mathematicks, its Application is to be found not only in the common Affairs of Life and 
Society, but in all the Sciences that are calTd Mathematical, (which have all their different 
Ufes in Society.) But then obferve, that it is nor to be expected that aCourie of Arith- 
metick ihould explain fuch Applications as require the Knowledge of other Sciences j for 
then we Ihould be obliged to bring into it all the Mathematical Sciences ; fince to underftand 
its Application to the Subjects of thefe Sciences, does neceflarily require our underftanding 
the Principles of them. For Example, if 'tis propofed to find what Fart or Parts any le£Ter 
Sphere is of another, the Lengths of their Diameters being known ? This is a Queftion 
folvable by Arithmetick ; yet the Realbn of the Rule goes farther than Arithmetick, for 
it depends upon Geometry, viz. upon that Geometrical Truth, that Spheres are to one 
another in Proportion as tie Cubes of their Diameters ; and fo belongs to Arithmetick 
only as this is applicable in Geometry, and fuppoies the Knowledge of this Science. 

From this it is evident, that the Applications proper to be explained in a Syftem of 
Arithmetick, are only fuch as relate to the more ordinary Affairs of Life, which require 
the previous Knowledge of no other particular Science, and depend immediately ana di- 
rectly upon the Confiaeration of the Numbers of things, and iome other common Cir- 
cumstances. Such are all the fimple Applications of the common fundamental Opera- 
tions of Arithmetick, either in Whole Numbers or in Fractions j and the Applications 
of tie general Rules of Proportion in the common Subjects of Trade and Commerce : 
For in all this there is no more reqmVd, but a careful Attention to the Senfe of the 
Queftion, and the true EfTe£r. of the Rules of Arithmetick. 

Again it is to be obferv'd, That as the Theory of Arithmetick is an abftract Science, 
independent of all thofe Subje&s to which it may be apply'd, it is therefore neceflary that 

we have a complete Syftem of the Theory of Numbers, confider'd purely and abftractly 
by themfelves - 7 this being prefuppofed in the Solution of all Queftions in other Sciences, 
which have any Dependence upon Numbers. The next thing I obferve here, is, That 
tho' there be many Truths difcovered in the Theory of Arithmetick, of which there has 
been no Ufe or Application yet found, this is no reafon why thofe tilings ihould 
be neglected or kept out of the Syftem ; they are ftill a Part of the Science, which we 
ought to enlarge more and more, as far as we can : One Age may find the Ufe of the 
Theory which a former has invented j as undoubtedly has been the Cafe, with refpect to 
moft part of the Theory both of Arithmetick and Geometry. I fhall but add this one 
thing more, w«. That tho* many things in the Science of Numbers were fuppos'd to be 
of no particular Ufe in human Affairs, yet as the Mind of Man is made for Knowledge 
and Contemplation, and the Pleafure ariung from the Perception of Beauty and Order in 
other things, is allowVi to be worthy of rational Natures \ the Contemplation of the fur- 
prizing Connections, the beautiful Order and Harmony of Relations and Dependencies 
found among Numbers, is not left reafonablc : And if to this be join'd the vaft Extent 
of the Ufe and Application of Arithmetic^ the Reafonablenefs and Neceffity of explain- 
ing the Theory of Numbers fo largely as I have done, will eafily be allowU 

I Ihould now come to the Contents of the following Work, but as fome particular 
Circumftances oblige me to take notice of two late and well-known Authors, Mr. Hill 
and Mr. Hatton* I *hall firft difcufs what I think neceflary to fay as to their Works. 

Mr. HHPs Book, which he calls Arithmetick in Theory and Practice, is remarkable 

chiefly for the very uncommon Recommendation it carries with it from a very con- 
fiderable Matter. We are told by Mr. Vitt<m> That take this Author purely as an Arith- 
metician* 
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etician, he has not only done more and much better than WhtgaU? Cocker y Z.eyburn y y 
■ — ly other of the Writers in our Tongue, but indeed all that can be done by Arith- 

and therefore (feys he) if no other Book on this Subject comes out till- this 
Performance is really mended, Fm fetisfy'd we fhall have no new Book of Arithmetick 
very {don. 

Now here was fuch a Defiance, and from fiich a Hand, that they were bold enougji 
who ventured firft to write after it, and even without the leaft Apology, or Notice taken 
of this Challenge, as feveral have done : Whatever Reafon others thought they had for 
fuch a Condud, I thought it necefiary for my own Vindication tc make the following 
Remarks, on this Book and its Recommendation. 

That Mr. Hiff has feveral things that are not common, I do acknowledge 5 but for his 
having done much better than all that went before him, 'tis not my Bufinefs to determine ' y 
what Tm concerned in chiefly, is the Afiertion of his haying done all that can be done : 
by Arithmetick, a thing I was much farprizM to hear fromfo good a Judge as Mr. Drtton $ 
and becauie if this be true, then what I offer to the World muft be either impertinent 
or mperfluous , it can't be thought out of my Road if I enquire a Kttle into the Truth of 
this AOerrion. By the mention Mr. DrtHn makes of Algebra, it appears to me* that be 
would have nothing admitted into Arithmetick that is any way owing to Algebra. Now*' 
fuppofmg this were reolbnabie, yet the Book in quefHon will £H)i be found both very de- 
fective in what it ought to contain to anfwer fo great a Chara£fcer, and alfo to have many 
things that belong not to a pure Treame of Arithmetick. In the firft place, with what 

Truth and Juftice can it be (aid, That a Book contains all that belongs to Arithmetickj 
and that one needs, learn no more, (as he aHb fays) which, (befifies that thene. is; no De- 
monftration^ and conlequendy no Science) wants, many things that are. fundamental and 



necefiary, and yet do not abfolutely depend upon Algebra ; (rho* they may be made eafier 

in marry things by its help) pajrricukrry in the Doctrine of Proportion : For. tho* we have 
here feveral Propofitions relating to. this Subje&x yet we are very far from having any 
rHnglike a juftand orderly Treatife of Proportion : Not (to mention no more of its. 
Defe&s) have we any of the reft of me. fundamental and curious Theory of Numbers, 
contain'd in 'Euclid's 7*, I th , and 9 th Books. Again, if we muft exclude what is any 
way owing to Algebra? then moft of what is uncommon in Mr. Hilly as upon Progrefftom, 
iTrterefij logarithms ^ Combinations^ and Extraction of Roofs:, do not belong to Arith- 
metick : And. if rhefe belong to Arithmetick, notwithftanding their . Dependence upon. 
Algebra, then fo muft a great many other things not to be found in Mr. HHPs Book.. 
Bur I have faid enough, and fhall leave you to judge by the following Work, whether 
that Book contains all that can be. done by A rithmeticky and confequently what to think, 
F t'r.ts extraordinary. Recommendation, which indeed is mpre faulty than the Book 



Book had aruwef d the promising Title, my Labour had been 



could not help judging otherwiie of a. Book that not only leaves us; without Demonftra 
lion in moft Things, and ibrnedmes gives us. a mere Proof of apartic 
- r - general Dernonfrration ; but which s in a word, comes very far. ftiorr uwu uu u« 

As Fm no further concern'd in the Criti- 



lar Example* inftead' 




id Oid^r due to an In the Syflem. 
>tber Plan's Work, than it is necefiary to vindicate my own 
bis general Reflection upon this Work, and leave- it to an ii 



a mpre .lathe Sjjrem. There is one thing more I muft (ay here, viz. That as I think.it 
is ever? one's bufinefs who writes upon any Subietl:, . to. difcover. thcErrors (efoecialiv 
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plaining 



fake 



5und fault with Dr. Harris's Rule for die cm^ompti 
before it is due ; fo he ought in juflace to have t< 



own Index to Interefi) printed Artfo 1 71 1, are calculated b f 
„ , 10 body may be longer impos'd upon by them. And that you 

may hot think the Confequence incohfiderable, take this Example : The Difcompt of 
1000 /. paid 90 Days before due, is by his Tables /. fl^JXy the Difcotnpt being it) 

6 percent, whereas, according to the TrueRule, tie Difcompt ought to be /. 14.57882 

I proceed now to a more particular Account of the following Work, which is di-. 

vidcd into fix Books. 

BOOK I. 

In this Book I have largely explain'd and deriionftrated the firft to pie Principles and 
fundamental Operations of Arithmetick in Integers or Whole Numbers . k In which, after 
the Principles and Rules for the Management of pure and-abftraft Numbers, I have le- 
parately explain'd the Ufe and Application of tbeie Rules to particular Subjeds, fuch as 
occur in human Affairs. 

BOOK U. 

Here you have fully handled the Do<$ririe of Fraffioiis, where I have firft extibm'd' 
(in a way I think very eafy and demonftrative) the general Nature and Tbeoiy or Frac- 
tions, as a neceiTary Foundation for underftanding the Reafdll of the Practice i which I 
have next (ally expkfa'd both in Vulgar and thermal Fractions, & they are d^guiflrtf. 
Only what we call Infinite or Circulating Decimals, are referfd to Book f . for the fake of 

tho Demonftration. 

Obferve, As thefe two Books contain the firft and fundamental Principles and Rute of 
Aritbmerick,* and as the right underftanding of the Foundations of any Science is of great 
Importance, I have therefore enlarged and improvM every Part almoft "with fiich parti* 
cular Explications and Rules, as will, I hope, be of great ufe for attaining to a jufr and 
perfect Idea of this Science in its Fundamentals, and a more mafterly Practice. 

BOOK in. 

Contains the Do&rtne of the Powers and Roots of Numbers ; wherein I have firft par* 
ticulariy explained, the Nature and Theory of thofe Numbers calTd Powers and Soots. After 
this you have the Rules for raifing or forming Powers, and Extracting Boots in Integers 
and Fractions, where I have explain'd Sir Ifaae Newton's famous Rule calTd the Bino- 
mial Theorem, and fome other curious things relating to the Extrattiott of sXoots. You 
have here alfo what is called* the Arithmetick of Surds, which contains a more particular 
Application of the preceding Theory to Roots, efpecially thofe called. Surds. Laftly, you 
have all the Propofitions of the 2* Book of Euclid) which are applicable to Numbers, with 
fome others of the fame kind. 

Obfcrve, As to the Contents of this Book, that excepting the common Rules for ex- 
tracting the Square and Cube Roots, all thd refi: of mis curious Branch of Arithmetick is 
t0 he found only in our Books of Algebra : "becaufe the Ufe of it is above the common 
Affairs of Life, and occurs chiefly in the higher Applications of the Algebraic k Art; and 
alfo becaufe the Deroonftration of it can hardly be made without' the help of Algebra. 
But as it is direftly and immediately a Part of the Theory of Numbers; which does in- 
deed no otherwife belong to a Treatife of Algebra; than any other dung in Arithmetic!^ 



* The Phriituhn I tav* eenfured in Mr, Hatton'i Book, jteV/ find in Bdok & Cb*P> 6. Que*. 6. and in 

a which 
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which may be demonftrated by the help of the Algebraic k Method. Alfb, fince I have 
taken that Method of Demonitxation (of which I (hall give vou a particular Account af- 
terwards) I have therefore given it its due place in the Syfiem of Aritbmetick. I muft 
ako obferve, that tho' the Writers of Algebra have taken this Part of the Theory of 
Aritbmetick into their Province, yet it is not, in our Language, treated fo fully and par- 
ticularly as it ought to be j many things being left without Demonft ration that to me 
fcem far from being felf-evident- 

For rhe Excraflicn of Hoots , efoecially thofe above the Square and Cube, there are eaner 
Methods, owing alfo to the A Igebraick Art ; bur as they exceed the Limits prefcrib'd to 
dais Syfiem? they muft therefore be fought elfewhere. 

BOOK IV. 

Contains the Do&rhte of Proportion in all its Branches, as diftinguifhed into Arithmetical^ 
Geometrical and Harmonica!. In each of which, as I have endeavour'd to make the fun- 
damental dungs clear and plain, fo I have omitted nothing worth knowing, in this great 
and ufeful part of Arithmetick, that I could any where find, or that my own Study could 
furnilh : Whereby, as you have all that our common Books contain, lo you have many 
other things to be found only in iuch Authors as are not in every body's hands j and 
many things intirely new, for what I know. And, in both thofe J aft two kinds, befides 
what is mrx d here and there, there are fome more considerable Additions ; particularly 
upon Arithmetical Progrejjwns, in Chap. a. §. 2.. All that, is from ScboL a. (after Probl. 2.) 
is intirely new. The Chapters 5, and 6. with the Appendix to this Book, contain things 
imcornmon, and for the moft part altogether new ; (fee Contents more particularly.) So 
that I dare prefume to {ay, you have here a more compleat Syftem of the Doctrine of 
Proportions than can be found elfe where, in our Language at leaft. 

As to the Subje& of Cbap. 6. which is Harmoziical Proportion? I have this Obfervation 
to make. That as Mufick in its Sift Principles depends altogether upon Numbers, fo the 
Knowledge of the Application of Numbers to Mufick, which I may call the Arithmeti- 
cal Theory of ir, is fo very ufeful and entertaining, that 'tis pity it were fo little under- 
ftood, as I doubt it is, both by the Practifers and Lovers of Mufick. What was proper 
or neceflary to be done in this Work, concerning thru Application, I have done it ; and 
if any one wants a particular Treatife upon this Subject, they will find it in a Book 

CalTd, A Treatife of Mufck? Speculative^ Practical? and Hiftorical \ which is to be found 

with the Bookfellers to whom the prefent Work belongs. 

BOOK V. 

This Book is a Mifcellany of various things, which are not comprehended under one 
common Name j and confifts of VL Parts, in as many different Chapters ; whofe Con- 
tents are as follow. 

1. The Doctrine of Prime and Compofite Numbers,- a fundamental and curious Branch 
of the Theory of Arithmetick. 

This is a great Part of the Do&rine of Euclid's 7 th , 2 th , and 9 th Books of Elements ; 
which contain, befides, many things relating to rhe Docrrine of Proportion $ but thofe I 
have put in their due Place with the reft of that Docrrine, which is not fo complete in 
Euclid as it has been made fince : but as my Method of Demonft ration is generally 
different from his, (tho' in fome things there can't, be a better than his, and perhaps no 
other , ) fo I have not only delivefd mis Theory in a different, and, as I think, a more 
• natural Order ; but by means of the Algebraic Method^ I have gain'd thefe Advantages, 
ws. That feveral things are made Corollaries to others, which have a fufficiendy tedious 

Demonftranon in Euclid. Again, feveral Pronofirions are made univerfal? . which are li- 
mited 
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mited in Euclid to a few particular Caies : And in others, which can be provM only by 
an Induction of Particulars, I have made the Univerfality of the Induction more clear 
«nd evident, by another Method of Reasoning. 

There are here alfo many things which are not in Euclid; Part of which I met with 
„, feme rare Books, and others occurred to my own Study and Obfervation ; particularly 
the 3 d Section is intirely new. I fliall mention but one thing more, that is, a New and 
very Eafy Way of finding all the Prime and Compofite Numbers within any given Limit: 
of which I have given an Example, extended only to 909. The Form of the Table in 
which they are collected, is much the fame with that in Dr. Pelfs Edition of Brancker's 
Algebra ; tbo' the Rule by which I have compofed it be vaftly more eafy than what's 
given there. 

2. The curious Theory of Figurate Numbers; a thing but juft touch'd upon in any 
Mngli.b Book, of my Acquaintance. I have met with more of it in fome others, but 
either without Dcmonftration, or fo much out of my Method, that I could makenoufe 
of it. And here the Au vantage of the Algebvaick Method was manifeft, by which, feveral 
of thofe things are very limply and eafily demonftrated, that otherwife nave a very dif- 
ficult and tedious Demon ft ration : and without which other things could not, I doubt, 
be demonltrated at all. To the fame means alfo I owe feveral things here, that I found 
in none of my Authors ; whereby I have carried this Part further, and, by putting the 
whole together in a juft Order, have given it a more perfect Form than I have any where 

found it in. 

Here you have a new Canon for the Coefficients Of the Powers of ft "Bhtomial Root > 
and feveral curious Propoiitions, relating particularly to Square Numbers*. With Rule* 
for fumming- the Series of the Squares and Cubes of the natural ProgreJJion of Number* 
1. 2. 3. 4. &c. without actually raifing thefe Powers and adding them together; and a 
Method of raifing Canons for fumming any of the higher Powers. 

As to the Ufe of this Part, whatever elfe if may be (which in Mathematical Affairs is 
conlidenble) you have thro' the whole,* remarkable 'Examples of what I formerly men- 
tion'd, viz. Of beautiful and furprizing Order and Connection among Numbers. 

3. Of Infinite Series of Numbers; particularly of decreafing Geometrical Progrejtenf^ 
(fome ufeful Applications of which you haye in the next Chapter) and of thofe Encrea- 
ftng Series, which are the chief and fundamental things of what the Mathematicians call 

the Arithmetic!* of Infinites ; of which they have made a noble Ufe in Geometry ; havinj 

hereby particulariy found many ufeful practical Rules, for the Mepfuration Of Solids ai 
gauging of Veflels. What I have done here belongs properly to Arithmetick. The A 
piication of it to Geometry you'll find in Sturm/s Mathefis Enucleate or Ward's intro- 
duction* But the whole Doctrine and Application at large, is to be fought from the ce- 
lebrated Author of it, Dr. WaUis. 

4. The Theory and Practice of Infinite or Circulating Decimals (referred to this Place 
for the fake of the Demonftration) which, with what is already done in :i d , Cbaf.%* 9 
makes a compleat Syftem of Decimals. - 

Dr. Walln is probably thefirft, as he has himfelf obfeiVd, who has diftincUy cortfider'd 
this curious Subject. of Circulating Decimals. He has given us the fundamental Theory 
of it, but without Demonftration} nor has he meddled with the practical Part, or Way 
of managing Infinite Decimals in Arithmetical Operations. Mr. Brcwri 7 in his Decimal 
Arithmetic!^ has handled but one fingle Cafe or the Practice, and that not completely 
neither. Mr. Cunn, (who is the laft Author I know upon this Subject) in his Treatife of 
Prfi8iom> has in his way given us all that Dr. Wallis "lays upon the Theory, yet without 
any Demonftration, and a few other obvious things, tending more immediately to the 
Practical . Part ^which he has handled at f iill - length, giving us Rules for all Operations 
and all Cafes: But as he demonftrates none of thofe Rules, (which perhaps he referv'd 
for another Work) he has alfo chofen to exprels them in fuch a manner, as to let the 
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Reafon as far out of view as poflible, which has this Effect that in the Rules of H 
plication and Divifion (which are die more complex and difficult Pans) his Dired 
are not fo eafily folio wM ; and are* betides much harder for the Memory than the Me 
I have chofen, which depends all upon the eafy and natural Explication of one i 
Proportion, viz. The finding the finite Value of (or Vulgar Fraction equal to) 
circulating Decimal : for tho' the Demonitrations are omitted, the Rule ought to be as 
Gmple and eafy as poffible. But I muft obferve this further Effect of Mr. Cunn\ Way 
of delivering thefe Rules, That by themfelves one could never, or very hardly, be led 
into the Reafon of them, nor confequendy into the way I have chofen; fo that it will 



any 



s more eafily believM that the Rules I ha 
upon this Subject, before I faw this Book 



that I may not be thought ungrateful to one whom I acknowledge the firft Author upon 
this Practice, from whom therefore I might otherwife be fappofed to have borrowed or 
deduced all that I lay ; and yet I do acknowledge I owe him one or two ufeful Hincs. 
I have only one thing more to add, That his Rule for the Addition of Circulates 
having compound BepetenJs is mfirmcient for a general Rule; it will bring out the true 
Aniwer in fome Cafes, but is not univerially good for all Cafes : the comparing it with 
the Rule I have here demonfbated will fhew the Difference, and the Truth of what 

I fiy. 

%. The Logarithmick Aritbntetick j wherein the Nature, Cbnftruction, and Ufe of 
thofe adrnirable Numbers calFd Logarithms are explain'd and derconitrated. 

The Manner of conftnictmg or making Logarithms, which I have explained here, is 
that of the Noble Inventor, the Lord Neper, became its Demonftration is more fimple 
and eafy, tho' the work irfelf yaftly more tedious than other Methods which have been 
difcover i fince, by means of a deeper Application of the Algebraick Art than my limits 
allowed me to ufe here. My Purpbfe is however fufficiently anfwer* d ^ for as; every one 
-vho would underftand the Reafon and Ufe ■ of Logarithms, is not under any neceffity of 
conibu&ing them, that being often done already; fol defign'd chiefly whatlthinkismoft 
generally demanded, that is, (i.) To demonstrate the Origin and Nature of thofe Num- 
bers, or fhew that there are really fiich Numbers to be found, as we define Logarithms $ 
which could not be better or more naturally done than by the Method of the Inventor. 
And then, (2.) to explain and demonftrate their Ufe and Application,- which is the 
iarne, whatever way they are calculated or conftructed. * ' 

I mall lay but this one thing more, viz. Thai as thofe other Methods' of Conftruction 
are chiefly owing to Sir Ifaac Newton's Binomial Theorem.; fo far as I have explained 
that Theorem, (which is only fo far as relates to fimple or. proper Powers, i. e. having In- 
tegral Indexes) I have fo far alfo made their way eafy, who would ftudy thofe other Rules 
of Conft ruction wherein that Theorem 1 is alfo apply'd to.. Boo ts.^ which Rules they will 
find no where more eafily and fully explain'd than in Btmajne's Algebra. 

6. Of the Combinations of Numbers, a Part of Arithmetick which, has been, but very 
rlitdeand generally handled by our EngUfb Writers; and as little by others that have fallen 
in my way. We have indeed moft of the nindamental Proportions of it, in H/ZPs 
Arithmetick, yet far fhort of the Length I have carried it, to here. As - the thing is in 
irfelf curious, and not without coi fiderabk Ufe, especially in the Calculations of Chances, 
I have explain'd it the more particularly. Here alfo you have another Demonftration of 
the Binomial Theorem for Coefficients. ■ • • 

BOOK VI. 

* 1 

1 * 
l.i - ► ♦ 

Contains me Application of the Dt/ctririe. of Proportion to. the Common Subjects of 
Human Afrairs: Wherein I have gpne^thro' a large and complete Courfe; bf ; all ; the 
Common Rules and Branches of this Application- I have labour'd to make the Rules 
as plain and intelligible as polTible, and ac the lame time exprefs them fo, as the vaft 
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Extent of their Ufe may eafily appear j and young People may not be fb limited in their 
Notions of thofe diings, as not to be able to go further dian the few Examples to which 
they have found them apply'd in Books, or by their Teachers j or fuch Examples as are 
ftrictly of the &me kind, and propofed in the fame manner with thefe : as I have often 
found to be the Cafe in the Courfe of my Bufineis and Experience in thofe Matters. 
The beft Remedy of which, is to underftand the Reafon and Demonftratitfn "of every 
Rule, and fee the Applications of it in a great Variety of Subjects and Circuraftanccs. 
Therefore I have fhewn the Reafons of all the Rules by their Dependence upon the 
preceding Theory. But left any thro' neglect, or fome o±er fault, mould not under- 
ftand that Theory, I have here given fome other Demonftration of the chief and moft 
ufeful of thofe Rules. And to make the Application complete, I have given you not 
only a fufficient Number of Queftions of common Ufe and Occurrence in every Branch ; 
but alio a great many that are uncommon and curious, the ftudying of which will ferve 
this very ufeful Purpofe, viz. to lead one to a clearer and readier Apprefrenfion of the 
Application of the Rules of Arithmetick, and efpecially of Proportion, which is the moft 
important and difficult thing in the Practical Arithmetick. 

The Applications relating to the Intereft of Money being of great Concernment to 
Society, I have explained and demonftrated thofe at large. And here I found myfd£ 
neceflarily engaged in the Examination of a Queftion wherein Sir Samuel Moreland and 
Mr. John Kerfiy have widely differ'd. The Queftion is about the Calculation of the 
prefent Worth of an A?tnuity to continue any number of Years, ducomptTng Ample 
Intereft. Whether Sir SamuePs Book, which he calls The DodTrine of Interefi y wherein 
he finds fault with Mr. Kerfe/s Rule, .which is in his Appendix to Wingate's Arithmetick, 
was written before Kerfe/s Death, or whether he ever faw it, of gave it any Anfwer, is 
what I know noti but the Difference iecmM to me too confiderable to pals over. Upon* 
the moft careful Examination, I was decermin'd to Mr. Kerfe/s fide : tho' I was very- 
foon afterwards furprizM to find my Opinion contradicted by the Madiemarical Writers, 
who have taken the other fide, and form'd their Rules upon Mor eland's Foundation j as 
particularly by Ward, with this Remark, that a Moreland has detected feveral material 
K Errors committed. by Kerfiy upon Wingate." This put me upon a more narrow 
Examination of the Queftion, which ended in- a further , Confirmation of my , former 
Opinion ; and yet what Mr. Ward and others have 'done merely as Madiematiciahs, is 
right j they have affuni'd a certain ftate of che Queftion, ■ and upon that raifed Rules which 
are good uoon the Juflice of that State of the Queftion, but not other wife : and therefore 
in the Defence of Mr. Kerfe/s Rule, I differ from Wara\ and others who have taken 
that Method, not as to any pure Mathematical Truth in Numbers, but merely as to a 
point of Right and Equity, in the manner of ftating a Queftion betwixt Man and Man, 
according to the Conditions pre vioufly agreed to: But that every body may judge and chufe 
for themfelves, I have given the Rules and Reafonings upon both fides. 

As to the Rule of Yofttion> or Fa I flood; which is common enough in Books of Arith- 
metick, I have omitted it, becaufe it is of littie or no Ufe in real Bufinefs, and very limited 

in its Application: Befides, whoever has the leaft Smattering of the Algebraick Method 
of folving Queftions, can do all,' and much more, than this Rule teaches. 

Of the Method of. Vemonfiration ufid in the followhig Work. 

I have every where endeavourM to take the moft eafy- -and natural way the thing woul<* 
admit of. In die fir ft and fimple Parts there is but one way a! moft to be taken j but in 
the more complex and difficult Parts, as there is room for a Choice, I have generally 
ufed the Algebraick Method, as what is natural and proper to Arithmetic^ and the moft 
eafy and plain Method that can be ufed in moft Parts of this Science, and without which 
many ufeful and curious things could not be demonftrated. I have not fuppofed the 
Student of Arithmc tick already acquainted with Algebra 7 but have gradually explain'd 
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the Principles and Rules of it, as far as my Purpofe requir d. As Algebra is nothing elfe but 
an urnverial Method of reprefenting Numbers, and rcafoning about them, fo it very na- 
turally belongs to Arithmenck : And in the Opinion of the Great Sir Ifaac Newto?t> who calls 
it the Umverfal Arithnetick^ makes, with what in diftin&ion from it he calls the Vulgar 
Arttbmettik, but one complete Art of Computation. But my Defign not reaching to a 
complete Syftem of Arithmenck in this larger Senfe, I have done no more as to Algebra 
than is neceilary for demo nil rating the Syftem of Arithmetick in the more drift Senfe. 

I have indeed been aslrd, why any thing is brought into a Treatife of Arithmetick, 
which itands in need of the Algebraick An, or can be better done by that means than 
otherwife, and not rather referred to a Treatife of Algebra ? The Anfwer was obvious, 
viz.. That wherever thefe things are placed, they belong to the Syftem of Arithmetick:. 
And for the Algebra required to the Demonftration, if one has already learnt it in a 
more expreis and particular Study of that Art, it is well ; but if not, 'tis ju ft as proper 
and eafy to learn it in a Courfe of Arithmetick, as naturally belonging to this Science. 
And if it is again ask*d, Why then I have not extended this Work to all the Parts of the 
Algebraick Art, and thereby made a Syftem of Arithmetick more complete ? I anfwer, 
That having the Choice of my Subject, I have given it fuch limits as I thought con- 
venient, and done fiich a Work as I thought was moft wanted : Thofe who incline to 
make a more particular Study of the Algebraick Art, muft feek it elfewhere. But if 
what is done here, both as to the Principles and Application of Algebra-, be well under- 
flood, it will, I believe, prove an ufeful introduction to the higher Parts of this admirable 
Art, and a powerful Incitement to the further Study of it j when it is confider'd, how 
the moft fimple Elements of it are fumcient for acquiring fuch a Knowledge of Arith- 
metick as can't be obtamM without it in many things, and in others not without much 
greater difficulty. 

I hope men there will no Difcouragement arife from a Profpect of Difficulty in this 
Method, by fuch as are willing to ftudy Arithmetick in a reafonable manner : For tho* 
there are difficult and abftrufe things in the Algebraick Art, yet all the Principles and 
Rules of it ufed in this Work, are in efre& no more than a particular kind of Language; 
or rather a compendious way of reprefenting and comparing Numbers and the Efrccts of 
their Operations : which may be learnt with a little pains, in two Leflbns, or three at 
moft y and as they are exphuVd and appr/d by degrees, it will become eafy and familiar 
as yoaproceed. 

For thofe who would ftudy only the Practical Part, without the Theory and Reafbns 
of Things ; they will find what they want in the firft, fecond, and fixth Books, with the 
fecond Chapter of Book III. In all which, let them pals over the Vemonftrations. And 
if they would go further, they may read the Problems in the fourth and fifth Books. 

It remains that I explain the Meaning of a few Names ufed in the following Work, 
for d if fe ren t kinds of Proportions. 

A Definition is the Explication of the Ufe and Meaning of any Word or Term 

of Art , as of this itfelf and the following. 

An Axiom is a Proportion whofe Truth is felf-evident. 

ATheorem is a Proportion whofe Truth is to be demonftrated. 

A Lemma is a Proportion to be demonftrated ; and which is premifed to fome other, 
to ferve as a Principle for the more eafy Demonftration of this other. 

A Problem is a Pit>pofition of fomething to be done or difcover'd. 

A Co rollary isa Fropofitkra gain'd in confequence of another, whofe Truth is 
evident from the Truth or Demonftration of that other. 

A Scholium is fome further Explication relating to what precedes. 

Obferve, In the Demon fir ations of she following Work, when any former Proportion is 
quoted, it's undcritrod to be m me fame -Book and Chapter in whicnit is quoted^ unleis it 
is otherwife expreflei 
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f fl 1HAT Arithmetick was very early in theWorld 5 nobody can doubt, becaufethe 

Idea of Number arifes from all things about us. In the beginning, while the 
Way of Living was fimple, and things were in a manner common, die Know- 
ledge of Numbers would make a fmall Progress : But when Property and Commerce be- 
gan to be eftablifhed, Men would foon find the Neceffity of enquiring into rhe Nature 
of Numbers, and contriving an Art of Numbering ; without which no Buiinefs can be 
carried on. This was, no doubt, very rude at the firft, and improved by degrees j as 
ail our Knowledge is : But where, and by whom, Arithmetick received its firft Form of 
an Art or Science, we know little about it. If die Phoenicians were, as it is conjectured, 
the firft Merchants after the Flood, (and before that we know nothing of rhe Af&irs of 
Mankind) then it is probable, the Art began among them ; by whom Trade and Arith- 
metick were carried into Egypt ', and here, 'tis thought, began the myftical Application 
of Numbers : For the Egyptians explained every thing by thefe ; the Nature of the Gods, 
of Human Souls, the Virtues ; in fliort, for every thing dfoine and human, they found fo me 
Symbol or Representation, in Numbers : Hence we hear of the- wonderful Virtues and 
Properties of fome particular Numbers, as One, T<wo y Three, Four, Sever/, and Nine. From 
Egypt this Knowledge pafled into Greece, which added its own Improvements to the 
myfterious Part ; of which a great deal is to be feen in Plato ; the Life of Pythagoras by 
Jamblichus ; and more lately in the Commentators upon Boethius's Arithmetick. Now 
we are come to the Country where we may expect to find the firft diftindt Rudiments 
of the Science. 

The firft thing Men were obliged to do to make their Ideas and Knowledge of Num- 
bers ufeful in Socie-y, was to- eftablifh Come Method of Notation, and then upon this 
found an Art of Computation : after this they would gradually enquire into tie 'Relations 
and Properties of Numbers j and fo the Science went oh. 

The Greeks, frlr*wr 9 and other Eaftern Nation^ ufed a Notation by the Letters of 
their Alphabet, i he Greeks^ particularly, had two different Methods ; the firft was much 
the fame with t'e Roman Notation, explam'd in Chap. 2. Book 1. of the following Work, 
which is a very :mperfe& Method. After war ds they had a better Method, in which the 
firft nine Letters of their Alphabet represented the firft Numbers from One to Nine, 
and the next nine Letters represented any Number of Tens from One to Nine, that is, 

io, so, 30, &c to 50. Any Number of Hundreds rhey exprefled by other Letters, 
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ring what they wanted with fome other Marks : And in this Order they went on, 
the fame Letters again with fome different Marks to exprefs Thou fands^ Tens of Thou' • 
fands, Hundreds of Thousands, &c. As to this Method, 'tis to be obfervM, that they were 
upon die very Point of difcovering the Arabian Notation : For, as they made the Pro- 
greffion to 9, they wanted but one Step further, viz.. Inftead of ufing other 9 Letters, 
to make the fame 9 change their Values in a decuple ProgrefSon according to their Places, 
which would in courfe difcover the Neceflity of a Character that of itfelf fignifies No- 
thing, only fills up a Place. 

The Manner of their Computation, (r. e. of Addition, Subtraction, &c.) and the Dif- 
ficulty of it, especially in great Numbers, we may eafily difcover from the Notation. 
As to any exprefc Treadles upon the Art of Computation, they have left us none. There 
is a Commentary by Eutocius, upon Archimedes Treatife of the Dimeniions of a Circle ', 
and fome Fragments cf Pappus, in Dr. Walliis Works, which relate particularly to the 
Work of Multiplication, and fliew us the great Difficulty of their Practice;, owing to the 
imperfect Notation. 

The moll perfect Method of Notation, which we now trie, was owing to the Genius 
of the Eafiem Nations j the Indians being reckoned the Inventors or our Notation ' 

which we call the Arabian, becaufe we hail it from them, and" they from the Indians, 
£5 shemfelves acknowledge. When the Indians invented this Method, and how long it 
was before the Arabs got it, we cannot tell : Thefe things only we Know, 1 - That we- 
have no ground to believe, the antient Greeks or Romans knew any thing about it: For 
Maxima* Planxdes, die firil Greek Writer who treats of Arithmerick according to this 
Notation, lived about the Year of Quill 1570, as Vofjius fays; or about 1270, accord- 
ing to KJrcher • long after the Arabian Notation was known in Europe : And owns r for 
his Opinion, that the Indians were the Inventors, from whom the ^rabs got it, a ; :he 
Europeans from them. 2. That the Moors brought it into Spain ; whither many learned 
Men from other Parts of Europe went to feek that, and the reft of the Arabick Learning 
(and even the Greek learning, from Jlrcbick Verfions; before they got the Originals 
themfelves) imported there by" the Saracens. As to the Time when this new Art of vJom- 
ion was firft known in Europe, Vofjius thinks it was not before the Year 1250; but 
Wcttis has, by many good Authorities, proved that it was before the Year 1 000 ; 
particularly that a Monk called Gerbertus, afterwards Pope by the Name of Sy heifer II. 
who died in the Year 1003, was acquainted with this Art, and brought it from Spain 
into France, long before his Death. The Do&or fhews alfo, that it was known in Br/"- 

tain before the Year 1150, and brought a confiderable length, even in common Ufe, be- 
fore 1250, as appears by the Treatife of Arithmetick of Joannes de Sacra Bofco, who 
died about 1256. 

Tho? the numeral Figures which we now have are a little different from what the 
Arabians ufe, having been changed fince they came firft among us^ yet the Art of 
Computation, by them is fUll the fame. 



Having laid all that's neceflaiy about ^Notation of Numbers, we (hall go back again, 
and fee what kind of Science of Arithmetick is. to be found among the An dents, with the 
Progrefs of it till now. 

The oldeft Treatifc erant upon the Theory of Arithmetick, is Euclid's 7 tn , 8 th , and 
9 ;h Books of Elements ; wherein he gives us the Doctrine of Proportion, and that of 
Prime and Compopte Numbers. Both of which have received Improvements fince his 
rime, efpeciafly the former. The next, of whom we know any thing, is Nicomacbus the 

Pythagorean, who wrote a Trearife cf the Theory of , Arithmetick, which corififted chiefly of 
the Difrindions and Divifions of Numbers into certain Kinds and ClafTes, as Plain and 
Solid, Triangular, Quadrangular, and the reft of the Species of Figurate Numbers (as they 
called them) -Numbers Oddzad Even? &c with fome of the more general Properties of 

the 
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the feveral kinds. As to the time in which Ni cognac bus lived, fome place him before 
Euclid ; others Jong after. His Arithmetick was publiflied at Paris 153?. What kind 
of Work it is, we may guels by the Latin Treatife of Arithmetick of Boethius the 
PhiJbfopher, who lived at Rome in the time of Tbeodorick the Goth ; and is the next 
remarkable Writer extant "upon this Subject. He is fuppofed to have feen and copied 
raoft of his Work from Nicomachus. 

From this Work of Boethius ; with a few fmall Abftracts of the fame nature, made 
very long after his Time, as that of Pfellus, and Jodochus Willichius, both in Greek ; fome 
have (aid that the antient Arithmetick confifted of nothing elfe but thefe Divilions and 
Diftinctions of Numbers. I confeft I was furprized to find this Account from fuch an 

Author as Wolf us, to whom Euclid is no Stranger whofe Books contain things much 

more important in the Science of Arithmetick than thefe Diftinctions ; and want many 
of them, that are in Boethius : For Euclid fpeaks nothing of the Figurate Numbers, and 

their various Species and Clafles ; except what relates to Squares and Cubes. And, on 
the other hand, Boethius has very little of Euclid's Doftrine. 

We muft come next to the Times when the Arabian Notation was known in Europe ; 
after which we find many Writers both upon the Theory and Practice. The oldeft of 
them, who is very confiderable, is Jordanus of Namur, who flourifh'd about 1200. 
His Arithmetick (from which I have taken feveral things) was publiihed and demon- 
.ftrated by Joannes Faber St apulenfs in the fifteenth Century, (who has given us himfclf a 
Compendium of Boethius) foon after the Invention of Printing. It s altogether upon the 
Theory and contains moft of what Euclid and Boethius have, and many odier curious 
Theorems. The fame Author wrote alfo upon the new Art of Computation by the 
Arabick Figures, and called this Book Algorifmus Dsmonfiratus ; the Manufcript of 
which, Dr. Wallis fays, is in the Savilian Library at Oxford. But it has never been printed, 
as I know. 

As Learning advanced in Europe, fb did the Knowledge of Numbers j which by de- 
grees received large Improvements both in the Theory and Pratlice, owing in a great 
meafure to a more perfect Notation. To trace out every Step in that Improvement, is 
impoflible ; therefore I mail only name a few of the remarkable Writers after Jordanus 
and S a cro-Bofco, both named already. As to the Writers, thefe were moft remarkable in 
Italy, viz. Lucas de Burgo, about the Year 1499, whofe Arithmetick, which is both 
Theorical and Practical, Dr. Wallis commends much : Nicholas Tartaglia, whofe Work 
is chiefly Practical . He is called by fome the Prince of the Pratlitioners \ which mull be 
underftood only for his own Times. In Prance, there were Clavius and Ramus. In 
Germany, Stife/ius and Kenifchius. l\\England y Buckley, Diggs, and Record. All thefe, and 

many more, were before the Year 1600. But fince that, our Writers are almoft innumerable. 

As to the Improvements made fince the Arabick Notation was known in Europe y 
befides many things in the Theory, particularly in the Nature of Progrejjion, both Arith- 
metical and Geometrical, in the Nature of Powers, and in the Extraction of Roots and 
the Combinations of Numbers, which we do not fo well know the Hiftory of,* there are 
a few very confiderable Improvements, in the practical Part, of which we can give a 
better Account. But that I may connect the Anrient and Modern Hiftory, we muft go 
back to the fecond Century of Chriftianity, in which Claudius Ptolomeus lived, who is 
fuppofed to be the Inventor of the Sexagefmal Arithmetick $ which was a new Method of 
Notation, and confequently of Computation, defigned to remedy the Difficulty of the 
common Method, efpecialfy with regard to FraHions. The Nature of it was this : Every 
Unit was fuppofed to be divided into 60 Parts, and each of thefe Parts into 60 Parts, 
and fo on ; hence any Number of fuch Parts were called Sexagefmal Fractions. And to 
make the Computation in Integers alfo more eafy, he made the Progreffion in thefe alio 
Sexagefmal. Thus, From one to fifty-nine were marked in the common way ; then fixty 
Was called a Sexagena prima, (or firft Sexagefmal Integer) and marked with the Sign oWnity 

b • and 



xviii A port Hifiory of Arithmetick. 

and cn - fingle Dam over ; fo fixty was thusexprefled V. Two Gxtys, or i 20, thus II y ; and Co 
on to 5 9 tirnes 60, (or 3 540) which is LIX'. Then for 60 times 6o, (or 3600) this he called 
a S°xagena fecunda, (or fecond Sexagefimal Integer.) and marked any Number of them lcte 
than 60, by the Signs of Numbers lefs than 60, with two Dafhes : Thus, 60 times 60 (or 3600) 
was marked I"; two times 3600, thus II"; ten times 3.600, thus X"; and fo on to 59 
times 3600. In this manner the Notation went on : And when a Number lefs than 60 
was joined with any of thefe Sexage 'final Integers, their proper Expreffion was annexed 
without the Dafh : Thus, the Sum of 4 times 60 and 25 is exprefted thus, IV^XXV. 
The Sum of twice 60, ten times 3600, and 15 is exprefled X'^II'jXV; the higheft 
Sexagefimal being fet next the Left-hand. As for the Sexagefimal Fractions, they were 
marked the fame way, their Numerators by the Signs of Numbers lefs than do, and their 
Denominators by one or more Dafhes (according as they were Primes, Seconds, &c. 

i. e. 60, 3600, and fo on in the order of the Powers of 60) fet either over the Nu- 
merator upon the Left-hand, or under ir upon the right. Thus five fixcy Parts are 
marked '\ T or V,. And fourteen 3600 Parts 'XXV or XIV,. The Practice by this 
Notation would be eafier than their common Method ; yet frill very difficult, efpecially 
in Multiplication and Divifibn, as appears by the Work of Barlaamus Monachus, called 
Logifiicaj wrote in Greek about 1350; rranflated into La tin, and publifhcd 1600. And 
here ir is remarkable how very near this Method is in the general Nature of it to the 
Arabich. He wanted no more, but inftead of Sexagefimal ProjrrclfiQn, to make it Decimal; 
to make the Signs of Numbers from one to nine fimple Characters; andlaftly, to make 
a CnaracteT which fignines nothing by itielf, ferving only to fill up Places. But every Age 

and Nation has its Genius; and therefore we owe this to others. 

As this Sexagefimal Notation was ufed chiefly in the Aitronomical Tables, fo for the 
fake of thefe, it was not laid afide immediately after the Introduction of the Arabick 
Notation. The Sexagen^e Integrcrum went firft out; but the Sexagefimal Fractions con- 
tinued till the Invention of the Decimals. Regtomontanus about the Year 1464, is the 
firft we know who in his Triangular Tables divided the Radius into 10,000 Parts inftead 
of 60,000; and fo tacitly introduced decimal Parts in place of SexagefimaJs. 'Ramus in 
his Arithmetick, written about 1550, (and publifhed by Lazarus Scbonerus in 1586) ufes 
decimal Periods in carrying on the Extraction of Square and Cube Roots to Fractions. 
The fame did our Country-men Bucklaus, before Ramus $ and Record about the fame 
rime. But the firft who wrote an exprefs. Treatife of Decimals, was Simon Stevinus, 
about 1582. 

As to the Circulating Decimals, Dr. Wallis was the firft among us who took much 
notice of them. But I have fpoke of this already. 

Another moft wonderful Improvement that rhe Art of Computation has received from the 
Moderns, is the Logarithms ; the unqueftionable Invention of the Lord Neper , Baron of 
Merckifion in Scotland^ towards the end of the fifteenth Century, or beginning of the 
feventeenth. 

Dr. Wallis is the Author of the Arithmetick of Infinites ; which has been very ufefully 
applied in Geometry. 

Bur the Confummarion of the Arris in rhe Algebraic k Method of refolving Queftions: 
The particular Hiftory of which, I have faid nothing of ; becaufe, tho' Algebra belongs 
to Arithmetick in a larger view, yet I have limited myfelf to Arithmetick taken in a more 

ftrict fenfe, as ir is difrmgiiiftied from Algebra : Therefore I fhall only fay, rhar moft of 

the Authors mentioned have alfo wrote upon the Algebraick Art, which came inf 
Europe at the fame rime, and by the fame hands, as the Numeral Notation : Lucas de Bur go 

being reckoned the firll European^Wmsx on rhis Subject. 
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§. t. DEFINITIONS. 



A 



II TH ME TICK is the Science, or Knowledge of Number 

Ifo/ty, or ,a Multitude of Units. 



_ II. .0/ Unity. . When we confider any thing by itfelf alone, either as indi- 
ibje^oratjeaft. undivided; or alfo confidering feyeral things as cbnnecl:ed in fome cer- 
n manner, ' tT^ereDy making up a r wliole, negle<9dng what differences niay be .among 
:rn in 1 other. r£fpe<&.j. $e Idea we have of this thing, . or Collection 6f r things, confi^ei^d 
tJifcmanjierj ? if ,c&& Unity, or Oxe,_ he. an individual thing of a particular Kind arid 
line j . as .one . Man, one Stone, one Kingdom/one Army. 



I- JOf Multitude. . When we confider feveral, things as rdally diftincT: Individuals, 
^iich c iepai^tely. taken we. Would call Units, whether they are of the fame, orof difle- 

lands aria natures of things^ or- \yhetlaer they are really .feparated from, one another, 

i Jmagmarion, as the conceivable parts of . any. continuous Body 
one at no.morein mefa ^ fameJndtvi- 

df confidering them^ is called Multitude. r (6r .vihiy^ 
lays, a Multitude of Men, .of Horfes, .of Trees'. ' ' . 
Individuals that iriake - a! Multitude, may either be . of the 

hb.wever 

them 
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2 DEFINITIONS. Book r. 

is die fame : So, for Example, a Man, a Tree, and a Horfe, make as truly a Multitude, 
a> if they were all Trees, or Men, or Horfes : They are at leafr. a Multitude of Beings, or 
ThinesV for the Idea of Multitude has no dependence upon the Likenels of the Things 
from which it is formed, but only upon their different and difHnft Bring or F- nft ence, in 
whatever manner they are connected together, or under whatever other differences they 
realiv exifr, or are conceived to exift. 

ScsoL!i?M a. We may alio conceive -Multitudes of things under the Notion of one, 
or many ; and fo we may fay. one Multitude* 0r a Mslfctude of Multitudes.' But it is to 
be obfervd,- that in this cafe, the Multitudes Which -make the Parts o£ime Multitude, are 
conceived each as an Unit, or one of its own Species, (viz.. Multitude,) to diffinguifh it 
from die Mukkude of which it is -oae -eoftfiiftteet- Pare : fb -that -Multitude in its -general 
Nature is frill a Collection of Units, which are in all cafes fimple Units in refpecT: of the 
Multitude which they compofe ; tho* -diey may be themfelves Multitudes compofed of 
more fimple Units. And this DiftincHqn of Units may be very well diftinguifh'd by the 

Names, Simple and Collective Units. 

IV. Of NtJMBEKr- Unity aad fitahHwk ccnbrjrfehendJdie \rfr$le Object of Arithmetick, 
and are both comprehended under one general Name, Number; whofe Definition does 
therefore take in the other two ; and may be made thus, viz. Number is the Name of that 
Idea or Notion under which things being conGder*d^ fney "arc Taid to "be Ojw or Many* 
Every particular Multitude having a diftinct Name ; as two, three, four, &c . As after- 
wards will be taught. f 

Scholium. We muff make a little Stand here, and take notice of an old Difpute 

among Arithmeticians about the Definition of Number j ibme denying - Unity- to -be- ,a 

Number, and others afermng it : about which there has "been a gr eat deal of Argument 
nTi'd with abundance of idle and rroafenfical Jaigoh» to the £hame even of fome late 
Writers : For after all the learned Contention, it dwindles irfto a meeT Dap ute about the 
Name, or what fhall be the Ufe of the word Number j which no doubt each Party has a 
Right to eflabliih for thetnfelves at pleafure ; but no Rkht to impofe it upon others : And 
fo men where is the ground of a t)iipute? Forjf any. m&i ask? :me whether Unity is a 

Number, I muff firit know of him what he calls a Number, and then I anfwer him ac- 
cording to his own DeSnirion j or I fail give him my definition of the word Number, and 
then anfwer his Queftion our of that. But we mall hear their different Definitions : Some 
define Number a Multitude of Units ; and according to them it is plain, Unity is not a 
K&nber in that fenfc in which Unity and Multitude are diftinguifhed, (for we have obferved 
already how Unity and Multitude may be applied to the fame Subject -in different feofes ;) 
fb that thefe by denying Unity to be a Number, do only deny it to be a Multitude in the 
lame fenfe or application in which it is Unity, which no body wifl afEhn; Others adhere 
to the former Definition which comprehends Unity and Multitude britr feme of them are 
2s much in the wrong, becaufe they contend about it as if they had the only right to 
fettle the Ufe of Words j and fHll they are more ridiculous to pretend they are arguing 
about the Nature of Things themfelves, when it's only about a Word ': and if it does not 
yet appear that there can be no more in the Difpute, let this be connderVl, viz. That 
Unity and Multitude are agreed unon to fignify different things. And I believe it muff 
be yielded, that thefe comprehend the whole Object of Arithmetick; therefore Number 
mult either fignify the fame with one of thefe, or be apply'd as a general Name to both ,* 
and then the only remaining Queftion will be, Which is moft reafonable ? And this, I 
mink, will be eafily decided by confidering, that of two Words merely fynonimous, one 
is fuperfluous ; but it's often very convenient to comprehend feveral things, which have 
alio their different Names, under one general Name, becaufe of fome common thing in 
which they agree, as it is in this prefent cafe. And thofe who would make Number equivo- 
cal with a Multitude^ are prefled aifo with this other Difficulty, viz. That if they retain "their 

Defl- 
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Definition of Arithmetic^ viz,, the Science of Numbers, t\\cnU?iity will be no part of the 
Object of Arithmetic!:, fince it is not a Nwnber. But this, I believe, they will not fay; 
for whatever can be any part of the Data, or Means by which a Queition in Arithme* 
tick is fblved, or be itfelf a real and polltive Anfwer, muft belong to the Science, as a 
part of its Object. And indeed, tho' Euclid defines Number to be a Multitude of XXnits 9 
yet all along he treats of Unity under the fame Name. 

V. Of Numbers, Abflratt and AjppBcate. . i. When in things number'd we confider 
their Number, abftracting from (/. e. not attending f to) their other ' particular Properties 
and. Differences ; the Idea or Notion we hereby form of Numbers, is called abftraeJ or 
general ; or, wc are Grid to confider Number abjvraclly : Becaufe whatever is true of that 
Number of things confider'dtimply and purely in the Number, is true of the fame Num- 
ber wherever it is found, or in whatever tilings it exifls. 

Scholium. We can form no Idea of Numbers, without that of things number'd ; be- 
caufe it is an Idea form'd by companion of tilings : Yet while we confider a Number of 
particular tilings, tho' we ftill know ; that the- Number is infeparable from other Ideas that 
make up the complex Idea of thefe things, it's in our power to confider and compare 
only the Numbers of things together, and examine their various Properties and Diffe- 
rences and the Mind can perceive at the fame time, that whatever is true of the Num- 
ber of thefe things, muft neceflarily be true of the fame or equal Number of whatever 
other things, wherein rhe Number only is what we confider and compare. From whence 
it is that we (peak, pf Numbers without naming any particular things j by barely naming 
the particular Number, or joining it with the general word Thing, (which is always ftp? 
pofed, when not mentioned.) So we fpe ak o f the Number, Two, Three, &c. i. e. two, 
three things, without pointing out any particular thing : Becaufe where nothing is taken 
into conftderation (as the Subfecl: of Companion and Reafoning) but the Number of 
things, then any things may be fuppofed j and fo tho' the Names Two or Three are Names 
of particular Numbers, infeparable from particular things, yet becaufe the .fame Numbers 
in every other thing muft have the fame Names and Properties, we make uie of the Name 
without mentioning- particular things : not -becaufe that Name> belongs to (or reprefents) 
an Idea of that particular Number which is not connected with' any particular things ; but 
becaufe it is a general Name applicable to the* fame Number of whatever particular things ? 
and is ufed in thi3 manner without mentioning any thing, when it's indifferent which 
things are fuppofed, (a e. when the Number only is the matter in oueftion ;) in the fame 
manner as we have here ufed the word Number, itfelf, without imentionine a particular 
Number, as One", or Two, &e. Not as if the woVd Number reprefented an Idea different 
from all Particulars'; but as it is a general Name comprehehding'them 'all. 

'2. When we eonfider Number So$ 'in 'its gehef ^Nature* as above explained, but as 
it is a Number of certain particular things, as two Years, two Men* or two Yards ; then 
we call it an Af plicate Number : which Name I chufe, for its obvious Meaning, rather 
than the word C<mtraft or Concrete* which fbme Authors ufe. 

ScHoLroTCf: When pamcular things are mentioned, there is always : fbmerhing - more 
cemfidered, 1 "rriaTr 'barely tHefr lumbers; ■ fo 1 that- what is true ■ when- Numbers are - 
pared in their abftract or " ~ " " ' 

is coffliderd^HvnTnotfre 

for example^, the Number Two is' lefs than Three^ yet'two Yards is a greater quantity 
than triree Inches' : for the Comparifon here is nor firripfy of the Number of things two, 
and three ; bur of the Numbers joined* 1 with another' Connderdtion, «wfe. that '■ of their 
lengths. And when things are of , quite different Secies, then tho* we «ari compare their 
Numbers ahpa^ly^ yet 'we cannot cdmp arc them in any' applicateSenfb.' And* this Diffe- 
rence is heceffirV to be confider'd, because utforr it the trW SeWeV'and' the' 'PoffibiBty or 
IftpbffiMfcy-'taf ^onrc^efKork derJendsi 'as 1 we ffiall feard niorl e- paMcutely afterwirds. 
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4 General Divifion and Order of this Science* Book xi 

COROLLARIES. 

1. Number is unlimired in refpect. of Increafe ; fo that beginning at Unity, and adding 
to it another Unit, and to this lair. Collection another Unit, and fo on, we may pro- 
ceed in htfnitvm 7 i. c. we can never come to an end, or never conceive a Number, but 
frill there is a greater. But on the fide of Decreafe it's limited; Unity being the firft and 
leafi Number, below which therefore it cannot defcend. In what fenfe Unity is. faid to be 

divided into Parts, which make a greater Number, mail be confider 5 d in its place.' ■ Alfo 
we may not only begin at Unity, but at any other Number, and increafe it in infinitum, by 
the continual joining of Unit after Unit ; or diminifh it to nothing, by continually retracting 
or taking away Unit after Unit. 

2. Any Number may be increafed by any other Number, or by any Number of Num- 
bers; for every Number is either Unity, or a Collection of Units, which can be joined 
leparately to another Number till they be all joined. Alfo it may be decreafed by any 
Number not greater man itfclf ; or by any two or more Numbers,which taken all together 
do not exceeait, i. e. fuch a Number or Numbers may be taken out of it. 

3. Every greater Number may be confider'das compofed not onlypf Units, (which are 
its moft firnple confHtuent Parts) but alfo varioufly of other Numbers jlefler than it- 
felf, according to the variety of letter Numbers, whofe Units taken all together make a 
Collection equal to that Number; or, according to the various Diflributions that may be 
made of its Units, by putting them together in feparate Collections : where alfo every leffer 
Number may be conceived as a Part of every greater; which is as a Whole with refpedt 
to all the lefler Numbers, which, being joined together, make up that Number. 

§. 2. Of the generalQivifon, and Order of this Science* 

THE moft general Divuion of Arithmerick is that of Theory and Practice. 
The Theory , or Speculative Part, is that Science which confide rs and explains the 
Properties and Relations of Pure and AbfiraB Numbers, confuting of -fuch Proportions 

as exhibit to the Underftanding certain Truths concerning Numbers, either more general 
or more particular ; as Axioms and Theorems. 

The Practical Part is the Art of Numbering, or applying the Theory to the Solution of 
Qudrions, either in abftract or applicate Numbers ; confuting of Problems-, or fuch Pro- 
portions as require fomerning to be done or effected : and gives us a Rule for the Per- 
formance; teaching how 3 by means of certain known Numbers, to difcover other Num- 
bers connected ana related to them, according to the Conditions propofedin theQueffcion; 
or at leaft to find that from the given Numbers, -compared and applied to one another, as 
the nature of the QuefHon requires, riiere arifes no Number. 

Obferve, Some confider as Theory all that is propofed in abftract Numbers, whether 
Theorems or Problems ; and the Application to Queftions in applicate Numbers only, 
they call the Practical Part. Others define the Theory as above j and .confine the Practical 
Part to Problems of Abftradr Numbers : and Problems of ApplicateNumbers they call the 
Effective Part- 

As the Truth and Reafons of the Practical Rules are contained in Theorems* with other 
more general Principles, as Definitions, and Axioms, fo they , are to be reckon'd Deductions 
from them, or rather their Applications : And therefore in the natural Order, the Theory 
ought to precede- the Practical Pare But yet thefe two Parts ought not, and cannot be 
treated entirely feparate from one another j /. e. all of the firft Kind together, and after- 
wards all of the other : But they muft be nnVd together according to their Dependence. 
It's certain that Theory muft -precede graftice^ becaufe that contains the Grounds and 

Reafbns of thisj yet ? ris.as true, that we can make but a ftnall Piogre&in Theory^ till we 

under- 
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underftand the fundamental Elements and Rules of die Practical Part : Thefe being in- 
difpenfiblv neceflary both for underftanding the Senfe, and illuftrating, or proving by Ex- 
amples, trie Truth of Theorems. 

Wherefore the Divifion that muft be followed in explaining this Science, is not that of 
Theory and Pracltce, ftho' thefe muft alfo be difpofed according to Reafon, and their na- 
tural Connection and Dependence ;) but the molt proper and reafonable Divifion is into two 

other Parts, under the Titles of the Simple and Comparative Elements. 

If we reflect upon the Definitions and Corollaries already explained thefe are fo many 
of the firft general Principles and Axioms of the Science : And from thefe we ftiall eafily 
underftand the Reafon of this Divifion, and what in general belongs to each Part. For 
it's plain, that the moft general, and what we may call the only abfolute Property of 

Number, is, a Capacity of Increaje in infinitum, or Decreafe to nothing: all other parti- 
cular Properties are relative, depending upon the Companion of Numbers together. And 
fince there is nothing in Numbers, but different Collections of Units, or different Com- 
pofitions of letter Numbers in greater, thefe particular Properties muft all depend upon the 
Effect of different Applications of Numbers to one another, whereby they are varioufly 
compounded together or refolved, according to certain Conditions. And for Arithmetical 
Problems, or Queftions, in which an unknown Number is to be found by means of cer- 
tain Connections and Relations it has to fome known Numbers j thefe Connections can 
confift in nothing elfe but this, vise. That the Number fought is the Refult of varioufly 
increafing and decreeing the known Numbers by one another, according to the Condi- 
tions propofed ; fo that all that can be knov/n or done in Arithmetick does evidendy re- 
late to, and depend upon, the Application of Numbers to one anodier by Competition 
and Refolution, or Increafing ana Decreafing them. 

Therefore the firft and fundamental Part of Arithmetick is the Knowledge of the va- 
rious Rules and Operations (with the Principles upon which their feveral Reafons depend) 
by which Numbers are compounded and refolved \ i. e. increafed and decreafed bv one 
another, which are the fundamental Elements of Practice ; including in general all that 
can be done with Numbers} and indifpenfibly neceflary alfo for underftanding and proving 
riie more particular Theory ; which does all relate to the Effect of thefe Operations-: 
Which I have therefore juftly, I think, confidertt as the Simple and Primitive Elements of 
Arithmetick. What further Subdiviiion of this is neceffary, fhall be ftiewn in its proper 
place. 

All the reft of the Science of Arithmetic!: I comprehend under the general Name of 

Comparative Elements becaufc it confifts of fuch relative Properties as arife from the 
comparing of Numbers together, and applying them to one another by the various Methods 
of Compounding and Refblving, taught in the firft Part ; as alfo the Solution of luch 

Queftions as depend upon thefe Relative Properties. 

In the remaining Part of this Book, with the fecond and third, you have the firft Branch? 
or Simple Elements explained j and the Comparative Elements in the remaining Books. 

§. 3. Of the Operations 0/ Arithmetick in general.. 

BY what has been already explained, it will be obvious. That all the Operations in 
Numbers are of two Kinds in General, viz. Augmejiting and Dhninijbtng. Each of 
thefe are performed after two different ways, and thereby come under two different Names.: 
Thus, Augjnenting is divided into Addition, and Multiplication ; Diminishing into 
Substruction, and Division : Which fhall be explain'd in order. Some add a third 
Clals, whole Branches arc calTd Involution, and Evolution-, or alfo Raifa'g of Powers, 
and Extracting of Roots. But thefe may be comprehended under Multiplication and D/- 
vifion; for the Operation is of the lame general Kind, only under certain Limitations. 

They will deferve however to be explain'd dfiin&ly by themfclves. 

But 
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and Ait or reprefennng them, fo as they may be dearly and distinctly compared, there 
cc Hid be little or nothing known or done in Numbers. This Arr we call the Notation 
of Numbers ; which, if we confider by itfelf, and in its primary Defign, is only a neceflary 
Inffxument for the better and more eafy Companion of Numbers, and performing their 
Operations j and is therefore rather a Handmaid, than an eflential Part : For we can call 
nothing erTential but what belongs to the very Nature of a Tiling ; and which being taken 
away, the thing would be deftroy'd : not that which is arbitrary, and may be changed, and 
another thing put in its place at "pleaiiire, as it is in the Notation of Numbers. However, 
as -here mult Srii be a Method of ExpreiHon inftituted, whatever that is, fo far as the Rules 
of Operation depend upon it, it is the Foundation of them ; and therefore it is commonly 
look'd upon as die nrft Rule or Operation in Arithmetick, making in all five fundamental 
Operation?, rfs. Notation, Addition Subfiraclionj Multiplication, and DiviSon. But fKil 

ft ought to be contider d only as an arbitrary Rule and Foundation, which requires and 
iiippoles no other Principle but this, viz,. That any of our ideas may be reprefented by 
azy Marks or Signs a pleafe to infiitute : whereas the other Operations, befide* what they 
owe to the Notation, have alfo a dependence upon Reafonings from the Nature of 





Before we enter upon thefe Operations, we moft here repeat an Obfervation which has 
been already made, viz.. Thar all Science muft begin with Theory as a Foundation for 
Practice. Now this Order we have in effect, followed j for the Definitions and Corollaries 
explained in §- i. are the nrft and more general Principles of this Science j to which if we 
join this general Axiom, viz,. That the Whole is equal to all its Parts, we have all that 
is neceiEary for entring upon thefe practical Elements. What other Principles are em- 
ploy'd in particular Rules, mail be explain'd in order as we go on} for they are gained 
molt part by confequence in the progrefs of the Science. 



CHAP. II. 

Of the Notation^ or Expreffion ^/"Numbers, with their 

Diftin&ion into Integral and FraBionaL 

t 

§. i. Of the Notation of Numbers. 

DEFINITION. " 

N'OTATIOX :s t>e Method or Art of Expreflin* Numbers: which is done two 
way* by certain TPcr/s or Navsesy and alfo by certain Signs or Characters, called 
rs-ures^'xhc cne cor-efponding to the other in tne Reprefentation of the iame Num- 
ber-, and both equally neceilary : The Figures being contrived for the eafy management 
or" Operations, whereby the greatelr. Numbers arc compared, and the Operations per- 
formed with the greareir. eafe and readinefe ; widiaut which, our Knowledge in Numbers 
had reached a very ftiort way . And ib much docs the Science owe to thefe, that upon 
this Account fome call it, The Art of figuring 5 but wc might better call it, The Science 



Chap. 2. 



Notation '^/Numbers. 



7 

of Numbers, as they are represented and managed by Figures : So that this is the principal 
Branch of Notation, which yet cannot be without the other, the Names of Numbers being 
neceftary for oifr converting or fpeaking to one another about Numbers, and the Refuk of 
the Operations made by the Figures, and for the actual numbering or telling over things, by 
the Application of Names in an orderly Progreflion from Unity, ftili joining one Unit after 
another to the Collection; or telling things out one by one. For without fome Signs 
whereby the Number, as it increafes, is continually diftinguifhed, we could make nothing 
of the Numbers of things, nor compare one Number with another : and Words are the 
moft proper and convenient Signs for this purpofe ; which are alfo of good and neceflary 
Ufe .in making the Operations with the Figures. 

The Syftem of me Names of Numbers is indeed a part of our Language, and therefore 
the Writers on Arithmetick fuppofe them to be known, and reckon it their "bufineis only 
to explain the Reprcfentation of Numbers by Figures, and their Correspondence to the 
Names : But it will be a more regular and juft Method to explain both the Syftems of 
Names and Figures by themfelves j and then mew their mutual Correfpondence. Thefe 
two Syfterns I mail explain under the Titles of the Nominal and Figural Notation ; which 
being compared, their mutual Correfpondence will be eafily underftood. But this I mall 
more particularly explain in the Solution of a Problem, teaching how from theExpreffion 
of any Number in one manner, to find its correfpondent Expreffion in the other. 

(i.) Nominal Notation, or fhe ExpreJJion of Numbers by Words or Names. 

A DIFFERENT fimple Name for every Number, oreven for as many particular 
Numbers as we have occafion to confider in human Affairs, would be a Burden altogether 
infupportable i but.it is more happily contrived,- that a few 1 fimple Names, and thefe 
compounded together in a very eafy manner, anfwer all the Ends and Purpofes both of 
Speculation and Practice. 



The Simple Names of Numbers are theie, 



One, 
Two, 

Three, 
Four, 

Five, 

Six, 

Seven, 

Eight, 

Nine, 



Ten, 

A Hundred, 
A Thoufand, 
A Million, 
A Billion, 
A Trillion, 
A Quadrillion, 



"Explanation of this TA B L E. 
One is another Name for Unity: the reft of the Names 
to Ten exprefs Numbers in a Series from Unity, by the 
continual joining Unit after Unit; fo Two exprcflbs One 
more One • Three exprefles Two and One, and fo on to 

Ten : a Hundred expreffesTen-Tens ; a Thou fond exprefles 
Ten-Hundreds ; a Million is a Thbufand-Tboufands ; a Billion- 
is a Million of Millions', a Trillion is a Mlionof Billions ± 
a Quadrillion is a -Million of Trillions. 



So that we have here Names anfwering to the natural Series of Numbers from Unity to 
Ten. But after this, the Series is interrupted, and we pa fs to the Names of greater Num- 
bers : And all that remains to be explain'd is, how the intermediate Numbers are named 
from Ten to a Hundred, and from a Hwidred to a Thoufand, and Co on. Which is done thus, 
after Ten the Names are compounded of Ten and the preceding to a Hundred. Firft, 
from Ten to moTer/s we proceed thus; 



Ten, 
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Ten, 
Eleven, 

Twelve, 

Thirteen, 

Fourteen, 




rt 




ighteen 





Ten and One, 
Ten and Two, 
Ten and Three, 
Ten and Four, 
Ten and Five, 
Ten and Six, 
Ten and Seven, 
Ten and Eight, 
Ten and Nine, 
Two Tens. 



fro: 



we 



Then from Twenty we {imply join the Names" of 
the firft nine Numbers thus, Twenty-one,Twenty-tizo, 
dec. to Twenty-vine ; then the next Number is Three 
Tens ; called Thirty ; and the fame Compofition of 
Names we ufe homThirty to four Tens, called Forty : 
and from this to Fifty, (or five Tens :) and fbon to 
Si*//, (or fixTens :) Seventy, (or fevenTvris :) Eighty ± 
(or eight Tens :) Ninety ', (or nine Tens :) , and after 
Ninety and nine, One added makes ten Tens&r a Hun- 
dred. Then from a Hundred (or one Hundred?) we 
proceed by joining with it all the preceeding Names 
^Jr^i 7 and nine, thus, One Hundred and 07/f, One Hundred and /-zutf, &c to 0»c 

zdred and Nix-rr; wsrr, to which one added makes Two Hundred. In the fame manner 

proceed from Two Hundred, zo Three Hundred ; andfb on to -Nine Hundred Ninety 2nd 

nine, and then one added makes Tc* Hundred, or Owe Thou fond. In like manner we proceed 
from Ozre Thou fond, joining with it ail the preceding from tfrrty till we come to 7}wo 
tboufand, and fo on to a ThoufarJ-thoufands, or a Million; and with* this alio -we join all 
the preceding Names from Unity to /ceo Millions, &c. to a Million of Millions, or a JB;7/w» j 

and ib on to a Trillion and Quadrillion. 

Obferve, If we would proceed farther, we may ufe thefe Names, Qttintillions, (or a 
Million of Quadrillions ;) Scxtillions, (or a Million of Quintillions,) and fo on ; filling up 
termediate Numbers as before : But for any real Ufe in human Affairs, we 7 need no 
s above Millions. In Mathematical Work, greater Numbers occur ; but they are 
J *d by figures, and can be compared without Names ; which, if reauired, may be 
contnv'd in the manner now mention'd. Obferve alfo, that fome inftead of tie fimple 

pound Names Millions of Mil- 

^ j ^ ^ j Millions . of Millions ; and fo 

on, compounding the word Million once more gradually : But the other fimple Names 
leem more convenient, tho* the contrivance and way ofinaking the complex Names is 
more obvious and eafy ; however, fince we have little ufe for Names above Millions, we 
need not difoute about the difference. 




!1K» 



Billions, Trillions, Quadrillions, &c . chine the co: 

■fiHitna cf Millions cf Millions ■ JrEllions of bullions 



m 

(2.) Figural Notation. 



AS a few fimple Names ferve all our Purpofes in • Arithmerick, fo yet fewer, fimple 
Figures are found -fufScient, not only for common Ufe, but even to carry us thro' the 

of Nninber : Which Figures, with their correfporiding Names, are thefe ;. 




a 5 4 ? 6 7 8. 9 



I 



O H t- 



c/3 



2 

CO 



.That a Fkure figriifying of itfeif Nothing, (or no Number) is necefTary, . we matfpre- 
fendy fee. In the mean time dh ferve, that the Number of fimple Figures being Ten, they 
are hence called the Digits, from the Number of Fingers (Digit i) on our Hands. How 
this Number came to be chofen, we fliall afterwards confider. 

AH other Numbers greater than Nine, *( 9, ) are exprefled by Combinations of thefe 
T>igiis, placing them together in a Line in various Orders j every Figure changing its 
Value according to the place it Hands in. By this 
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GENERAL RULE. 

In a Rank of Figures placed together in a Line, (reckoning the Order of Placet from 
the Right to the Left-hand} that being the firft which is fir ft on the Right-hand; 
and the fecond, third, dec. being hi order from that on the Left) any Figure in the 
firft place represents the primitive flmple Value above exprejfea 1 , as if it, flood alone ; 
and in every place gradually towards the Left-hand, it fignifics ten-times as many 
as it would do in the preceding place. 

J # 4 • A 

Thus i, 2, 3, &c. in the firft place fignify fimplyfo many Units as above named ; but 
in the fecond place of .a Rank, any one of diem ^ fignifies ten times fo.many Units, (or 
fo many rimes ten.) Ex. 48 fignifies forty and "eight, [i.e. four tens for the value of 4 
in the fecond place, and 8 in the firft place.] Again, 60 fimifies fixty, [or fix tens, which 
is the value of the 6 in die fecond place j the o in the hnt. place fignifying. nothing of 
itfelf.] Again, in the third place they fignify ten times their Value in, the fecond place ; 
or ten times fo many Tens, {i,e. fo many hundieds':) andfb on gradually towards, the Left- 
hand, ftiH ihefeafing their value tenfold, of that of die preceding place. So 600 is fix 
hundred ; 642, 35 fix, hundred, . forty and two. 

Now tins 

fufficientfqr „, r .. yr ____ „ _ .. .__ _ ^ 

Unity may ; be reprefented thereby. r And if diisis ric* evident,, it may be made fo— Thus 
Every Number is either lefs tnan Ten , wliich is ; exprefled^ by one of _ the nine figiiifi-^ 
cant Digits : or it is a Number of Tens leis than ten j which 4 is therefore exprefled by feme 
Digit in the fecond place, and o in the firft 1 or it isfuch a Number joined with a Number 
lefs dian ten j wliich laft Number is exprefled by a Digit in the firft place : or it is a Num- 
ber of.Ten-tenS (or hundreds) lefs than ten* which ^therefore expreffed by fbme Digit 
in die third. place, and o in the firft and fecond places: But if with this Number is joined 
any lefler Number, (;. e . any of the preceding Clafles) that is expfeifed by Digits in the firft 
or fecond; or in both places. The Prpgrefliqn to greater Numbers^ I think,; will be now 
plalii enough. Or we may epnfider'it in this mannei; -7-Aiuy Combination of Figures ox-' 
prefles feme one determinate Number, accbV^.to the IkmMd Value pf Places J aiid if 
Unity is joined to this Number, the . Sum' can be exprefled for this is done by changing the 
Figure ih fife, firft plficej and taking the next greater, i. e. for 1, taking^ for 2, tekui^3,^f. 
ana if 9 i£ already in tqe firft place, then becaufe nine and one maTce teri'j we muft (accor- 
ding to th'e jtnftitutioh ) put 0 in the firft place, and change die Figure of the fecond place* 

" " " " m die fecond place, and change 

Y^ C S W$ e ,^ a,Figure "lefs than 
9. ' So'rfrat if all tne Figures of die, given Example are dfc we fet 6 J iri all' their, places," and 
fet 1 on the left, of all Example !. 47 and 1 is 45. Ex. IT. 29 and i is 20. Ex. HI. 

499 and 1 is f 00. Ex. TV. 999 arid 1 is 1000. • . y * . t . , 

Npiv it's' plaih'j that if to any NutntJei^ we can add. one arid 1 exprefs the Sum, by the 
fame l^ule'we can' add 1 fo mfe\Sumj and 1 to tnis^' laft Sura 3 . and fo on. And becaufe 
f niay be tne gweW Number," it rollows dia^ \ve can' by diis In^tution exprefs any Num- 
ber in the natural Scries from Unity in infinitum-, and the way of doing it is here alfo' 

made evident. 

SCHOLIUMS. 

1. ; We fee now thattho' the Figure o fignihes nought of itfelf, yet it is not ufelefs^but 
indif^eriiibly neceflary to fill up placcs 3 that other Figures may poflefs fuch places as they 
ought to be in, for the expreffion of certain Numbers which could not be expreffed by this 
fundamental Rule, without die help of this Character. One Example is enough to ihew 

C it, 
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it, and we fhall chufe the Number Ten-, which could not otherways be exprefs'd : for by 
this Irulitution, i in the fecond place is ten ; but there cannot be a fecond place unlefe 
there be a hrft; and if any fignincant Figure ftand in the firft place, the whole will make a 
Number greater than Ten : fb 14 is ten and four ; therefore the Figure in the firft place 
muft ngmfy notbir.z-, and ferves only to make two places, that the 1 may be put in the 
fecond, where it fignines Ten : thus, 10. 

2.. The Figure o ftanding on the Left-hand, or in the laft place of any Rank of Figures 
is altogether ufelefs j fb 04 is no more than 4, becaufe the Value of Figures rifes from the 
Right-hand ro the Left. 

3. According to this InfHmtion, each of the nine fimple fignincant Figures may be 
confider'd as having two Values ; the one certain and determinate, known by its Form, 
which is that it fignines fimpiy by itfelf, (as 4 is four} and may be called its Jimple or pri- 
vative Value : the other is uncertain and variable, depending upon ics place irr a Rank 
with others j fb any Figure in the fecond place is fo many Tens; in the third place it is fb 
many Ten-tens, (or hundreds) and fo on in a ten-fold Increafe: and this may be called 
the fecondary or local Value, i.e. the Value of the Place; and thefe two Values compounded 
(or the one repeated as oft as the other contains Unity) m ak es the compleat Value of that 
Figure in rVrer place. For Example, 4 in the fecond place is four-times Ten, (or forty ?\ 
and in the third place it is four-times Ten-tens, or four hundred. But in the firft place 
(and in no other) thefe two Values coincide j for here there is no Value but the Simple. 

4. If thefe two Syftems of Names and Figures are duly compared, their mutual Corre- 
fpondence will be eafiry underftood j fo that you'll find little difficulty in exprefling any 
Number in the one manner which is firft exprefled in the other. But that no body may 
comphm, I Awll explain this more particularly in the following "Problem. 

PROBLEM: 

Having any Kumber exprefled b y Figures, hovj to read or exprefs it in Words , 
or, having it exprefled in Words, Eovj to twite or exprefs it in Figures. 

Case i. From a given Expreflion of any Number in Figures, hovs to read it in Words. 

We have already confider'd how that any Number being exprefled by Figures, every 
Figure may be confideiM in a double view, i. e. according to its Jimple and local Value. 
Again, the Syftem of Names as above explained, is fo contrived, that Ten times Ten ; 
Ten times Ten times Ten j Ten rimes Ten rimes Ten times Ten 4 [and fo on, which 
are the Value of places after the fecond, which is Ten] have diftincl: Names, either fimple 
or compound; and fuch Values taken any number of rimes Iefs than Ten, are name ! no 
other way thon by exprefling the number of times (lefe than Ten) that Value is repeated ; 

fo that if we know the Names of both values for every Figure in any Rank (or Expreflion 
of a Number, which has more man one place) and exprefs each accoraing to the Corapo- 
firion of thefe two Values, then we have the Expreflion fought, for the whole Rank or 
Number propofed. The Names of the fimple Values of Figures we have already learnt; 
what* remains is to know the Names for fie local Values, which is the Defign of what 
they commonly call the Table of Notation (or Numeration) which I fhall put in a more 
convenient Form. 



TABLE 
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T A BLE of Names for the Local Values of Figures {in which 

X ftandsfor T ?n ; Cfor Hundreds Th for fhoufand.) 
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If you would carry this .Table farther, it is to be done by the Names Trillions, &c. 
(already explained) the fame way ufed, as here Millions and Billions are. 

Now the Ufe of the Table is plainly this. Apply each of thefe Names in Order, to 
the feveral Figures of a Rank, according to their Places (the Name Units fignifying 
only, that the Figure in that Place is taken in its fimple Value) and prefix the fimple 
Value, making a Compofition of both (obferving how any fimple Value compounded 
with Ten is contracted, viz. For two Tens, fay Twenty, anafo ontdTTiirty, Forty, <&>c. 

as above explained) and thus read all the Figures from the Left to the Right. Obferve 
alfo, that where any Word belongs to the Names of federal Places, which ftand all next 
together;* as do the Words, Thoufand, and Million, and Billion, that needs not be re- 
peated j but only once expreffed, after all the Places to which it belongs are read according 
to what is more in the Name, as the following Examples will make plain. 

Examples* 

86, is Eighty Six 

254, is Two Hundred, Fifty, and Four. 

7408, is Seven Thoufand, Four Hundred, and Eight. 

67040, is Sixty and Seven Thoufand, and Forty (/. e.) Sixty Thoufand, Seven Thoufand, 
and Forty* 

46258300, is Forty Six Millions, Two Hundred and Fifty Eight Thoufand, and Three 
Hundred, (/. e.) Forty Millions, Six Millions, Two Hundred Thoufand, Fifty Thoufand, 
and Eight Thouland, and Three Hundred. 

24800540362, is Twenty Four Thoufand and Eight Hundred Millions, Five Hundred 
and Forty Thoufand, Three Hundred Sixty Two, (/. e.) Twenty Four Thoufand Millions, 
and Eight Hundred Millions, &c. 

But this may be made yet eaficr, by confideririg the feveral adjacent Places that have 
any one or more Words common in their Names ; from which we have this other 

TABLE. 

th-M Bill. . th-Mill. Mill. Thoufd. Un. 









c : x : Un. c : x : Un. c : x .: Un. c : x : Un. c : x : Un. c : x : Un. 
Obferve, If you negle£ the Word Un. (or -Units) which ftands firft .in the upper Line 

of this Table,* and where 'the Word Unit ftands "after the three nrft Places in the under 

C 2 ' Line, 
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ime tnar ttanos over every K.epctition or c : x : U o. repeating it alio with 
the other two, c : x. then you make the iame Series of Names as in the preceding. 

Table. And for the Advantage of tfiisForm, we fhall prefently fee' it. ' K ^ 

Tfe Application of- the TABLE. 

Begin at the Right Hand of any Number-, and divide or feparate the whole Figures 
into Ciafles or Periods of three Figures each, as long as there are as many : then each Pe- 
riod mail hrft be read as if it were .alone by Units, Tens, ' Hundreds, i. e. the firft place 

on the right of the Period by its fimple Value, the fecond place as fo many Tens, 

and the third place fo many Hundreds as the fimple Value exprefles [which Practice is 
expreued by thefe Signs c : x : Un. conftantly repeated in the under L,ine of the Table.] 
Again, becauie Fiacres increafc their Value towards, the left, the fame Figures indifferent 
Periods are of different Values, and therefore every Period has a common Name thac 
complears the Expreflion; which are thefejn the upper^Line. of the Table} (in which 





wards and forwards ; and then applying them to the Periods from the right to the left, that 

you may find the Name of the higheft Period in any Example; arid remembring exactly 

the Names of Periods in order from the left ; you muft begin from the left arid Irtf read" 

the Figures of each Period, as c : x : Un. then join the Name of the Period, whicH is 

fuppofed to be applied to each Figure of.k. ' ' ' • ' 

Qbfrrse^ That in fome Cafes you'll have a broken or incomplete Period of one or two 

Figures next die Left-hand, which muft be read by rrielf, juft as it happens to be ; but th£ r 

reft will each have threeFigures : yet thefe may be aUb in a true ferife but Droken Periods, f.fc ' 

not have fignifkant Figures in all their places, as in this 24,048. ' Again Obfe'rve, That in 

the Periods of MilL and tb-Mill. becaule the word Mill, is common, you need * not repeat 

it: but in the th-MtlL me only the word. Thousand, (uppouhg the word . Mill, which you 

need only exprefs after the Figures in the Period bf Mill, unlefs-that Period be filled with o's, 

as here,' ^,000,468,350. which is 24 th-MilL <&x. but in this, "24,360,579,200, Lread- 
th. 360 Mill. c?r. * 

See tbefe few more Example*. 

.278,307,000 J f 2.78 :1 Mill.. 307 Th. 

348^326,000,123 -H 348 T3l 26 MilL 123. 

7,200,809,^67,345 -3 7'BilL' 200 Th. 809 Mill. 8^7 Th, 345; 

32^oo9^. 7 8>i05,723 g 326 Bill.- o Th. 478 MUL 205 Th, 723. 

Case 2. Any Number being exprejfed in Words, to write it down in Figures. 

If the preceding Table of Names cojrefponding to the feveral places of a Rank of 

part of the Problem, which is but 
. m lelcfc to fome to point them out a 

Method, which is this Remember exactly the Names and .Order of the Periods from 

to Right j and of the three places in each Period: Then obferve what is the Period 
i named in the Example, alfo what is the Number (viz. of c : x : Un.) applied to 
that Period ; fet down thar Number, with a Point after it : then confider what is the 
Name of the next Period below that in order, and what Number is applied -to it. in 
the Example ; fee down that Number on the right 6f the former, with^a PointT 'after it i 
and' whatever be me^NumSer, it fnWbe^fef dowrt fo as to pofrdfc feee placesj offer- 
ting o in thofe places of theYeriod to which no^umbef is applied} (except the firft' 
or higheft Period where this. is. not neceflary :) fo that if trjere is no Number applied to 
any whole Period, Carter that which is-* me' hiheft in L the Example,) fet three o's m its 
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three places-: thus proceed to, the loweft Period or firft on the right. * Obfsrve. alfo, 
that if you find the 'Name Thoufand mentipn'd before Million or Billion, it fignifies 
Th-Mffl. or Th-Bill. and is to be diftinguilhed from the Period' of fimple Mill, or Bill 
as in the preceding Table. One or two Examples will fufficiently illuftrate this Practice. 

Ex. i. To write in Figures this Number, Forty Million Two Hundred Thoufand and 
Eighty]! proceed thus; Million is" the higheft Periods and Forty the Number applied> 
which I'Writq dowfl thus, 403 the next Period is Thoufand^ and the Number here applied 

i§, two Hundred, which I fet on the right of the former, thus 40,200 ; then follows the 

Period of the Units, and the Number here applied is only Eighty which, according to 
the Rule? I fee, on the right of the former thus, 40,200,008. 

Ex. 2. Twc?ity-fouf thoufand aiid Jixty-t<wo : Millions. Here the name Thoufand land- 
ing before Million fignifies th-Mill. which is the higheft Period in the Example, and the 
Number applied is Twenty jfpur 9 thus, wrjtten 24,; . then follows the Period of Million;, 
and the Number, is. Sixiyrtfwo, joined: to. the ; former thus, 24,062; and becaufe there is 
no more, in tfie Example? and yet there; are two Periods remaining, viz,. Thou funds and 
Units, I. fill p hem up with o's. thus, 24,0^230003000. For without thefe, the other Figures 
couid ^qt exprels above Thou/ands. If- you compare* the Examples given for the firft 
part reverfely ? you . have -enow, for this, laft Eurpofe. 

CO ROL Z>A r RI ES, : to the Figural Notation* 

. 1. Of , two Numbers, exprefled by Figures, (by the Rule and Inftitution explain'd) 
that which has feweft Figures (or Places) is the leaft Number. Examp. 99 is left than 
ipo. For tho* the Figures of that which has feweft be all the greateft poflible, (/. e. all , 
9 J , s). and thofe. of .the other be. alfc the leaft -poflible, (/. e. 1 in the higheft place, and the 
refto's) yet the. other will want at, leaft 1 to make it equal to this; becaufe 10 is equal to 
9 and 1, and 100 equal to .09. and 1, and fo on. Hence the value of an Unit in any 
place , of a Rank; is greater than .the value , o£ all the preceding Figures on the Right-hand ; 
becaufe. taking, that .Unit in. its true value, it . is. a Number . having one place more than 
are, upon, its Riglitrhand.. 

2., Ifrtwp.. Numbers .exprefled by .Figures have an equal Number of- places, that is the 
le^ftt>Jum.berjWhich has the, leaft Figure in., the higheft place; or>. in -any other place, all. 
the, preceding , places . on the. lefcJbeing j equaL- Ex. 199 Js xlels thanaoo^ and 2-32 is lets 
than 23 3; and 4.69.1s than 472, 

3. If one Number, is. greater, than another,, and i£ vou fet before- each- of them an equal' 
dumber .of. whatever Figures, that which, was greateft'. before, will- ftilkbe. thegreater.* 

4. If before, or on the.Rightrhand of any > Rank of Figures, (or Number exprefled by 
Figures) be placed any. one, figure, the given Rank exprefles. thereby ten-times what it 
d/d before (or without that Figure;) and if two Figures are fet. before it, it exprefles an* 

hundred-times what it did before; andfo on in a ten-fold- Progreffion, according to the 
fundamental Rule. Ex. 480 is ten-times 48; and 4800 is 100 times 48, &c. And ob- 
ferve, That with refpecl to the raifmg the value of the .given Rank, it is the fame whether 
o, or any other Figure he prefixed ; it is certain that another Figure will make a greater 
Number of the whole Rank. as it is now encreafed; but will jiot make that part of it- 
greater,, which was the given , Rank. So. here in 486, the 48 is equal in- value to 480, 
whatever Figure ftands before .it," tho* 486 is greater than 484 or 480. 

%. Hence again; Any part of a Number taken from the Left-hand, may be) valued thus,; 
yt&. we* may confider whatJMumber it makes taken by itfelf; and then confideii the place 
in which its firft Figure (on the right) ftands; and make the Name of that place a com- 
mon Name or local Value to the whole Rank : Thus, all the Figures of any Rank, ex- 
cluding the firft on the right, or place of Units, being • read by tnemfelves, (as if 'there 
were, no Figure before them) is fo many Tens; or fuch a Number taken 10 rimes. A- 
gain, excluding the. two firft places, the reft, read by themfelves is fo many-Hundreds, and 

fo 
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fo on. Ex'. 246873 : hare the 24687 is equal to 24687 Tens, (taking 7 as it were in 
die place of Units) i. e. twenty-four thoiifand fix hundred and eighty-feven Tens. The 
2468 is 245S Hundreds ; the 246 is 246 Thoufands, and die 24 is 24 Ten-thoufands : as 
the 2 is 2 1 lundred Thoufands. 

SCHOLIUMS. 

1. Both in the General Rule of the Figural Notation, and thefe two laft Corollaries, I 
fcsve fuppofed this for a Truth, "she. That Ten-times, (or a Hundred, drc) any Num- 
ber is the lame as that Number of rimes Ten, (or a Hundred, &c.) For Example, that 
Ten-times 7, is 7 times Ten ; which is a Truth I believe will be eafily granted : yet it is 
of thai kind that admits a Demonftrarion j but I (hall refer it till we come to Mult 
fixation^ to which it properly belongs. 

2. By the Figural Notation now explained, all Numbers above Nine are exprefled in 
a compound Form ; reprefenting either a certain Compofirion of the Number Ten, or 
fuch a CompolMon with the addition of a Number lets than Ten ; which are notably 

diiTlnguifliea by this method of Expreflion. But there are various Degrees of the Com- 
pofirions of Ten ,* for a Number compounded of Tens is either a Number of Tens lets 

than Ten, which is exprefled by a Digit in the fecond place and o in the firft, as io, 
20, &c. or it is mch a Number taken ten-times, which is exprefled by a Digir in the 
third place, and o's in the fecoild and firft, as 300, 400, &e. or fuch a Number as the 
kft taken ten-rimes, as 2000, 5000, &r. and lb on. All which different Degrees are ex- 
prefsM by a Digit in different places. From which it's clear, that if feveral of thefe de- 
grees be joined together, r. e. if there is a Rank confifting of more than One fignificant 
Figure, and having at lean: one o on the Right-hand, as 460, which is 46 Tens, that 
exprefles a' Number which is attb a Competition of Tens ; but if there is a fignificant 
Figure in the place of Units, thar Number contains fo much odd or over a certain num- 
ber of Tens, as 468, which is 46 Tens and Eight. Now there are two things to be re- 
marked from this Method of Notation : Firft, That every Number is d^ftinguifhed by 
the very Expreflion into as many parts as there are fignificantFigures in it j each of which 
is exprefled feparately by fem'ng as many o's before it as there are Figures before it in 

the given Expreflion ; as in the following Example. And fecondly, That each of thefe 
Parts is a certain Compofirion of the Number Ten (as above explained) except that 
which is in the place of Units, which is always Ids than Ten. Tbus> the Number 4682 
is equal to 4000 and 600 and 80 and 2, which is more limply and conveniently written 

all in one Rank 4682 ; whereby all the Parts are as clearly and intelligibly marked out by 
the meer ntuarion of the Figures, (according to the Rule.) Now tho' this is really a 
compound Form, exprefling feveral Numbers diftincrJy from one another; yet becaule it 

is the moft fimpie way of exprefling that Number, or Term in the natural progreflion, 
which is equal to the Sum of all thefe lefler Numbers (according to the Institution) there- 
fore it isfaid to be a fimpie Expreflion of one Number, in comparifbn of the other ways 
of exprefling the Parts feparately ; or of the Expreflion of a Number by any other of its 
component Parts, feparately written each in their moft fimpie Form, (in each of which 
therefore mere are Pans, or Figures that have the lame local Value) as if inftead of 8 
we fhould write 5 more 3, (which together make 8) or inftead of 74 we ihould write 
43 more 31, which therefore in diftincHon from the other we may call complex Ex- 
preflions reprefenting feparately two different Numbers, the lefler of which has Parts of 
die lame local Value with the greater. Or we may explain this diftinction of Ample and 
complex Expreflions, thus : That Expreflion is called fimpie, or one Number, which is one 
of thofe whereby the natural Series of Numbers is exprefled in a continued Progreflion 
from Unity ; but when two cUflerent Expreflions of that Series are feparately written in 
two difHnct Ranks, they are laid to be two different Numbers : and with refpecT: to that 
Number to which they are both together equal, they are faid to be a complex Expreflion 
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of it ; efpecially with fome Mark or Word betwixt them to fignify their being joined to- 
gether. For Example, 46 is a fimple Expreffion of on.? diftinct Number in the natural 1 . 
Series: But 32. and 14 are two Numbers, which being both together equal to 46, there- 
fore 32 more 14, is a complex Expreffion of the Number 46. Again, in the fame man- 
ner any Number which is equal to the difference of two Numbers may be complexly 

exprefled by thefe two, with a Mark of Subftra&ion betwixt them : As for Example, 

fince 32 more 14 is equal to 46, therefore if 14 is taken out of 46, the remainder is 32 >. 
and hence 32 may be exprefled thus, 46 lefs 14. 

The lame things are applicable to the Parts by which any Number in its fimple Form 
is exprefled 3 as if for 4& we mould write 40 more 6 , or for 6 we mould write 46^ 

lels 40. 

In the laft place obferve, That the compound Form of this Notation is the Perfection, 
of it y not merely as it is compound, but the particular Manner ^of it j becaufe of the cer- 
tain, relation that each part has to one Number, *>/*. Ten, by the conftant, regular and 
uniform Progreflion in the Value of Places: For by this Similarity or Likenete of fome: 
Parts in different Numbers, (*. e. of Parts exprefled by Figures in the feme or like places;) 

and the Connection or Relation of all their Parts by means of the common Number Ten,, 
to which they have all a relation; Numbers can be compared together, and their 
tions performed in avery eafy, clear and diftindt manner. And more particularly we'have • 
from the Method of Notation this Principle of Operation, viz. That fome Operations- 
may be performed . by- the few fimple Chara&ers, taken and applied in their primitive* 
Values ; and what is wrong or deficient by the neglett of their local Values may; be again . 
made up, by the order, or due placing theieveral Figures arifing from the Operation: And 
in other- cafes where we cannot work by fingle Figures, .yet we can take the Parts of Num- 
bers, (i.e. two. or more of their Figures) andtxrafider them in the Value they would have 
. . ... •^..^.ivi.Xjr^ Which Principle 

obferve, That in* 

this it is that the Rule of Notation is the ground of all other Operations ; affording re- 
gular and eafy Rules for expeditious and certain Work, as we mall learn. 

As to the Hiftory and Invention of this acUnirable Notation* fee what is faid in the- 
PREFACE: . * 

3 . We might here make Companions betwixt this Method ' of Notation, and others- 

that have been or may be ufed, in order to (hew the Excellency of this Method ; but 
this will be better underftood after you fee the Application of it in the Operations, where 
I have allotted a Place for fome general Refle&ions upon thefe Operations. However, 
I ihall here explain the Notation of Numbers inftimted by the Romans i, which will be • 
proper, becaufe it is alfo pradtifed for Marking of Chapters and Se&ions, and fuch things 7 
and this being compared, with what weufe, the difference in. favour of .our Method will; 
be fufficiendy evident. . 

■ 

Of the Roman Notation; 

The Characters whereby . the Romans marked Numbers were, taken out of their Alphabet 
of Capital Letters,', thus: 



by themfelves ; correcting the Defects the feme way as now mentioned. Which Princip] 
we mall fee applied in the following Rules; and here only Imall further obferve, Thati 



I. 
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The Simple CharaSfers. 

V. X. L. C. D, 



At 



5 



10. 50. 100. 500. looor 



* • 



t6 Of the Universal Nota**i&& Boak x. 

The intermediaie Numbers betwixt thefe are exprefled by a repetition of the fame; 
{erring them together in a Line, thereby exprefling the Sum of all their Values (above 
ezprd&d) joined to one anorne r, (for they nave no different Values from their Places) 
the Characters of greareft Value being fet next the Left, as for Example * II is 2. Ill is 3. 
VI is6. VII is *. XI is 11. XV is 15. XX is 20. LX is 60. LXV is 6> DX is 510. 
DC is 600. DCCCC is 900. DCCCCLXXXX\ariI is 995?. Thefe Examples will 
fomcienriy fhew how ail the reft are made. 

But to prevent too great a Repetition of the fame Characters, they fbnietimes fei the 
lefier Character before the greater ^ and then it rep relented the difference of thefe two, 
or the effect of taking the one Number away from the other; thus IV is 4. It X is 8. 
IX is 9. XL is 40. CD is 400. CM is 900. And when a Number is exprefled by- 
more than two Characters, if any part of it is thus exprefledj it is fit to difHngtum 
it from the Qiara iters on the Left of it, by a £oint; thus, 14b tnay be exprefled 
QXL, (for CXXXX) and 148 thus, QXLJIX (for CXXXX VHI.) Again, 499 
thus CD,XQIX, inltead of (CCCCLXXXXVAIT) Which are ttftte , Convenient. 

Again, for Numbers greater than 1000 or M, they are expreiied affe the farrfe man- 
ner. But there are other things in their Syftem, both for fome Kdfnbers lets than iobo, 
and efpecially for greater, which I fhall briefly explain. Ttotit* for t) of %dp they write 
13- and then by adding another p it gradually exprefles ten-rihles ai miick; fb J33 is 
5000. 1333 is 50000, and fo on. Again for M or iobo they Wrife fclD, and by 
joining another fuch Mark as C and 3 one on each harid* it expreflfes renames as much 1 
fo CCDD & 10600. CXTCODD *s 100060, &ir. lafHy, they had a m^fe convenient 
way of esprefim* any Number -of Thdnfomlss which Was by ti&wm* a tine over any 

Expreffion of 2 jViimber Tefsjhan a Thoufcd,- Whereby itfekpfeffld' fo Thdufatids-! 
fo V is 5000. VI is 6000. X is 10006. LX is 60066. Cis 160666. ana 1 Si is a* Thou- 

fani-riioiifands, or a Million, 1000000. MM is 2006000. But I mall fnfift no more. 
. If we now compare this Method of Notation With ours, it prefentfy .appears by the 
preceding Examples, tnat fbme Numbers art more fhortry exprefled by trfe J$om&n Way k 

but thefe are very few in refped pf .what aire otherwife: And rhen.ther6 is here no filch 
regular Progrelfion in the Value of the fame fimple Characters as in the other . Method; 
But we mult kam the worth of this from iris Application. \ 

Of the Universal Notation. 

By this Name isnot meant any cbnftant of eftablimAi Method- ufed every where for the^ 
Expreffion of partiGukr Numbers-; but a Method 6r* re^efentirig airy Numbed ^defirugerfr 
in order to the more eafy and general Ex^ef&W and 

in Numbers, which tho' they be limited to particular Conditions, -ft&titk fd f^rSeulSr^ 
Numbers, but extend to all Numbers, wherein the fame Conditions are found. 

The fundamental Principle of this Notation is the. fame 2s the laft, viz. That any 
Mark or Sign may be mftituted for the Reprefentation of any of our Ideas j and here it is 
done by Letters, making the fame Letter ftand indifferently for any Number, u^o' x : this 

Condition", That through the fame Propofinon arid Demohflratiori it be fuppofed to" ftand 
for the fame Number ; i. e. when particular Examples are applied*, we mufit appty trie 
fame Number always to the fame Letter. Thus the Letter A or B, or any other, may 
reprefent any Number we pleafe to fuppofe. 

Obfer??, "This Notation, and the comequent Operations are called The L 1 teral or 
Specious jZritbw.etkk^ which- is in- part the Foundation of the Al&brahk Art j the 

defigned Ufe of which in the following Work is to make eafy and univerfal Derrionftrations. 

For when any Truth is propofed which is not limited to particular Numbers, but only 
to certain Conditions , it is not a fufScient Demonftration to fhew that it holds in one, or 

any 
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any Number of particular Examples} it muft be fliewn that it will hold good in all Cafes 

poflibk : and as this muft be done by an univerfal Method of Reafoning abftra&ed from 
all particular Examples j fo there muft neceflarily be an univerfal Notation for Numbers. 
It is true indeed, that the Univerfality of a Truth may, in fome Proportions, be made 
to appear through one, or a few particular Examples j but for the moft part this would 
prove very tedious, and require many Words, which would render the Demonftration 
more difficult and obfcure,' and in very many Cafes could not be done at all. Which 
makes the Algebraic k Method of Demonftration neceflary in Arithmetick, (as I have more 
fully reprefented in the Preface.) The Principles and Rules of which, as far as this Work 
requires, you'll find explained gradually as we proceed. 

Before we enter particularly upon the other Rules and Operations of Arithmetic!^ 
there is another Diftin&ion of Numbers muft nrft be explained $ viz, 

$• 2. Of Nutfibers Integral and Fractional. 

THIS Diftin<£tion proceeds from the Comparifon of lefTer Quantities with greater \ 
and to underftand the Nature of it aright, we muft confider the different Notions 
of Parts and Whole j thus, Every : lefler Quantity is called a Part with refpe& to a greater 
of the fame Species, which is called an Integer or Whole with refpecl: to the lefler. 

But there is a more' general, and alfb a particular Senfe in which one Quantity is called 

a Part of another. In the general, no more is meant but that it is a lefler Quantity, 
which with fome one or more Quantities, alfo letter, make up a Quantity equal to that 

other} and into which therefore that Greater may be relblved. But in a more particular 

Senfe, a Part fignifies fuch a lefler Quantity as is contained a number of times precifely 
in a greater? (or Whole : ) i e. it is one of thofe lefler Quantities, all equal among them- 
felves, into which any Quantity may be refblved or iepamted. Or we may alfb conceive 
it thus, viz. As a lefler Quantity, of which a certain Number joined together makes up 
a greater Quantity or Whole. Hence- fuch a Part is called an Equal or Aliquot Part 5 and 
the number of times it is contained in die Whole, or the Number of equal Parts con- 
tained in the Whole, gives a Denomination to tie Part, and is called its tienominator : Co if 
any Quantity is contained in a greater 6 times, it iscalled a fixth part of it. Now it is in 
thir-fenfe only that a Part can be underftood in Arithmetick: form order to compare two 
different Quantities together by the means of Numbers, we muft confider them as com- 
peted of fbme common Element, Or equal Part ; by the Number of which contained in 
each, the Comparifon may be made j and the Value of thefe Quantities with refpeft to 
one another be deterrnined. If the lefler is an Aliquot Part of the greater, there is no 
more to be done ; but otherwife they muft both be conceived as compofed of, and re- 
ducible into, fome common Element or equal Part? $b that, if the krfer is not one of 
thefe Aliquot Parts of the greater, yet it is equal to a greater Number of fuch Parts ; 
[for otherwife they, cannot be .compared tocher j vat Je^A^ exprefled 
in Numbers.] , &ch/a Jefier Quantity, to ,aoftmguuJi it |co)n. an Jttiquoi Part, is called an 
AUqttant$ixt. , $or Example, a lefler -Quantity egual ip 2 of 3 Parts, of another, is called 

an MqvantPart h thereof T " - w « : " 

I have hitherto ipoken of f^tantities and tljeir Parts in general j but what is faid is 
applicable both to what iscalled Continued Quantity, (as £ engnh, Weighty Time, &c) 
or to pure Number. : V6f eveuy lefler Number js a part oT a greater j and is either an 

Aliquot or <4fiquaftt. Parir> becauie Unity is the common plemenr or Aliquot Part of all 
Number^ fo rthat ej^^Numbe/ is a Number ojf ftch ATtquof Parts (as .Units are) of 
eyery b&r Number. $uc.r^f^£eii(je is very jemarjcable, That the Aliquot Part of a 
conr4r^ j (^int% ? ;c9ij^r^a pr^flerly kv^ejf in nature: of i continued Quantity, 
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is only one fingle individual thing, or an Unir ; whereas in pure Numbers, one Aliquot 
Part may be a Number greater than Unity. Ex. The 3 d part of 1 2 is 4 (for 3 times 4 is 
12.) Tt is true indeed, that conceiving any continued Quantity to be refolved into 12 
equal Parts, one 4 th part of it is equal to 3 of thefe parts; yet the Whole and Part are here 
coniider'd only as pure Numbers : for to fay 3 is a 4 th part of 12, whatever things we 
fpeak of, it is but a pure Arithmetical Expreflion ; whereas in continued Quantities, be- 
came tie Part of any thins* muftbe of the feme nature with the Whole, therefore a 4 th of 
any Lens^h (for Ex.) mult be one certain Length ^ which, in fo far as is neceflary to confti- 
tute a 4 th part, is not conceived to be any further divided, but to be an entire Length 
equal to a 4 th part of another. But a more remarkable thing is, that any continued 
Quantity may have any aliquot Part, for that we can conceive at pleafure; but pure 
Numbers cannot : For fome have no other aliquot Part but Unity j as 5 and 7 ; and 
others have different parts according to their Compofirions : fo 6 has a half and a third 
part, but not a 4 th part or a 5 th parr. Again, no Number can have fuch a Part as- is 
denominated by a Number greater than itfelf; for Unity is the leaft part of any Number, 
2nd is the part denominated by that Number itfelf; fo 3 has not a 4 th part in pure Num- 
bers : But if we confider any Number applicarely as fignifying a Number of things which 
are divifible into any conceivable Parts, then any aliquot Parts of one, or of any number 
of thefe things is poflible. For Ex. Tho' a 4 1 * part of 3 is impoffible in pure Numbers^ 
it is poflible when the 3 is applied to things divifible into any Number of Parts as 4 ; yet 
here it muft be carefully remarked, that this is not the 4 th part of the Number 3, but o£ 
a greater Number into which 3 things are refolved : Therefore every fuch Expreflion as 
a 4 th of 3, or 3 4 th8 of 2, mufl be conceived with this qualification, ue, as poflibleonly 
in applicate Numbers. 

The fame alfo is to be underftood, tho' the Denominator is lefs than - the Numerator 
which is confidered as the JVkole, when thisNumber has no fuch Pan as is exprefled j as in 
this Ex. a 3 d of 5. 

Wefnall now garner together thefe Definitions ; and from them you'll fee the ground of 
the Diftindion propofed with the Definition of the Terms. 

Definitions: 

1. Every lefler Quantity or Number is in a more general Senfe, a Part of every 
greater (of the fame Kind,) which is called a Whole or Integer with refpedi to the Part. 
But more particularly^ 

2. An Aliquot Part is that which is contained a certain number of times precifely in 
the Whole.; and that number of times is the Name or Dencaninator of the Part. Ex. If 
any Quantity or Number is refolved into 3 equal Parts, one o£ them is an aliquot Parr, 
called a 3 d part} fb 2 is a 3 d part of & And from the- nature of Numbers we have this 

Corollary, viz. 

Corollary. One is an aliquot Part of every Number, and. the Denominator is that 
Number itfelf. So 1 is the 6 th part of o. 

3. An Aliquant Part is fuch a lefler Quantity or Number which is not an equal Part ; 
contains a certain Number of fome equal (or aliquot) Parts of the Whole. As when 
Quantity or Number is not one aliquot Part of a greater, yet is equal to 3 4 th parts 

hat greater: So 9 is 3 4 th parts of 12 ; for a 4 th of 12 is 3, and 3 rimes 3 is 9. 
u An Integral (or whole Number) is that which reprefents things abfolutely by them- 
es, without any companion to othei things; i. e. they are not confidered as. Parts of 
er things; as when we fay in general 4 Things, 01 particularly 4 Words: And they 

called ^Integral or whole Numbers only in diffindtion from Parts; 

. A PraBional Number (or a Fraction) is that of which each Unit reprefents a cer- 
aliquot Part of another thing, as the Whole to which this Part relates, called hence 
the Rs&tive Integer. For Ex. 1 5 th of 3 5* h parts ; or 7 13* parts of any thing. And 
becaufe the Denoniination of the Part, which is alfo a Niimber^ muft be exprefTea, there- 
fore every Fra&ion coiififts of two Members, or requires two Numbers: for there : is the 

Number 
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Number of things direc"rJy and immediately reprefented (as in the preceding Example*, 
the Numbers i, 3, 7.) called hence the 'Numerator of the Fraction; and the Number of 
equal Parts of which the Relative Integer is fuppofed to be compofed, called the Deno- 
minator ■> or the Name of the Part, exprcfling the Value of each Unit of the Numerator 
with' refpecl: to the Quantity of the Relative Integer. So in this Ex. 3 5 th parts, 3 is the 
Numerator, and 5 the Denominator ; the common way of placing them bMng to fet the 

Numerator above the other thus ' or -I- ^ umer f to f- 

•. ? 5 V1 3 Denominator. 

Scholium. From tins Definition of a Fraction it is plain that the Numerator may either 
belefi or greater than the Denominator, or equal to it; for we may as reafonably fcyf, (or 
7 5 th parts) as J; if we underftand it according to the Definition, i.e. as expreffing 7 
things each of which is equal to a 5 th of another thing; and not as if 7 were fuppofedto 
be taken out of 5, which is impoflible. By comparing the Numerator and Denominator, 
we have this Conlequence; viz. 

Corollary. If the Numerator is greater, equal to, or letter than the Denominator, 
the Quantity exprefled by that fractional Number is greater, equal to, or lefler than the 
Integer ; becaufe the Denominator reprefents all the Parts of the Integer, and tie Nume- 
rator fliews how many are taken. 

And this gives rife to a Diftin&ion of Proper and Improper Fractions, as die Nume- 
rator is lefs or not lefs than die Denominator. But a more particular Explication of this, 
with other Diftindtions of Fractions, W£ mutt refer to another place. And here you 
may Obfirve, That inftead of the Names Integral and Fractional, we might as properly 
call them Abfilnte and Relative Numbers j which do very well exprefs their different 
Natures: For the firft confiders things fimply and abfolutely in themfelves; and the other 
confiders things relatively, as Parts of odier things. 

It is to be alfo Obferved, That Fractions are a more general Kind of applicate Num- 
bers : For the Numerator (or the Number of things directly defigned) is retrained ; fo 
that it does not reprefent a Number of any things indifFerendy ; but is limited to a certain 
Relation to fome other thing : nor does it expreis any Part of that other thing ; but fuch 
a Part or Parts as the Denominator exprefles: yet while there is no particular thing named 
as the relative Whole, it is in this refpect a general and abftratf Fraction, (but not a pure 
abfolute Number;) fo | is a general and abjtratt Fraction; butf. of a Day is applicate. 
Wherefore m every applicate Fraction there are two Denominations to be confidered, 
which we may call the Relative and the Abfolute ; The firft is the Denominator of the 
Fraction, and the other is the Name of the Integer. But if the Integer is not one, but 
a Multitude of Things (as \ of 6 Pounds) that is to be conceived as an Inteper or one 




GENERAL SCHOLIUM. 

* 

Of the different Senfes in which Unity is Diviflble and Indivifible, and the Converfon 
of Numbers from Integral to Fractional, a?id contrarily ; /beviug in general therein 
their Operations mufi be the fame, and wherein they differ. 

. ]? e .!? L f 10W * i h . e E kc 5 to ex P lain thc differenr Senfes in which Unity is divifible or 
indivifible. And in the firft place this is plain, Thai Unity in its own Nature as Number 
w/w/w*; for there can be no Number of Tilings conceived lefs than One: but if 

we conhder the Subject or Thing to which the Idea of Unity is applied ; as that is capable 

or cUviUon into real or imaginary Parts; or as it is really a Collection of dittinc! Trr:;*s 
united by the Imagination; fo, what is the Subjed of Vsity in one View and under one 

denomination, "W. be «** SubjecT: of Multitude under another. For Ex. 1 Pound is 
tne lame as 20 Shillings;, wherefore it is not the Number One that is divifible, bur fome 
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^ ued Quanriry, as a Yard, a Day, &c. or fome Number of Things comprehended 

under a fingular Denomination. Hence again we learn to correct a Vulgar Error, wz. 
That a Proper Fraction (i- s. whole Numerator is Ids man its Denominator) is a Number 
lefsthan Unity. It does indeed reprefent a Quantity leis than the relative Integer or Unit; 

bat is cot a Number Ids than Unity : For the Numerator, which cannot be Ids than l> 
is as property a Number as if it were applied to things under an abfoiute Denomination : 
fo a 0 f a Pound does as truly expreis three things, as 3 Pound does > differing only in the 
Value and Way of denominating the things. Again, became one Quantity or Number 
cannot be referral to another as a Part or Pans, unlefs that other be really or con- 
ceivably divided into, or compofed of fuch a Number of Parts,- therefore, itrictly 
fpeaking, the relative Integer or every Fraction is what we may call a coUeBwe Unity 
or 2 real Mulrimde united together in one Whole under a partk'jlar Denomination. 
Hence a Proper Fraction is in effect, fome letter Number compared to a Number greater 
than ir, and always greater than Unity. For Ex. \ is 3 things taken out of 5 ; or 3 5 th 
Parts of a Whole compofed of 5 Parts : and in this View only a Proper Fraction is a 
lefler Number man its relative Integer ; yet not as this is Unity? but as it is really a Mul- 
titude. To have done ; The proper Arithmetical Value of One or any other Number is 
invariable, i. e. One, Two, is always the fame Number, in whatever things and how- 
ever denominated ; but take the Number with the Application complexly, there may be 
a difference \ fo mat what is equal to Unity, or any otber Number, in one denomination, 
may be a nearer Number applied to another ; as 1 Shilling is equal to 3 Groats, or to 

12 Pence. The mixt Value is the fame in all thefe, yet the Numbers and Denominations 
differ : Alfo what is an Integral Number applied to Things under a proper and abfoiute 
Denorninarion, may be converted to a Fraction or relative Number by applying a rela- 
tive Name or Denomination } fo 3 Shillings is the fame as T * s Parrs of a Pound. In both 
ExnrdSons tie Number and mixt Value is the fame, only the Things are differently de- 
nominated in the Apphcarion ; this being indeed all the difference betwixt Numbers In- 
tegral and Fractional, vet this difference is the occafion that thefe two Kinds muft be 
handled fepamdy : for 'the Denominator of a Fraction being alfo a Number, refpedt muft 
be had to that in every Operation, which occafions more Work than in Integrals. But 

■>erations of Numbers are thofe performed by Integral or Abfoiute 



frill the fundamental Operai 

Numbers j for the Numerator and Denominator of a Fraction, taken by memfelves, are 
of the feme general Nature with every other abfoiute Number, and Can have no Other 
Operation applied to them} and the way of m a k i ng that Application fo as to fulfil all 
mat bom the Denominations, Relative and Abfoiute, (where both are confidered) do de- 
mand, is the only new thing in the Operations of Fractions. Therefore after the Operations 
in Whole (or Abfoiute) Numbers are explained, which will employ the remaining Chapters 
of this Book ; the lame mall be done for Fractions in thefecond Book- 



CHAP. HI. 



ADDITION of 'Whole and /©/mSNuMBERs. 

DEFINITION. 

ADDITION is the firing one Number equal to two or more Numbers taken 
all together ; that is, finding themoft fimple Expreifion of a Number, (according 
to the eftabKihed Notation) containing as many Units as are in all the given 
Numbers taken together • which is hence called their Sum. For Example, the Sum of 
thefe Numbers 8, 17, 24, 675, is found by the following Rule to be 7-24. 
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Scholiums. 

j. Before we enter upon the particular Rules of Addition, it is neceflary to 
make the following Reflection upon the Method of Not ation^ as it is in part the 
Foundation of all other Rules of Operation , w*. That as by any eftablifhed Notation, 
whatever it be, we know how to exprefe any Number, or the whole Series of Numbers 
in a continued SucceHion from Unity , by the adding or joining Unity after Unity for 
ever ; fo by Application of this Inftitution, and the general Axiom, that The Whole is equal 
to all its Parts, we fee a poflible way of finding and demonftrating the Sum of any 
two Numbers, viz. by beginning with one of the given Numbers, (and it is beft to take 
the greater) and joining to it all the Units of the other one after another, exprefling the 
Sum at every ftep, according to the Rule of Notation, till the laft Unit is added; 
and then you have the Sum fought : becaufe if all the Units in any Number are added 
fucceffively to another Number, the firft Number ( which is nothing elfe but all its 
Parts together) is certainly added to the fecond Number. For Example, If (according to 

the prefent Notation) it were propoted to findthe 
8, I, 1, 1, 1, 1, I, I, 7 Sum of 8 and 7: I ta*« 8, and after it I fet down 
9 : 10: XI : 12 : 13 : 14: if i all the Units of 7 fepar.-tdy, and by adding them 

one by one to 8, and expreffing the Sum as it gra- 
dually increafes, the laft and total Sum is 15. In the fame manner may we find the Sum 
of any other two Numbers, or of any Numbers more than two, by firft adding any two 
of them, and then to the Sum adding any other of them j and fo on. 

Let us nextobferve, What is arbitrary, and what is notfo in this Operation. In the firft 
place, As the whole Syftem of the Signs of Numbers, both by Words sndFigures, is a pure 
arbitrary Inftitution, fo the Addition orExpreffion of the Sum of Unity, and any Number, 
is dire&iy and immediately a Part of that inftitution; and therefore has no other Reafon 
or Demembration but that it is fo In (United. Again, tho' the Names of all Numbers are 

contained in the Inftitution, yet the finding the Sum of any other two Numbers, or calling 
it by fuch a Name in the Syftem, is not immediately a Part of the Inftimtion, but a Con- 
fequence, and therefore Demonstrable : For the pure and fimple Inftitution is all compre- 
hended in the Syftem of Signs taken in a gradual Succeflion from Unity, and proceeding 
by a continual Incrcafc of Unity ; and therefore contains immediately no Queft ion orCale 
of Addition, but that of adding Unity to Unity 3 or to any other Number 3 all other Sums 
being found by Confequence from this, which therefore have a proper Demonftrarion, 
different according as the Confequence is Ids or more remote. As you'll afterwards lea;n. 

Now the Method of Addition moft immediately connected with the Inftitution is that 
above explained : But it is eafy to perceive how tedious and infupportable this Method of 
Addition would be upon any Syftem of Notation ; and as upon different Syftems, the 
Remedy of this Difficulty would be leis or more petfecl, fo the prefent ad mijrable Method 
of Notation affords the moft eafy and perfect Rules for Edition, (and all other Opera- 
tions) whereby fuch Additions are performed by a few and eafy fteps, which cannot be 
done all at once, (as we add Unity to any Number) and would be imuppombly tedious 
to do by fo many fteps as the preceding Method prefcribes : yet this is to be obferved, 
that as the eftabliflied Notation is the Groundrwork and Foundation of all, fo there are 
fome fimple Cafes that cm be done no other, way > as mall be prefently explained:, 

The moft- fimple Cafes in any Problem are ftrft in- the Order of Science ,* and here the 
Addition of Unity to any Number is the firft and moft fimple Cafe: but as it is con- 
tained immediately in the Rule of Notation^ therefore it is fuppofed in the following 
Problem, as a previous, and fundamentalPrinciple. 

a. This Sign or Charate + fet betwixt two Numbers, flgnifies the Addition 
of the one to the other ; and is a complex or indefinite way of reprefenting me Sum : 
thus, 3+4 fignifies that 3 and 4 are added together; and we- read the Sign, by the 
wordawv. Exam. 3 +4 is 3 more 43 and thus it exprefies the Sum in a complex manner by 

1 ~ the 
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the Parr?. And when more Numbers are added, they are joined by the fame Sign; thus 
5 + 4+9 ^ the Addition or Sum of 3, 4, and 9. The Ufe of this in particular -and 
determinate Numbers, is chiefly by way of Abbreviation for the neater and fliorter Expli- 
cation of me Work of Addition in particular Examples, asyoull fee immediately. 

But the princira! Uie of this Si^n of Addition, is for rhe Rvnrpfftnn of rhf> C,t«, ~c 




Numbers, univ< 

Anv two Numb ^ , , . r fcw 

A + B, and the Sjm of*,B and C, is A + B + C, and fo on; which is trie Cjeneral 
Rule of the Literal Addition, or Numbers expreffed by Letters. Some other particular 
Confiderarions relating ro this, ycuTi find in another Place. 

Obferve a^ain, That as the iamcNumber may be varioufly reprefented, either by one 
fimple ExpreiHon, or by the limp:e tx-p^effions of otherNumbers variouQv applied to one 
another by iundry Operations, whofe final Refult brings out the fame Number • fb to 
exprefs the equality of Value betwixt thefe different Expreflions of the fame Number, 
we ufe this Sign = fet berwixc thern ; which we ufe for Abbreviation in explaining the 
Work of particular Examples in ail the common Operations. Thus 8 added to 7 makes 1 < 
which is therefore exprefied either complexly 8 + 7, or fimply 15 ; an d to iignify the 
Equality of thefe Expreflions, we write 8 + 7 = 15, and read it thus, 8 more j is equal 
to 15. Univerially, A + B =D, fignifies that the two Numbers exprefcd by A and B, 
are together equal to the Number exprefled by D j and fo of other Examples of Addi- 
tion. As 3 + 4 + 5 = 12., or A + B + C=D. Applications of this, in other Opera- 
dons, youll find in their Places. I have only this further to fay here, That the difrerent 
Expreflions of the fame Number, conftimte what in the Algebraick Art is called an Equa- 
ttqtzj that is plainly an Equality of Value betwixt two Expreflions of Number : In the 
finding of which, from the Conditions and Circumftances of any Propofirion, with the 
various Changes and Transformations to be made upon them, by the Application of dif- 
ferent Operations, whereby one Equarion is deduced from another, confiils the Algebraick 
Art of Reasoning ; which, fo far as the prefent Undertaking requires, you'll learn as we 





PROBLEM. 

To add t-xo or more Numbers into one Su m, or fimple ExpreJJion. 

Case i. To add any two Digits or Numbers lefs than Ten. 

Rule. Take the greater of the two, and to it add all the Units of the other one by one," 
exprefiing the Sums gradually according to the Rule of Notation, as explained in Sebol. 1 . 
Exam. To add 9 and 6, it is, 9+ 1 + 1 +1 + 1 + 1+1=15,- for adding the 

; gradually, and expreffing the Sums in the Order of Notation, they make this 

9, 10, 11, iz, 15, 14, 15, the laft whereof is the Sum fought. 
Demon. The Reafon of this Rule is already explained,- and that there cannot be ano- 
ther Way of adding two Digits, is evident. 

Scholium. Practice by degrees fixes the Sums of all the various Examples of this 

Cafe in our Memory ; whereby we become capable to pronounce the Anfwer as readily 
as the QudHon is propofed: For upon Reflection it will be found, That we do not always 
calculate, and add in the manner directed; but know the Sum purely by Memory; which 
was no doubt acquired by repeated Practice of adding them together Unit by Unit; for 
it could be done no other way : and therefore it is the only Method we can take to teach 
young ones, who know nothing but the Names of Numbers in the fimple progreflive 
Order from Unity ; who may be afliflred by their Fingers in this manner, vix. Let them 
tell out the Units of the lefTer Number upon their Fingers, then take the greater Number 
and add to it the Units of the other from their Fingers, exprefling the Sums gradually ac- 

3 cording. 
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cording to the progreflion of Names, and the laft is the Name of the Number fought. 
Again, if thro' any confufion of Thought, the Sum of two Digits fhould not readily occurj 
or if one fhould pretend to deny or doubt of it, this is the natural and certain way of 
finding or demonftrating it ; [which may alfo be done by diflblving one of the Numbers 
into two Parts, and adding them fucceflively to the other Number, which is only reducing 



mm* 



affirm chat the Addition of two Digits is a thing not properly demonftrable, but the im- 
mediate ErFed of an Inftirution; the contrary of which, I think, I have fufficiently fliewn. 
The Occafion of this Opinion may be the familiarity we -have with thefe- fimple Cafes 
from our firft. acquaintance with Numbers ; fo that j emembring the Sums as readily as 
we do the Sum of Unity and any Number, we are apt to fancy we came by them without 
any Reafoning or Calculation, bccaufe we have them fo now. I mult alfo obferve, That 
the Method of our common Books of Arithmetick may have contributed to this ; for in 
thefe we have but one general Cafe and Rule of Addition, in which it is iiippofed that 
we know already, or can find the Sum of any two Digits ,* and this perhaps is done upon 
a Supposition of its being fimple and eafy : But this would be no reafon for omitting it in 
a Work defigned for a juft and rational Syftem; which muft therefore explain the Con- 
nection and Dependence of all the Parts of the Science upon their firft Principles, and 
upon one another. 

In the laft place, then, fince this Cafe is fuppofed in all other Cafes of Addition, it is 
„ a ^cr n ~, t i"^"' SntY! 0 f ^ ^ Examples as readily as the Queftion is 

exprefsthem all in the following Table ; from- which 



propo, 



heart more eafily by . thofe who are Beginm 



TA BLE Jbetv'mg the Sums of any titso "Digits. . 
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The Conftru&ion of the Table is 
obvious, and the Manner of ufing it 
is this : Take the greater of the two 
Digits, whofe Sum is fought, in the 
upper Line, and the lefler on the Right- 
hand Column in the fame Line with' 
this, and under the other ftands the 
Sum. So under 8, on the Head and in 
the fame Line widi 6 ? on the Side ftands 

the Sum 14. 



Case 2. To add any two or more Numbers into one Sum. 

^ N \\ V] f e ^ ?iVCn N ™ bcB u ?* er ° n e mother, fo that the Figures in like places 
or eacn ne airectiy in one Column, all Figures in the firft or Units place in one 

Cblumn j aU in the fecond place, or Tens, be alfo in one Column ' ' ' ~ 

of Places.] Then fecotidly. 
that Digit to the next above 

next Digit, and fo on till all th'e '-^^ ^cS^^^^^^ g 

til \°:/£ « r" U n d t r , F,Sl ' res ^ ed ' and add U P the fecond C" 1 "^ Ae fame 
vX'e Rut if ri^ 1 *f C ,f 1U fi T' takin S ^ fa wording to their fimple 

™T-r xT u the r S ^ m of , ^ firft ' or , an y other Column exceeds 10, then it is either a 
precue Number of Tens (as 20, 30, & ( .) or ic is fuch a Number of Tens with 'toe 

Number 



J 

b ^ at^the Units place of the loweftLine or Number; add 

" ™ 1 Column; and to this Sum 
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Number Ids man ig, (as 24 = 20 -J- 4 ; or 6% =60 +8.) In the firft Cafe write dowa o, 
and in the other die Number over a precife Number of Tens, (as 4, if it is 34 j or 8, 
if ir is 68) and for every 10 in the Sum carry 1 to the next Column j i. e. add the Num- 
ber of Tens in the Sum of every Column to the next Column. Having thus gone thro' 
all me Columns, the Number of Tens in the Sum of the laft Column is to be fee down 
on the left of all the Figures already found; or, the whole Sum of the laft Column is 
fet on the left of all the preceding Figures: and all thefe Figures thus found and placed, 
expreis the Sum fought. 





Ex. 1. 654+ 243= 897. wrought as in the Margin thus : Beginning 
at rhe Units place of the lower Number, I fay, 3-1-4=7, which I fet 
under the Numbers added j then 4+ 5 = 9 ; and laftly, 2 -f. 6 = 8 ; 
and the total Sum is 897. 

Ex. 2. 897 + 968 = 1 865. Thus, 8 + 7 = 15== 10+ ? ; therefore 

carry 1 to the next place ; then 1 + 6=7, and 7 + 9 
br which I fet down 6, and carry 1 to the next place j 

2ii-f-9=io, and 10-1-8=18, which being let down, the total Sum 

is 1865. 

Let the Learner practife more Examples of this Kind to himfelf. 

Scholiums. 

1. If there are more than two Numbers to be added, this Role plainly fup^ 
pofes, that we can readily, in our Mind, add any Digit to any other Number j which 
therefore might have been considered as a particular Cafe : But, rather than make too 
many Cafes, I have made this Suppofirion ; nor has it any thing contrary to good Order, 
becaufe ir is indeed no other than a particular Cafe comprehended under the general 

Rule here delivered : fo that by pracHling Examples of this fimple Cafe, we foon acquire 
the Capacity fuppofed for more complex Cafes. For, if the greater Number has, in the 

place of Units, fuch a Digit, as added to the other Digit, makes a Sum lefs than 10, the 
Total is plain; thus, 64-1-2=66; 22-1-7=29. Butif rieSum of the two Digits exceeds 
10, what's over belongs to the place of Units of the Sum, and 1 for tie 10 is to be 



added to the remaining part of the greater Number. Thus 46-}- 8= 34, wz. 6 -|- 8 = 14 } 
which makes 4 in the place of Units of the total Sum, and then 1 + 4= 5 in the place 
of Tens. Alfo 397-1-9=406 for 7-}- 9 = 16, then 1+39=40. 

There is alfo another Suppofirion in this Rule, Thar we can readily perceive how 
many Tens are contained in any Number, or m the Sum of any Column or Digits, and 

alfo what remains over. Now, tho* thefe do indeed belong to other Rules, yet the Rule 
of Notation has already taught us them, in the Cafes here fuppofed : For, if we write 
down any Number, the Figure in the place of Units is the Number over all the Tens 
-contained in ir, and the remaining Figures on the Left-hand, taken by themfelves, exprefs 
the Number of Tens ; as has been explain'd in the Rule of Notation (fee Corol. 4. after 
the Problem in Chap. 2.) thus, 40 is 4 Tens and o over, 87 is 8 Tens and 7 over, 124 
is 12 Tens and 4 over. In {mall Examples the Number of Tens is eafily perceived without 
vrii; »n g down tie Sum, and in greater Numbers write ir down. Bur mere are other 
Merhods of managing Addition, whereby the Number of Tens will be mark*d out in 
the Operation, which mall be prefentry explained j but I fliaU firft make fome larger Exam- 
-pies, and fcew the Application of the preceding Rule to them. 
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Ex. 'id. 

m 
921 

5152 



878^9 
20100 

7895 

78957* 

4^789 
324100 

17^5^7 




TheOperation of Ex. 3. is mus,<H-9==i?> + I==l6 > +6 
=22 i +9= 3 1 i +3 = 34.3, +8=42 ,* which is 2 for the 
firft place and 4 to carry to die 2d : thus, 4+ 9=135 +8= 

21 ; +2=3.3 > +7=?o> +4=34> +5='39i +*===4-?i 
which is 5 for the 2d place, and 4 to carry to the 3d: 

thus, 4+7=11 ;+£= 17 j +9=26' i +3=29 i +?= 
345+2=36'; +7=^43 j +8=51; which being the Sum 
or the laft Column, is all written down ; fo the total Sum 

is ?i?2. Obferve that you are to read the Operation- 

thus, 6* +9 s=si$, then 15+1 = 16, e£*. But to prevent 



writing the laft Sum twice, I have feparated it from the 
Number to be next added to it by a Semicolon, by which 
you muft underftand, that it is added to the next Num- 
ber. [But not that thefe Expreflions are all equal, viz. that 6*+ 9, 15+13 drc. are 

equal.] 

After the fame manner examine the other two Examples, for your own Practice. 
2. If there aremany Numbers to be added, fo that the Sum of* every Column be a great 
Number, we may fave the Memory being too much burdened, and the Work renaer"d 
thereby more difficult and uncertain, by various means j as, 

Firft, By making a Point at every 40 or 50, or 100. Thus, Add up the Column till 
you have a Sum containing any Number of Tens you pleafe, as 50 or 1 00, making a 
Point at the laft Figure which makes up your Number of Tens, and if there is any ex- 
cels over Tens, - add it to the next Figure* and fo go on thro' all the Column : When you 
have nniihed it, if the particular Sum after adding the IanV Figure is lefs than ib, fet it 



down in .the place of the total Sum (or'Anfwer,) and for everyPoint carry as many Units 
to the next place as there are Tens in the" Number pbinted,* (/. e: §,4, 5, or 10, for 30, ; 
40, 50, or 100,) and if the laft particular Sum exceed a Number of Tensj fetdown the' 
Excefs, and join that Number of Tens to the Number arifing from the Points, and carry 
the Sum to the next Column ; and thus go thro' them all. 

So in the annexed Exawple, which I point at 50, I proceed thus 5 9 + 7 is i6y 52S 
and 8 is 24, and 7 is '31, and 0 is 46, and 8 is 48, and 9 is 57; here I point,, 269 
at the9, and take the 7 which is — T " * ' 1J 
22, . and 4 is a.6, arid f is 31, and 6 
56, which makes a Point at the 7, ; i 
6 +9 is 15, and 8 is 23 j therefore I 

the 20) to be added to the Number of the two^oiht^ vhi.' to 10 (for every 
Point is here 5) and fo I have is to carry in to the next Column j which I add 
in the fame manner. 

To prevent blotting of Accounts, which is the Objection made againft this 
Practice, you may make the Points upon * Shred of Paper applied to the 
Column. : " . 

There is aUb another ufeful Method of famming up long Columns, viz. by 
diftributing the Numbers into Parcels of 9 or i o Plumbers in each, (fo that the 
Sum of each Column in every Parcel ihafi never exceed 100) adding each Part 
by itielf*, and then adding their Sums into one. total Sum. As in the following 
Example, which needs no further Explanation^ * 
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V E MO N STRATI O N of the 'Rule of Case 2. 

This we deduce from the Nature of Notation, and the common 
Axiom, That the Whole is equal, to dllits Farts : Thus > every Number 
coniifb of as many Parts as there are Ggnificant Figures in it ,• and the 
Figures landing in the lame Places of different Numbers are the fimiiar 
cr like Parts of thefe Numbers ; which being therefore added, together 
according to their fimple Values, the Sum has all the fame iecondary or 
local Value, viz. That of the Place in which thefe Figures dp all ftand : 
Bur (by Cor. 4. Chap, a.) any Number is eau^to.as many Tens as; the 
Figures above the place of Units taken by themfelves do exprels, . and 
59*3 I to that Number of Units more; (fo 248 is 24Tens-f-8.) And again, 

i, or any Digit {landing in any place is equal to 10 times the Value of 
die iame Digit in the preceding place : wherefore the Sum of the Digits 
ftanding all in the like places of different Numbers, is equal to as many 
Units of the Value of the next higher place as, there; are; Tens in. the 
Sum, and to. as many Units of the_place- addefl as ajeosYgr mat Number 
of Tens. Hence, we fee the Reaiqn ojf all gig Faffs\off the/Snlec for 
the Parts of Numbers added muft be fimilarj elfe'tbe Sum is, Me; fa 

4+ 7= ii, which ftppofes them ta be both of oner local Valuer but 

if the 4 be in the place above the 7, the Sum is not but 47: This 
explains the firft Part of theRule. Then, by carrying forward the Num- 
ber of Teas found in. the Sum of every Coluran (taeded according to 
the fimple Values} and; adding that Number to the nex$ Column- (with which it has-a 
fimikr Value) we acluaJ3#add all me Parts oi^ach of the lumbers given ; and do add them 
fo, as mar .all the Units of each pahicuiar Digit fet down ip the total Sum have one local 
Value, which is, the fame ri^r the Parts to whoife Sum it belongs have in the Numbers 
added; but the Parts are equal to rhe Whole, therefore the Numbers iet dowa^ccowling 
to the Rule, exprefs the true Sum. 

As.to the fecund Part of the Rule* i^s. The carrying forwards- the; Number of Tens, 
we may fee theReafon of it another way- ; Thus* fu£peje?eyery,C^^ itfelf, 
and the Sums, iet dowrj ^r«ratery,fo as tjae firft Figure ©fcthe; Sun* ftanct irtthe jlace of 
that Column'; and Ijejr. all rhgfe Sums, be again, added Jrt die feme maimer ; and-: foion till 
we have the mpifc. iSnpIe ^xgre&pn of the Total pf *he g£vea;Numbers; Now. 1 cfris is a 
V natural way. of 'Cfeeraring^ which carries i&ReafonjWitbit; bucit fc-alfo?plain« mat 
carrying forward the Tens has the very, fame' Effect; for- it is only doing < that all at 
once, which is, here done at fevetal #eps> and is thereiy a motet compendSus Way of 
the Number fought, and therefore preferable. ■ 1 



678 

*n 

890 

908 

735 
687 

259 
167- 

7V> 



Total 11615 
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Sum of Units 
Sum of Tens 
Sum of Ht 

Total Sum 
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Example IT. 
5789 

474* • " ' 

85^84 

4897 

6518 

7968 

56 Sum of Units. 
480 — ' of Tens. 

5700 — of Hundreds. 
49000 — of Thouftnds. 

06 Sum of Units. 
130 — » of Tens. 
1 100 — of Hundreds. 
14000 — of Thoufands. , 

40000 - — of Ten Thoulands. 
iW$ Total. 



r - 



Of the T roof of Operations in Arithmetick, and particularly 

of Addition. 

THE Proof of an^ 'Operation in Arithmetick is fomeiother Operation, by which we 
are made more certain that the firft Work is right performed, acid the true Anfwer 
found. . ! • 

It is different from the Demonftration of the Rule ; for mis mews that if the Rule is 
followed, the true Anfwer will be found : But the Proof fuppofes die Truth of the Rule, 
and only mews, whether we have obTerved it in doing the Work. 

The Proof of any Operation ought naturally to be another eafier than itfelf, in which 
there is Ids hazard of enw$ dtherwife we are not more .certain of the one than of the 
other: Abd if;we:be veryjfcrupulbus, we niay require again a Proof of this fecond Work, 
by a third eafier than thelaft j and fo on till we nave wemoft topfe Operation. But a 

Htde practice puts us beyond the need of all this ; and we may be iatisfied with any one 
Proof, even tho' it is not an eafier Work than that to be proved, becaufe there is leCs 
hazard of Erringin both than in one. However, the eafieft Proofs, if they are npt tedious, 
are always preferable. 

PRQQFof^iDBITfGN. 

If we ihdiA& ptbp<f& -a -more fimple Kind of Operation for Proof of Addition^ we have 

none but the adding Unit by Unit, already fpoken of in Notation. But the fimplicity of 

thisMemod'is^fe^ therefore we muft be content with 

another Application of the feme Rule ; which may be made different ways. 

1. If the iQurriDers liavfc been added altogether without diftribudng them into Parcels, 
(as has been explained) then mi&frg fuch a Diftribution, and adding them that way, 
we-fhali prove tie Arlfwer wfcfch Waif found the o&er Way % for the total Sum muft be 
tSiefame-iri t berth' Meffiocfc: >Butif it has been at. firft wrought mis way, we may make a 
Proof by mafeag;a WeVerife ^ I^ibuHdrt. . ■ ; 

i) Whiftev^r 'A% the Wdrfc* is dorie at firft, we may do it again the fame way, only 
beginning at the upper Line, and adding downwards. 

E z 1. There 
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3. There is another way ingenious enough, and very eaiy ; but as ir fuppofes a fmall 
Capacity in Subtraction, it may feem not agreeable to good Order to propofe it in this 
place : For tho' one Operation or Rule may no doubt be made ferviceable to another, yet 
every thing ought to be in its Place ; therefore you'll fay, that according to the utmoft 
ftrictneis of Method, what requires Subtraction, ou^ht to come after Subtraction. But 
the thing fuppofed is no more than that we can readily know the difference betwixt 9 and 
any Number Ids than 1 8 ; and this Capacity cannot but be already acquired by the practice 
of Addition, (of which Subtraction is but the Reverfe.) There is alfo fomething in it 
which produces the fame Effect as Divifon; but as it does not require the Rule of 
Divifion, mat mrniflies no Objection: Therefore I fhall explain this Method here as 

its proper place. 

Bale. Take each of the given Numbers feparately, and add all their Figures together 
as fimple Units ; and in doing lb, when you have made a Sum equal to 9, or greater than 9, 
but lefs than 1 8, neglect the 9, taking what's over and add to the next Figure ; and go on 
fo rill you have gone thro' them all, and mark what is over or under 9 at the laft Figure; 
but if the Sum of all the Figures is Ids than 9, mark that Sum. Do the feme with each 
of the given Numbers, feting all thefe Excefles of 9 together in a Line, (in any Order,) 
then fum them up the fame way, marking the excels of 9 as before, (or what the Sum is 
Ids than 9.) Laftly, do the fame with the total Sum, and what is under 9, or over any 
Number of 9's in this, muft be equal to the Excels Cor Number Ids than 9) laft marked; 
elfe the Work has not been right performed. 
I mall explain this Practice by one Example. 

Beginning with the upper Line, I work thus; 2+ 7 =9; then 4-+- 3- 
7, which I have fet down on the Right. Then to the fecond Line, 
4+6= 10, which is 1 over 9; then 1 + 7 + 8=: itf, which is 7 
over 9; which I fet under the Figure laft ipunav . Again; to the' thlrcf 
Line, ? + 3 +6= 14, which is 5 over .9; then 5 +5 = 10, which 
is I over 9. Then I do the lame with the Line of the Figures now found, viz.. 1 + 7 + 
7=15, which is 6 over 9; and finding the lame Excels of 9*s in the Sum (1*786,) I 
conclude the Work is right performed. 

Ob/erne, It will have the lame Effect if, inftead of letting down the Excels of 9^ in 
the feveral given Numbers, we carry the Excels of one Line into another, and only mark 
the laft Excels ; which ought to be tie Excels in- die total Sum. 

DemoupTatitn. In order to (hew the Truth, of this Rule, I muft premife: and demon- 
ftrate this Lemma? which will be ufeful alfo afterwards. 

LEMMA. 

The "Figure that fiands in any place of a Number y taken in its fbnple Value > is equal 
to *ujbat rvill remain after 9 is taken out of the compleat Value as oft as fofjtble ; 
L e- after all the 9V contained in it are taken away. 

For Example, If all" the 9's contained in 700 are taken away, there remains the fimple 
iCumber 7. 

Demon. Any Figure ftanding in any place of a Number is equal-to ten-rimes the Value of 
me lame Figure in the next lower place, (by what has been fliewnin Notation;) i. e. equal 
to 9 rimes -f- 1 rime that Value, (became 9+1= 10.) But 9 times any Number is a 
precife Number of 9's ; which being taken away, there remains once the Value of it in 
that next place, and this again is equal to 9 times -f- 1 time the Value of the fame Figure 
in the next lower place, and the 9 rimes being taken away, the r rime- remains ; and loon 
till you bring it down to the place of Tens, where it is equal to 9 times its fimple Va- 
lue +once that Valuer and the 9 times taken away, there remains the fimple Value: 

But 
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But thus we have fuupofed all the 9's to be taken out of it, and cbnfequendy the Lemma 
is true. 

Corollary. The Sum of all the Figures in any Number, taken as fimple Units, is the 
Remainder after as many 9's are taken out of that Number, as are to be found feparately 
in the compleat Value of each of the faid Figures (becaufe each of thefe Figures taken 
fimply, is the Excefs of the 9's contained in that Part,) and if that Sum is lefs than 9, it 
is the Remainder after the 9's contained in the given Number are taken away : but if it is 
not lefs than 9, the Remainder, after all the 9's are taken out of it, is the Remainder of o's 
in the given Number : For it is plain that there can be no more 9'$ in any Number 
than what are in the feveral Parts and in the Sum of the Excels of 9 in the fame Parts. 

Now from this Lemma and Corollary, the Demonftration propofed will be plain : For 
by adding the Figures of any Number according to the Rule, it is evident we find the 
Excefs over all the 9's contained in their Sum (taken as fimple Units.> And this is the 
Excefs of all "the 9's contained in the (aid Number by the Corollary. But again, the Excefs 
of 9's in each of two or more Numbers being taken feparately, and the Excefs of o's 
taken alfo out of the Sum of the former Exceffes, it is plain this laft Excefs mult be equal 
to the Excefs of all the 9's contained in the Total of all thefe Numbers, (the. Parts being 
equal, to the Whole.) 

Scholiums. 

x.~ In the Demonftration of the preceding Lemma, I have taken it for a Truth,' 
times any Number is a precuV Number of y's; i. e. that it is equal to that 

Numbe: 

for the 

already in a like Cafe. • 

2. To this Proof it is commonly objected, ' That a wrong" Operation may appear 
to be true , which muft be owned : for if we change the Places of any two ngnfficant 
Figures in the Sum* it will ftill appear right. . So in the preceding Example, the true 
Sum is 12786; - But fuppofe, thro' miftake, it had been 12768 V it is plain this Method of 
Proof would mak6 it appear right, becaufe there is the fame Excefs of tj's where there 
are the fame Figures, whatever order they ftand in; But then confider, a true Sum will 
always appear true by this Proof, (for that is demonftrated) and to make a falfe Sum ap- 
pear true, there muft be at leaft two Errors, and thefe oppofite to one another ; i. e. one 
Figure greater than it ought to-be* and -another as much lefs, and if there are more than 
two Errors, they muft always balance among themfelves; /. e. the Sum of the Figures that 
are greater than they ought to be, muft always be equal to the Sum of the Figures that 
are deficient ; elfe it is plain, a falfe Sum will hot appear to be right. But now if we 
confider what an exceeding great Chance there is againft this particular Circumftance of 
the Errors, and how fimple the Proof-work itfelf is, we may truft to this . Proof asfafely 
as to any other. . 
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:r of times 9, (without any thing over.) For Example, that 9 times 7 is 7 times 9 ; 
Demonftration of which (if it is required) I refer you to C&ap. 5. as I nave done 



CHAP. IV. 
SUBTRACTION of AbftraSt Whole Numbers* 

D E FINITION. 

SUBTRACTION is the taking one Number out of another} or finding the 
Difference betwixt two Numbers, i. e. me "moft fimple Expreffion of that Number 
whereby the greater of two given Numbers exceeds $ or the lefler comes fhort of 

tl>e other. " Example, 
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Example. The Difference berwixt 8 and 3 is 5 : Betwixt 48 and 1 9 is a?. 

Obferve alfo, That for diftincfcon the greater Number is called the Subttah 
the letter the Sxbtra&or ; and die Number fought, or the Difference, is called 
Remainder, i. e. what remains after the lefler is taken out of the greater. 



Scholiums. 

1. As the Efiecfc of Subtraction is plainly the Reverfe of Addition ; fb is its 
Operation: Wherefore we have this firft to obferve, That by a continual retracting 
Unity after Unity (by the reverfe of what was done in Addition) the difference of any 
two Numbers may be found , which ftiews an immediate Connection betwixt this W ork 
and the Rule of Notation- But the infufferabie tedioufhe6 of this Method is removed 
by the following Rule, whereby that is done by a few eafy fteps, which cannot be done 
all at once, and ought not to be done by more fteps than are neceflary : and this we owe 
to the Method of Notation- But we muft alfo obferve, That as the fabtra&ing Unity 
from any Number is the moft umple Cafe, fo it is immediately contained in the Kule of 
Notation, and prefuppofed in the following Problem ; and is alfo the only Method by 
which one Dis^z can be fubtra&ed from another ,- which therefore I make the firft Cafe 
of the following Problem, as that upon which all other Cafes depend. 

2. This Sign or Character — fet betwixt two Numbers, fignifies the SubtraQion 
of the one from the other \ and is a complex or ind efi nite way of reprefenring the 
Difference. Thus 7 — 4 figniaes that 4 is taken from 7 j and we read the Sign by the 
woid lefi. Exa&p. 7 — 4 is read, 7 le& 4 : and thus it exprefles die difference in a 
complex fenner, by the Whole and Part taken away.' And if more Numbers are fuo- 
ceffively fibtraBed, we prefix the fame Sign to each of them thus, 12 — 4 — 3 figni- 
fies rhar 4 is taken from 12, and then 3 from the firft Remainder , or, which is the fame 
thing, that 4 and \ both (*• e. 7) is taken from 12. By this Sign we explain in a neat 
and brief way the Work of particular Examples in SubtraQion ; as you'll prefendy fee. 

But rhe principal Ufe of this Sign of Subtraction is for the Expreflion of the difference 
of Numbers reprefented by Letters in the Algebraich Art. Thus, A — B exprefles the 
difference of A and A — B — C, the difrerenceof A and B+C; for by taking all the 
Parts of one Number fucceffively from another, we take the Whole of that Number from 
this. And this is the General Rule of the Literal Subtraction : other particular CafesyoU'H 
in another place. 



PROBLEM. 
7b Subtract Number from another or, to find their Difference. 

Case i. To find the Difference betwixt two Digits. 

Rule. This is to be done by a continual retracing each Unit of the Sitbtraffor fuc- 
cemvely from the Subtrahend, and expreuing the Differences gradually, according to the 
Rule of dotation. • *• ■ 

Example. 9 — 4 = 5. For 9 — 1 — 1 — 1 — 1 = 5. The gradual Series of Differences 
8, 7, 6, 5; became 9 — i=r8, — ir^=j 9 — iss=£, — 1 = 5 i the Number fought. 



Scholium. As all other-Cafes Eeceffarilv fuppofe this one ; the Anfwers of all its Examples 
o |ht to be ready in the Memory : ana therefore I fhafl put them aB in the following 
Table, for their Ufe who are mere Novices in Arithmetick. But 1 muft here obferve, 
That as this is only the Reverfe of Addition? whoever is Mafter of that, (as they ought to be 

before they enter on Subtraction) will be able at once to pronounce the difference of any 
twoDi " 



TABLE 
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T A B L E forfaiting the Differences of any two Digits. 
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o I 1 1 2 I 3 , 4 1 5 1 6 I 7 I * |_i 

o \ 1 > 2 M 1 a. I ? f 6 I 7)2 
Q li|a|3l4-1T|6J7 

° 1 1 >' 2 1 ? I 4 r 5 I 4 




r^ln^ ° f ^ T a ^ le ; wiir ' f b / obvious: Seek the Subtract on the Right- 

fide Column, and again!* it under the SuBtr abend, found in the Upper-Line, is the Te- 
rence fought. Examp. Under 7 on the Head, and againft 4 on the Side, you find 3, the 
difference o£ 7 and 4. Or alfo thus> Take the Subtrahend on theHead, and in the Golumn 
under it, feek the Subtract, againft which on the Side is the Diflference. 

Case 2. 2V Subtract <r»y Number from another. 

Rule 1 Write the one under the other according to the Order of Places, (and moft 
commonly tiip Subtrahend is fet above the other, tfio' this is not neceflary.) Then. Se* 
condty, take the difference 'betwuff each Figure of the Suftra&or and its Correfpondent 
m the like pkce of the Subtrahend beginning at the place of Units, and fet the Remain- 
ders under them ifr order; but if the Figure in any place of the Subtrahend is iefs than its 
Correfpondent m tie Subtraftfir, add 10 to that Figure* and fubtra<<tfrom the Sum, and 
fet down theTHgit which remains-; then add 1 to- the next Figure of the SubtfaBor and 
taketheSum from its Corre^ondfent- in r the^/r^W, .andro on fo, addW in the fame 



Subtrahend 
Subtractor 

Difference 



876 
524 

35* 



Examp, 



1 . The difference of - 87(5 and f 24 isr 35*: 
Operation is thus, 6—4=2, which T&r 



in the Mar- 



gin. The wpcrauun is tnus, 6 — 4= 2, which r fer dbwn: then' r> 

2=5, and 8 — 5= 3; and the di&erence fought '■ ' 7 



Subr 3 : 
Sub* 

biff. 



74&t 
27241 



Examp. 2. The- difference ofi 7s?fe$atid- 47*82 ^272**. Wfictfe 
O^anon^rhus,^^^ tta»-* i^mpoffibiJ,Xefort f I 
tate 12, and-%, i2 r 8 =4; then (becanfe 1 o wa> added to* thJlaft 
place , of the Subtrahend) I add 1- now to the SuBtmcltir,- andX! 
♦ t . Tr~" I "+"3=4i men 6~- 4c==2 . Again, 4 — 7 cannot bej therefore I 

You may examine thefe few more Examples in the fame manner. 



Examp. 3 
87234 

33344 




Examp. 

345 
, 79 
266 



Examp. 6. 

58034 
928 



SCHO* 
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Scholium. This Rule fuppofes we can readily in our Mind fubtracT: any Digit from 
the Sum of any lefler Digit and 10 ; which may be eafily admitted : but to make the 
Difficulty lefs, (if there can be any) we may do the Work thus ; Subtract from the io, 
and 2dd the Remainder to the figure of the Subtrahend to which the io mould have been 

addc-J) and fet this Sum down. So in Exam?. 5. lay 9 from 5 cannot, but from 10, and 
1 remains j then 1 -{-5 = 6 j which is fet down. 

D E MONSTRj4TIO N of the Second Cafe. 

1. Where all the Figures of the SubtraBor are lefs than their Correspondents in the 
Subtrahend, the ditrerence of the Figures in the feveral like places fet in the fame place, 
mint all together make the true difference fought, became as the Parts make up the 

Whole, fo mufr. the differences of all the firnilar Parts of any two Numbers make the 
total Difference of the Wholes, of which thefe are the fimilar Parts. 

2 . Where any of the Figures of the Subtrahend is lefs than the Correfpondent in the 
SubtraBor, the 10 which is added by the Rule you are to fuppofe to be the Value of 
an Unit taken from the nest higher place, (which by Notation is equal to 10 in this 
Pkce,) and men the 1 added to the next place of the SubtraBor is to diminifh the next 
place of the Subtrahend by 1 more than is contained in the SubtraBor, becaufe that 1 
was fuppofed to be already borrowed from it, and applied to the preceding Place ac- 
cording to its Value there : fo that inftead of adding 1 to the SubtraBor, we may take 1 
from the Subtrahend i. e. take the SubtraBor from the Subtrahend 'Figure leflened by 1. 
But the Effect is the fame, fince either way that 1 is taken from the Subtrahend^ as it 
ought to be, fince it is already applied to the laft place} which is only taking from one 
Part, and adding as much to another, whereby the Total is never changed : And by 
this means the Subtrahend is refolved into fuch Pans as are each greater than (or equal 

to) the fimilar Parts of the SubtraBor. So in order to mbtracl: 26 from 52, 
52 refolve the 52 into thefe Parts, 40 and 12, fo that the 12 correlpond to the 6 of 
26 the SubtraBor, and the 40 to the 20 j which is in effect done by the Rule : for we 
— lay, 6 from 2 cannot, but from 12, and 6 remains j then it is plain, that for 5 we 
have but 4 in the next place, and it is the fame thing to fay 2 from 4, or 3 from 5. 

But there is another thing to be accounted for, which the Rule fuppofes, viz. That 
the Difference betwixt any Digit and the Sum of any lefTer Digit and 10, will always be 
lefs man 10 i the Truth or which is plain ', for fince that lefTer Digit wants at lean: 1 of the 
greater, (to make a Part equal to the Subtra&or) that 1 being taken from the 10 added, 
there cannot remain above 9. 

Scholium - If h be propofed to fubtrac"r. two or more Numbers from any- one, or one 

from more.; or lafHy, more than one from more than one ; the beft and moft fimple way is, 
firft to add thefe more together, and then fubftratt: So let it be propofed to fiibtracl: 
560 from 467 +2 3 5, as in Example x. below j or, 345 -f-432. from 978, as in Example 2. 
or, 3072+5678 from 25 7 8+ 963 x> as in Example 3. Alfo when more Numbers 
are to be fubtra&d out of one, it may be done by taking away firft one of them, and 
then out of the Remainder take another, and fo on till they are all fub traded 3 and this 

is called Continual Subtraction. 
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Example i. Example a* Example 3. 1 

467 Sub^ J578 2578 

Sub 6 . 703 I?a Sub*. 

Sub r . 560 Sub*. 
Dilf 142 Diff 

Sub r . 




Diff. 




Addition 



1 . By Addition, thus j Let the Remainder be added to die Subtracter, and the Sum 
ought to be equal to die Subtrahend : For this is reftoring back what was before taken 

away. 

2. By Subtraction, thus; Subtract the Remainder from the Subtrahend; and this Re- 
mainder ought to be equal to the former Subtracter : Becaufe which foever of the two 
Parts that make up any Whole is taken away, the other remains. I leave you to apply 
thefe Proofs in the preceding Examples. 

If we have fubtraded more Numbers out of one by continual Subtraction* the Proof 
of this Work will plainly be, Adding all the Sub trail or s and the laft Remainder into one 
Sum, which muft be equal to the Subtrahend. • 
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CHAP. V. 

MuLTiPxicATibN of Whole and AbftraB H v vl * m s. 

DEFINITIONS. 

*• \ MULTIPLICATION is the taking any Number a certain number of times: 
I V 1 ° Ty fi nJi *& * dumber which fiall contain any given Number a certain propofed 
T" T number if times $ i. e. as oft as that other Number contains Unity. For Ex. 

[ 11 F P ro P° fe<i <° taks ±9, 7 times -> or. find that Number which contains 4.8 , 7 times ; 

theAniwer by the following Rule, is, 336. ■ , 

v^vT^ Number to be multiplied is called the Multiplicand; the Number by 
which it is multiplied, (or the number of times it is to betaken) is called the Multi- 
plier j and the Number found is called the Product. The Multiplicand and Multiplier 
are alio called the Factors (of the Multiplication) without diftindtion; becaufe thev 
Make the Product, or Number fought. 

Scholiums. , 

k ? ow there made a more , general Definition of Multiplication, compre- 

hending in it alfo what is called, Multiplication by Fractions: But that being really a mixt: 
Operation of Multiplication and IH'Oipon, I thought it, more reafonable to make the Defi- 
nition here to agree only to whole Numbers, which is proper and pure Multiplication, 
according to the more common Senfe of the Word ; and when you learn the other, it is 
pnijr joining them both together to make that more general Definition : which I mall 
uo in its proper place. 

F 2. Th e 
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2. The Senfe and Effect of Multiplication (of whole Numbers) is the fame with Addi- 
tion $ for it's plain, mat if we take the Multiplicand, and write it down as oft as there are 
Units in the Multiplier, the Sum of all thefe, taken by Addition, is the Number fought. 

For Ex. to multiply 48 by 7, or to take 48, 7 times ; I fet down 48, 7 times (as in 
48 the Margin) and find the Sum 336. But Multiplication is a Method of finding the 
48 lame Number more eafily and cxpeditioufly. For Ex. to multiply any Number by 
48 468 ; what a tedious and intolerable thing would it be, to write down the Muki- 
48 plicand 468 rimes ? But by the following Rules this is prevented, and the Number 

48 lousht is found by an eafy Operation. Multiplication then is only a compendious 

48 AJdition, limited to that particular Cafe wherein all the Numbers to be added are 
48 equal to one another, (or the fame Number:) For it's this Circumftance that affords 
177^ us a more eafy Method of working than by the general Rule of Addition. Yet 
2-^- there are fome fimple Cafes which admit of no Compend : Thefe are the Multipli- 
cation of Numbers under 10, or the Dibits, by one another i which are the primitive 

Operations in MultipB cation, upon which afl other Cafes depend. We muft therefore ex- 
plain Multiplication alfo in two Cafes, as we have done Addition. But whereas the pri~ 

mitive Cafes of Addition depend immediately upon the Rule of Notation ± the primitive 

Cafes of Multiplication depend immediately on Addition. For we need not go back to 
Notation for thefe ; fince we have, by an intermediate Step in Addition*, gained an eafier 
way of doing them. 

3. This Sign or Character X fet betwixt two Numbers, fignifies the Multiplication 
of the one by the other (taking either of them for the Multiplier or Multiplicand ; 
which does not alter the Product, as will be afterwards demonftraeed) and is a Com- 
plex or indefinite way of reprefenting the Product. Thus 7X3 fignifies that 7 is 
multiplied by j, or 5 by 7; which we read 7 times. 3* or ajimes 7 j whereby the Pro- 
dud is exrjreiled in a complex manner by the Fafiors : And if more Numbers are 
fiiccdfively or continually (as it's called) multiplied together, the lame Sign is prefix'd to 
each iucceffive Factor. Thus 4x6x3 exprefles the Product made by multiplying 
4 by 6y and this Product again by 3 ; and to of more Factors, (which will ftill be the 
fame Product in whatever order the Factors arc applied, as will be demonstrated.) • By 
this Sign we explain in a neat and brief way the Moltiplrcaaoft of particular Examples, 
as youll prefently fee- 
But the princroal Ufe of this Sign of Multiplication is in the Algebraic Art, to ex- 

prefs tie Product of two or more Numbers in Letters. Thus, A x B is the Product 
of A and B alfo Ax Bx C the Product of A, B and C, and fo on. But when two 
or more Numbers are exprefled, each by one Letter, the Product is alfo exprefled by 
thefe Letters fet together without the Sign. Thus A B is the Product of A and B, A3 C 
that of A, B, and C. This is the general Rule of the Literal Multiplication j other par- 
ticular Cafes you'll learn afterwards. 

PROBLEM. 
To multiply any Number by another. 

Case I. To multiply one Digit by another. 

Rule. Add the Multiplicand to itfelf as oft as there are Units in the Multiplier, and 

you have the Product fought. Examp. To multiply 6 by 4, I fay <> <S (=1 2) + 6 

(= 18) +6=24, the Number fought. But the Products of all the Digits ought to be 
ready in the Memory; which are eafily got by the help of the Mowing Table. 



TABLE 
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TABLE of MUL TIP LI CA TIONfor the fimple Digits, or Numbers lefkhan ia 



1 



3 t 4 




1 6 1 7 


8 | 9 




JO | 


1 I* 1. H 


16 


18 


| 9 j 12 
i 16 




18 


21 




27 


20 


24 








9 




^0 




4.0 




* 




4« | 14. 


u 

I 


1 


72 



8 



1 

Use of the Table. — Seek the greater of the two Digits in the upper Line, and under 

it againft the lefler, taken in the right-tide Column, is the Product fought. ' Ex. To mul- 
tiply 8 by 4, I take 8 in the upper Line, and under it againft 4 I find 32 the Product. 
Again, to multiply 7 by cfc take 9 in the upper Line, and under it againft 7 pn the fide, 
you have 63 the Product fought. 

Demon. The' Conftiuctiorr of the Table is plainly this: The o Di^ts being fet d_pwn 
in the upper Line, each of them is confidered as a Multiplicand ; and is added to itfeff 
fucceffively, as oft as there are Units in every Digit nor exceeding itfelf; and the Mul- 
tipliers are fet in a Column on the fide againft the respective Sums. For Example, the 
Multiplications of 6 from the upper Line are carried no farther than 6 on the fide j, and 

fo of the reft. This explains the Reafon of the Rule when the greater Number is propo- 
fed as the Multiplicand, or Where the Multiplicand and Multiplier are equal : But* where 
the leffer* is propofed as the Multiplicand, yet we apply the greater to the Table, as if it 

here fuppofe to be the fame in effect, and after 



Was the lvMtiplic 

wards it ifcall be detoettftrated, *vha that 6 times 8 is the fame 
any other two Factors.] 



■ lira 



6, and fo of 




Case IL To multiply sxy Pwo Numbers into one amthet. 

Rule 1. Make any of the two Factors th* Multiplieand, or Multiplier ; but it will be 
generally moft convenient to make that the Multiplier which . has feweft fignificant Fi- 
gures: Then, tho ? there's no. matter in what order the Factors are fet down, yet, when 
it can be done, 'tis ; convenient to write the Multiplier under the Multiplicand ; fo that 
the firft fijmificant Figure ofl the It^ht-tojd of this be over the firft fignificant Figure 
of the other, [whether thefe Figures be in me place of Units or not: &te the Exs 
Then, in cafe there are o's ftanding on the Right-hand of either or both Factors, 
them as if they were not there, and proceed thus : 

2. Begin with the firft fignificant Figure of the Multiplier, and by it multfpiy every 
FigtWof *the:Muktplicar«j, one afterteotheiG (by &fe;x.) begnrung at the firft fignificant 
Figure, and proceeding in order. to: the laft Figure- on the left - r and write down the Pro- 
ducts. Thutyli the firft Product (or, that 06 the firft fignificaftt Figure of the Multipli- 
cand) is lefs than 10, write it down; but if it exceeds io, write down what's over any 
Number of lo's, and carry that Number (/. e. 1 for every 10) to the Product of the 
next Figure. If this Sum is lefs than 10, write it down} but if it exceeds 10,- write 
down the Excefs of io's, and carry the Number of io's to the Product of the next Fi- 
gure, and fo on : fetting the Figures to be written down all in a Line" after me aflOmer, 
orderly, from the Right to the Left. Having thus gone thro' all the Figures of the-Jtf*/- 
tmcaniy (not omitting the o's that ftand mixt with other Figures) write down the com- 
pleat Product of the laft Figure with the io's of the preceding added to it. 

F 2 3. Make 
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3. Make the fame Operation upon the Multiplicand^ with every figniflcant Figure of 
the Multiplier; (palling ail the oV) taking them in order as they ftand towards the Left j 
and ferring the federal Products under one another: Thus, Set the firft Figure of the Pro- 
duct made by every Figure of the Multiplier, at the fame diftance from the firft Figure 

of the preceaing Line, as their refpedrive Figures in the Multiplier are ; and* place the reft 

of the Figures in order towards the Lert, under the preceding. 

4. Ada all thefe particular Frodufb into one Sum; taking them as they are fet in the 
Columns under one another : And if the firft fignificant Figure of both Fa&ors was in the 
place of Units, this Sum is the Product fought (Ex. 1, 2, 3, 4, 5.) otherwife fet as many 
o's before ir as ftand before the nrft fignificant Figure of both Faftors> (as in Ex. 6, 7, 

I fhall next apply this Rule in Examples. 

Ex. 1. To multiply 642 by 4; I fay <iX 2 = 8, which is fet down; then 

642 Multiplicand. 4X 4 = 1 6, for which I write down 6 and carry 1 ; then 4 X 6 
4 M ultiplier. (= 24) + 1 = 25, which being written down, the Product is 2568. 

2-68 Product 



-_2~ -l o multiply 85065 by 8, I work thus, 8x 5 = 40, for which I write 

85065 M*- down o, and carry 4; then 8x6 (=48) -{-4=52, for which I write 

8 M r - down 2 and carry 5; then 8xo(=o) 4"5 ==s 5> which I write down; 

6io> ^o Pr t ^ xen ^ x ^ == 4 J °> which I write down o, and carry 4.; then, 8x8 

— ■ * (= 64) -f- 4 = 68 ,* which being written down, the Proauct is 680520. 

Ex. 3. To multiply 8465.3 by 469, I work thus; beginning with 9 

84653 M*. (in the Units place of the Multiplier) I multiply by it tie whole 

469 M r . Multiplicand, in the manner of the preceding Examples. Then 

j6i%ii F 10 ^- by 9- I ta ^ me next Figure of the Multiplier, <J, and by it in the fame 

<070i8 by 6- manner multiply me whole Multiplicand; (erring the firft Figure 

2** 86 1 2 by 4. of this Product, 8, under the fecond Figure of the preceding, and 

— ' ty, m i p-^ the reft in order ; making the fame Operation with the next (and 

- 970225 t 1 otairroa. M) Figufe rf ^ Mulriplier> viz ^ ^ fetting ^ firft Flgure 



of this Product {via, 2) under the fecond of the preceding, and the reft in order. All 
Thefe Product fummed up, as you fee in the Ex. gives the total Product. 

Ex. 4. To multiply 6452 by 806 : After multiplying by 6, I pals to 8 ; and becaufe 
6452 mere is one o betwixt them, the firft Figure of tie laft Line is fet under the 
806 third place of the former, s. e. with one place betwixt the firft Figures of the 

— ^j YZ two ^ nes ? becaufe of the one o betwixt the Multipliers. 
51616 




5. To multiply 46007859 by 380046: After "making the Product of 

46007859 6 and 4, I pais to 8; ferring its firft Product :two places diftant from 
3 80046 that of the preceding Line, becaufe of the two o's betwixt 4 and 8. 



276047154 
1 8403 1436 
368062872 
1380235 77 

1 7485 1 0278 15 14. 



In 
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In the four following Examples, wherein the firft fignificant Figure of each Taftor is 

not in the place of Units 3 the Application of the Rule is fo plain, that I need make no 
more words about it. 



Examp. 6. 

467 
2800 




Ezamp. 7. 

5 84.000 
93 

1752 - 

5*5* 
543 12000 



Examp. 8. 

46000 
2700 

322 
92 

124200000 



Ex amp. 9. 

376890 
5004.000 



188445 

188595756000 



In order to the Demonftration of the preceding Rule, and for the fake of fome other 
fpeciil Rules following, we muft premife thefe Truths, as belonging to the Theory of 

Multiplication. 

LEMMA I. 

If one Number is multiplied by another the Produtt will be the fame as if this 
other be multiplied by the former ; f. e. Any one of the two Ez&orsmay be made 
-Multiplier or Multiplicand, the TroduB will be the fame. 

Examp. 4 times 7 = 7 times 4. A times B=B times A. 

Vernon. A fmall Attention to the Idea of Numbers will make this Truth evident j and 
therefore few Writers think it needs any Demonftration. However, as it is capable ot 
one-, and fome may require it* I mall fatisfy them. Thus* 

Any Number B is only a* certain Colleclion of Units; wherefore A times B is equal 
to A times each Unit in B, taken feparatelv and added together : but A times 1 is the fame 
thing as A, or 1 time A, (from the Definition of Number :) Therefore A times each 
Unit in B is equal to A, (or 1 time A) taken as oft as there are Units in B ; i.e. B times A. 

Therefore A times B = B times A. 

Or take this other more fenfible Demonftration. 
Suppofe any two Numbers, A, B ; let the Units of A be reprefented by a Row of 

Points, as in the Margin: Repeat this Row as oft as there are 
A Units in B, and fet them orderly under one another ; then it is 

: . . . . plain, that there will be as many Columns of Points as there 

B &c. are Points or Units in A j each of which Columns has as many 

Points as there are Units in B. Therefore the whole Number 

6cc. of Points which were at firft "made equal to B times A, (by 

repeating the Row A, B times) becomes neceflarily equal to 
A rimes B. 

LEMMA' II. 

If three or more Numbers are propofed to b'e continually multipled, the lafi Product 
will flill be the fame, in whatever Order the Factors are taken. 

Examp. 3x5x7=3x7x5 = 7x3x5 = 7x5x3=5x3x7 = 5x7x3. 

DEMON. C A S E I. If there are 3 Vatlors A, B, C ; then fince the Product of 2 Fatter s 
is the fame whichever of them is Multiplier; i. e. A times B=B times A: Therefore 
the thing to be proved here is only, That whichever of the 3 Fattors is caft in the laft 
place, the Product is ftill the fame, viz. that. ABC=CBA = ACB. For fince A B = 
BA; therefore AB.C=BAC. For the like Reafon CB A = BCA, and ACB = 
CAB. 1 

* 

Now 
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Now then, to prove thit ABC=CBA=ACB: Firft, taking the Fa&ors in die 
Order ABC, expreiTes the Product of A by B, or B times A, and thisProdud AB taken 
C timej; which makes C rimes B rimes A, or A taken CtimesB times j i.e. CB times A: 

So that ABxC=AxCB, or CBxA; i. e. ABC=CB A. Again, ACB fignifies 

A taken C rimes, and this Product A C taken B times j which is B times C times A ; /. e. 
A taken B rimes C times ; or, which is the fame, C times B times : but this, viz. 
Ax CB or CBx A was before fliewn to be equal toABxC, therefore A B C sss C B A = 
ACB. 

Case II. If there are more Fa&ors than 3, then I prove die Truth propofed thus : 
I lay, if it is true of any parricuiar Number of Fa&ors more than 2, it is therefore true if 
we take in one Factor more : but it is true of 3 Fa&ors, as fliewn above ; therefore it is 
evidently true of 4, and hence again it is true of 5-, and fo on for ever. What is to be 
proved then, is the £rft Part, viz . the Connection of the Truth of the Rule for any Num- 
ber of Factors more than 2, with the next Cafe, or one Fa&or more. Which I prove 
thus ; 

Let ABCD, c- c. be a Product of any Number of Fa&ors, in which it is fuppofed to 
be no matter in what Order they are taken ; therefore I may caft any of its Terms laft, 
theProdua will fHU be equal, viz. A BCD, <£r. = ABC, e^r. x D == ABD, x C 
= ACD,cfr.xB = BCD,<$r. X A. Now, let another Term X be taken into the 
QuefHon, then it is plain, that whatever Fa&or of the whole A, B, C, D, X, &c. we fup- 
pofe to be laft employed, the various Orders in which the preceding Fa&ors may be em- 
ployed, produce the ferae Effect, by foppofirion ; wherefore all the various Orders of ta- 
king the whole Fa&ors, wherein any particular Fa&or keeps the laft place, produce the 
fame Effect ; becaufe the various Orders of the preceding Terms have no different Effect 
by fuppofition. And therefore what remains to be proved is only this, viz. Thzt the 
Products are all equal which are made by the feveral Orders wherein different Fa&ors are 
put in the lafl place, which will eafily appear thus: Since by fuppofirioa ABCD, &t. — 
ABC, &c x t> = A B D, &c. x C, and fo on, putting each Fa&or laft : Therefore 

ABCD, &c. xX = ABQe£-f. xDxXr=ABD y ^. xCxX, and fo on. Bur wc 
may makeX ana the Factor preceding it, change places in each of thefe Expreffions; th? 
Product will fbli be the fame by Cafe 1. becaufe it is a Product of 3 Fa&ors, thus; ABC, 
&c. xDx X = ABQ^.xXxD. AHb, A BD, &c xCx X = A B D, &c. 
x X x C, and fo on ; whereby each Fa&or is caft in the laft place. Wherefore thefe 
Products are all equal, being each equal to the Product of another Order, and all thefe 

other Orders equal. 

Corol. If two Numbers are propofed to be multiplied together, his the fame thing to 

do ir by the General Rule at once; or, if one of the Fa&ors is equal to the continual 
Product of two or more Numbers, then we may multiply the one given Fa&or nrft by 
one of thefe Numbers that produce the other, and then this Product by another of them, 
and fo on thro' them all : Thus, 24=4X 6. Therefore 62 X 24. = 6 2. x 4X 6. 

Scholium. What an Aliquot Fart is, has been already explained. And from Lent. 1. 
it is evident, that if two Numbers are multiplied- together, each of them is an Aliquot 
Fart of the Product, and the other is the Denominator of the Part. So, becaufe 4x8 

— •?-» - therefore 8 is £ of 32, and 4 is £ of 32. Univerfelly A= 3 of AB,and B = jf 

of A B. Whence this follows, that if we multiply any Number by the Aliquot Fart of 
another, and then this Product by the Denominator of that Part, the laft Product is the 
fame as if the firft Number were multiplied by that other Number ; which is a Truth 
manifeft alfo from the nature of an Aliquot Fart, without regard to this firft Lemma. 
Again obferve, That the Product of two Numbers is very naturally called, the Multiple 
of either of The Fa&ors ; and it is feid to be a Multiple of it by the other Fa&or : So 48 
is a Multiple of 8 by 6, or of 6 by 8. AHb if two Numbers are multiplied by the feme 
Number, the Products are called Like-Multiples of thefe Numbers, as 3 X 4 and 3X7 
are Like-Multiples of 4 and 7 . Now, as Multiple and Aliquot Fart are directly oppofite ; 

3 fo 
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fo from the 1 nature of them> this follows ,* That the Product of one Number by the 

Aliquot Fart j or Multiple of another, is the like Aliquot Part or Multiple of the Produdt 

of thefe two Numbers. Thus; fuppofe P&=CD; then is AC the d Part of AB 

(=:ACD,) and AB (=ACD) is the Multiple of AC by D. 

LEMMA III. 

If either or both of ttoo Numbers are any bow dijhibuted into tivo or more Parts $ 
and if each Part of the one Number is multiplied into the other Number y or into 

each Part of the other ; the Sum of all thefe Producls is equal to the Produft of 
the two given Numbers. 

Examp. 3+4=7, and 6x 7 = 3 x 6+4x6. Again, 15 = 9+6, alfo 8= 3+5. 
Therefore, 8x15 = 3X9 + 3x6+5x9 + 5x6. Univerfally, if A=B + C, then 
is AD = BD+CD; andifD = E+F, hence AD = BE + BF+CE + CF. 

Demon. TheReafon is manifeftj becaufe the Whole being nothing elfe than the Sum 
of all the Parts, when one Number or every Part of it is multiplied into every Part of 
another Number, then is the one Whole multiplied into the other j fo that the Sum of 
the Producls made by the Parts muft be equal to the Product of the Whole. 

m 

DEMONS TA TION of Case IL of the preceding PROBLEM. 

I. When the firft fignificant Figure of each Factor is in the place of Units, {Examp. 1, 
2, 3, 4» 5 ) tie Reafons of the Rule are thele: 

( 1 .) That either Number may be made Multiplier or Multiplicand, is demonftrated in 
Lemma 1 . But making that one Multiplier which has feweft fignificant Figures, is moft 
convenient, becaufe it makes feweft partial Products. 

(2.) If the Multiplier is a Digit, (Ex. 1, 2.) then by multiplying every Figure, s. e. 
every Part, of the Multiplicand, we multiply the Whole ,* and by writing clown the Pro- 
duds that are lefs than 10, or the Excels of io^s, in the places of the Fteures multiplied, 
and carrying the Number of ia's to the Product of the next place, we do hereby gather 
together the fimilar Parts of the refpe&ive Produces; and fo do the fame thing in. effect 
as if we wrote down the Multiplicand as oft as the Multiplier exprefles, and added them 
up : For the Sum of every Column is the Product of die Figure in the place of that 
Colurrm, whereby it appears that the Addition, and the Multiplication according to chis 
Rule, have the fame EtFe& : (fee Ex. 1 .) Wherefore the Rule is right. 

(3.) When there are more fignificant figures than one. in the Multiplier y as in Ex; 3, 
4, 5 . then, by applying them feparatelv, we refolve the Multiplier into Parts j and if the 
true Produces made by 6ach of thdfe Parts multiplying the whole Multiplicand) are added 
together, the Sum is the Product fought, (by Lem. 3.). Again j the Product made by 
each Figure of the Multiplier taken in its fimple Value, is truly found by the Rule $ as 
fliewn in the preceding Article j and by placing thefe Produces with refpect to one ano- 
ther, fo as the firft Figure of each Product ftands under that Figure of the firft Produce, . 
(or Product of the Figure in the Units place of the Multiplier >). which is in the fame 
place as the • multiplying Figure ftands in the whole Multiplier ; thefe Produdts are added 
together according to the true Value they ought to have, by <ronfiderin^ the multiplying 
Figure in its complete Value. For Examp. The Product by the fecond Figure, or Place 
of to's, is fet and added to the Product of the firft Figure, as if a Cypher or o had been- 
prefix'd to it, whereby it is made 10 times as much as Were the multiplying Figure in 
the place of Units, as it ought to be, fince that Figure is in the place Of Tens, and not 
of Units; (fee Schol. after Lem. 2.) The fame Reafon holds in all the other Figures of 
the Multiplier. Therefore the Sum of the Products taken according to the Kule, is 

the 
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z true Product fought. And the Reafon why we don't actually prefix 

raufe ir were fiiperfluous as to the Sum. See mefe Exatnpl 
Ex. i. 6784.x 3 = 20352. For 6784=6000 + 700+8 

• Pans is thus ; 

12 

6784 

2100 
18000 



And the Operau« 



4x3 
Sox 3 
-00 x 3 
6000 x 3 



20352 



or thus, 6784 

67S4 



20352 



Example 2 



Common Way. 
68-49 

206247 

343 745 
S4999^ 

^864289- 




Or Thus. 
68749 



206247 Prod, by 3. 
3437450 Prod, by 50. 
^4999200 Prod, by 800. 

^8642897 Total Prod. 



II. When rhc not fignincant Figure of either or both FaBors does not ftand in the 
fbee of Units : Then, 

(O When it is foomy in one of the* FaBors , (as Ex. 6, 7.) then by taking that FaBor 
as if the hril {igmncant Figure were in the place of Units ; i. e. neglecting all the o^s that 
ftand on the right, we do indeed work only with the ic th or ioo lh , &c. part of it; 
therefore the total Product found is accordingly but the 10 th or ioo ,h Part of what it 
ought to be : and therefore to have the true Producl:, we ought to multiply the laft Pro- 
duct by 10, 100, &c . (by Scbol. Lem. 2.) which is done by fetting as many o's before 
the Product as were before the Multiplier. 

(2.) When it is fo in both FaBors (2s in Ex. 8, 9.) there is the fame Reafon for fetting 
betbre the Product: the o's that . belong to the one FaBor, as thofe belonging to the other : 
For after correcting the Product by the o's of the one Fa&or, it wants to be corrected 
again by thofe of the other : Therefore when there are o's belonging to both, they ought 

all to be fet before the Product. 

Therefore this Rule is true in all pdffible Cafes. 

1 

P R 0 0 F ^/Multiplication. 

In the firft place, we muft obferve, That the multiplying of one Digit by another has 
no other Proof" than by Addition : But the Table being examined and found true, we arc 
to depend upon that or Memory for thefe fan pie Operations ; the Proof here defined 
being for other Cafes where either or both FaBors exceed 9 : And this may be done feveral 
ways. Thus, 

1. By Multiplication itfelf : For if we change the FaBors y and make that the Multiplier 
which was before the Multiplicand) we ought to have the fame Product, by Lem. 1 . 
2.. By D'ruijbn : But this cannot be applied till that Rule is learned. 

But both thefe Methods are too tedious to be of Ufe 3 and therefore, 

3. The moft convenient and eafy Proof is by help of the Number 9, like what we have 
in Addition 9 which is performed thus : 

Cafl 
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Caft out the q's out of me two Patters (in the manner taught in the like Proof of Ad- 

here 




either Factor, then multiply thefe two Numbers together, and mark alfo what is under 
or over 9's in their Product ; this Number and what is over tfs in the total Product of 



the Example ought to be equal. 
Ex I 

In this firft Example, the Excefs of 
9's in the Multiplicand is 8, in the Mul- 
tiplier it is ? ; then 8 x 5 = 40, and fo 
the Excefs of 9 is 4. , exactly equal to 
theExcefs of 9's in the Product 323(18. 




Ex. 2. 

87 In the fecond Example, 

3 the Excefs of 9's in the Mul- 

— — t flier is o, therefore I pa ft 

immediately to the Product, 

where I find it is alfo o. 

^132 



Dewojzftratfon. The Reafon of the Practice of calling out the 9's in the feveral Num- 
bers has been already dembnftrated in Addition, and theReafbn of the reft of the Work 
willeafily appear, thus: x. If either Tattor is a precife Number of 9*3, (/. e. when there 
is no Excel- ) as in Example 2. it is plain the Product muft be fo too, for it is only that 
Number or o ? s taken a number of times. But, 2. If each of them is equal to a Number 
of 9's, and fome lefler Number over, then let us reprefent them thus ; Let one beA + ^> 
where A reprefencs any Number of 9's, and b the N umbcf over : Let the other be 
N + «r, where N is any Number of 9*5, and c the Number over., But now, by Lent. 4. 
the Product of thefc Faffarf is equal to the Sum of the Produ cts of all -t he P arts o f the 

one by all the Parts of the other ,• and fo the Product is here A x N, -\+A x c y -f- N x i? y 
+ b x c But the firft three Products are each a Number of 9's, becauie one of their 

Tattors is foi therefore thefe being caft away, there remains only £x7. And if the 9^ are 
alfo caft out of this, the Excels is the Excefe of 9*s in the total Product } but c are the 

Excefs in the Fa&ors, and £.x<r their Product: therefore the Rule is true. 

Scholium. The Objection made to this Proof is the lame as that mentioned already 
againft the like Proof for -Addition - y and therefore rlieiame Anfwer ferves here. 

£.'2. Containing 

Particular Methods tf working Multiplication in certain 
Cafes ; whereby it is either contraBed into a fhorter Work than the 
general Ruk y or made eafier and mare iertain with as large a Work ; 
and, in fume Cafes, with a little ttiore Work, 



TH E firft fiveCTs e s are fuch wherein the-very fame Operation is performed as by 
the General Rule ; only the Trouble and Time of writing down a great many Fi- 



gures is iaved. •*,■ ■. ■ : 

C a« e . I. When one of the Fa£ors has; any figure whatever in the place of XJnitg % 
•and 1 in all the reft, as ix$> xn&$ make that the Multiplier, and the Product may be 
got all at once thus ; 

(1.) Suppofe the number of Places of the_ Multiplier do not exceed thofe of the Mul- 
tiplicand, then multiply by the Figure in the Units place of the Multiplier > and with evflry 

Product, till you come to the Product of that .Figure that ftands over the laft 1 of the 
Mftltiplier? ^e._^yo\i have multiplied" as many Figures a*. die;. Number of Places in the 
Multip^?} add^a aH die pre^ding Flares on the tight of the Multiplicand; to theoext 

Product-afterthis a add ia all <jfce p/eeeding. eacept the Br&i (or Units place) and at every 

G ... qj.^ 
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fucceeding Product exclude always one more in order from the right, [and when you come 
ro thefe exclufions, it will be fit to fet a Point over the Figure which is to be excluded at 
the next Operation,] viz. the remoter! on the right of thefe that were taken in at die 
iaffc ftep. Write down at every ftep what's under or over io's 3 and carry the io's to the 
next ftep ; and when you have gone thro* all the Figures of the Multiplicand-) to the num- 
ber of io's carried from the laft ftep add in all the Figures of the Multiplicajid after the 
laft Point, poinung alfo rhe laft you take in at this ftep ; then, take in all from die laft 
Point, and fo on nil you take in the very laft Figure alone ; and thus you have the true 
Product fought; as in Examples I, 2, 3. 

(2.) If the Places of the Multiplier exceed in Number thofe of the Multiplicand^ do all 
as in die former Cafe; only, when all the Figures of the Multiplicand are multiplied, the 
whole of them muft be fumm'd and taken in as oft, and once more, as the difference 
betwixt the Number of Places of the Multiplicand, and the Number of 1'sinthe Multiplier , 
(J. e. plainly rill you have got a product Figure under every 1 of the Multiplier .) then 
beginning frill at the laft place, take in one place fewer, (as before) till die laft place is 
taken in alone. See Example 4. 

The Reafon of this Practice will eafily appear by comparing - a few Examples wrought 

this way, and alio the common way. 



Exarrple 1. Example 2. 





5276 
114. 



74^28 27948 601464 



7+5*8 




Example 3.' Example 4. 





1111} IIII3 



29^2 610^1 790461 9412711 2541 

— 2*3487 * 8+7 

263487 • . • 847 

263.1.87 .847 . 

293261031 8 *7' 
9412711 



The Operations of thefe Examples are thus; viz. 

Examp. 1. 6 X 8=48, which is 8 and" carry 4; then 6X5* (= 30 ) +4 carried (= 34) 
+ 8 (the next Figure on the Tight) =42; v/hich is 2, and carry 4. Then 6x6 (=36) 
-f-4 carried (=40) Con the right) = 45 ; which is 5, and carry 4. Then 6x 4 (= z±) 
+4 carried ( = 28) +6 (on the right) ='34; which is 4, and carry 3 j then 3 (carried) 
-f-4 (the laft Figure) =7. 

Examp. 2. 4X 6= 24; which is 4* and carry 2 : then 4X 7 ( == 28) + 2 carried ( = 30) 
-j-6 (on the right) =36; which is 6, and carry 3 : then 4X2 (= 8)^1-3* carried (=1 0 
- -7+6 (the two next on the-righO =24; which' is 4, and carry 2: meri^x^ (=20) 
+2 carried (= 2i) -f- 2 + 7 Coa the right) =31, which'is i and' carry 3 : then 3 car- 
ried 
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ried + ? + * (on the right) c=io; which is o, andcarryi: then i (carried) +5 (on die 
right) = 6. 

Examp. 3. Here I fliall fpare repeating what is fetdown and carried ^ or the words car- 
ried j and on the right , becaufe you know how to fupply them. The Work is thus : 
2X7=21; then 3 x8(=2 4 )-f 2 + 7 = 33; then 3 X 4 (=i2)-f 3 + 8+7=30} then 

7x30=9) +3 + 4+8+7 = 31 i then 5 x6 (= i8)+ 3 +3 + 4 + * = 3f 5 then 
3 X2(===6) + 3+6+3+4— 22; then 2+2 + 6+3=13; then 1+2 + 6 = 9^ 

then (o carried +) 2. 

.EM?. 4. Thus 3x7=21; then 3X 4 (=i2)+2+7=2i; dien 3 x 8 0=24) +2 
+4+7 = 37; then 3 + 8+4+7 = 22; then 2 + 8+4+ 7 = 21 i tiien *+ 8 +4 
= 14; then 1+8=9. 

Scholium. To compare thcfe Operations with the fame Examples at large, obferye 
what Figures of the Multiplicand (as it ftands written down for every 1 in the Multiplier} 
Hand under each Figure of the firft product Line'; and thcfe flicw the reafon of talcing 
in the Figures on the Right-hand of rhe Multiplicand, and how this Rule was invented. 

I advife a Learner to make himfclf familiar with the Practice of Examples like the firft; 

becaufe they occur frequently in common Bufinefc 

Alfo if the Multiplier has but two Places, tho J 2 is hi the fecond place, the Product 

may eafily be made all at once, by taking in with every Product made by the place of 
Units, double the Figure on the Right-hand. Practice will make this eafy, and it will be 
very ufeful. The like Method may be ufed whatever Figure is in the fecond Place, (by 
taking in with every Product as many times the preceding Figure :) but the greater that ^ 
Figure is, it is the more difficult ; and I would only recommend the Practice for 2 ; un- * 
left the Multiplicand have not above 3 or 4 Places, and thcfe alfo fmall Figures; for 
then we may ufe this Method with 3, 4, or 5 in the fecond Place. 

546 The Example annexed is thus done; 8 x 6 == 48 '> then 8x4 (=32; +4+12 
28 =48; then 8x5(=Ao)+4 + 8r=52; then ^+10=15. 

Note, If 1 is in all the Places^ the Practice is To much the eafier, without 
altering the Rule. 

Case II. If one of the Fa&ors has a fignificant Figure in the Place of Units, 1 in 
the higheft Place, and o's betwixt them; make that in Units place die Multiplier, and 
work thus. 

1. Suppofe the places of the Multiplier do not exceed in number thofe of the Multipli- 
cand ; then multiply by the firft Figure; and when you arc come to the Figure of the 
Multiplicand that ftands over the 1 in the Multiplier, (/'. e. having made as many Products 
as there are Places in the Multiplier} with that Product take in the firft Figure of the 
Multiplicand^ and with every fucccedfhg Product acTdin the next Figure in order, (and it 
will be convenient to put a Point over every Figure when taken in, that you may more 
readily know what is to be next taken in.) After the laft Figure of the Multiplicand is 
multiplied, fet down all the remaining Figures of the Multiplicand that are on the left of 




Product. 



following Examples, 




'Example j. 

— 

.... 57648 

57648 103 

IQ 3 . 172944 * 1 4671612 i 18612 

- 5.937744 a 57^ j . t . • ~ — 1 j&M ■ 

I 4671612 

G 2 2. Sup- 
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2. Suppofe the Places in die Multiplier exceed thofe in the Multiplicand 
exceed only by one, there is no place for a Contra&ion. 
cne Pkce more, it may receive a 
Produ St to the whole Muliiphcana 
ready far down j (Examp. 5.) 



_c«ji a. ^ajuxx «-uuuj 3,4.; out if mere £ 

[mall Contra&xon thus ; Add what's carried at th 
and fet down tlie Sum on the left of the Fjgun 




"Example 3. 



3207 
100005 



^^o-i6o;<r 



Example 4. 

IOOOOQ7 
4^800^2-6 




Example 5. 



8674 
1000& 



86-7920x4 



' * _ 

86792,044 



Ohjervey If there are any more than one 1 upon the Left-hand of the 0% this will 
a Mixture of this and die preceding Cafe, to be done thus j viz.. After you begin 
in the Figures of the Multiplicand, take them in gradually, firft one, then two, and 

till you take in as many as the number of i's in the Multiplier, (harming ftjll at t! 
figure of the Multiplicand*) and after that (raking in ftill the lame Number of F 
begm one place nearer the Left-tad j and when you have not as many Figures 1 
in, take in all you have. ThelbUowing Examples, without any more Words, wi 
rienfly explain mis. 




853467 
1 1004. 



9391550868 



341^868 
853467 

9391550868 



Example 7. 

^7853945 
_i 1 1007 

7532262872615 



Example 8. 

4632. 
1 1 1004 

514170528 



1 



Example 9. 

463 
1 1004 

5094852 



Example 10. 

110004 
50931852 



Example 11. 

463 

I T OOOO4 

*o 3">i8f2 



Case Iff. When one of the FacJors has any Figure greater than 1 in the higheft 

Place, and 1 in all the other Places make that Figure me Multiplier : then work thus, viz. 
Take the Figure in Units place of the Multiplicand, and fet it down ; next take the Sum 
of the firft two places, and then the Sum of the firft three Places, and Co on (beginning 
ftill at the firft Place) till you have made as many fuch Operations as the Number of 
times that 1 is in the Multiplier ^ (and if there are not as many Figures in the Multiplicand 
as to have -a "Figure more to take in at every Operation, you mult continue to take in the 
whole Mukipbcand till your number of Operations are compleat) ftill writing down the 
Sums as in Addition, ana carrying the io's. After this, take theJFigure in the higheft Place, 
and by it noultiply the whole Multiplicand in order j taking into the firft Product what was 
carried from the preceding Operations j and to this and each other Pradu& add the Sum 

of 
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of as many of the nzxt following Figures on the left as the Number of i' s in the Mul 
tidier -y and of there arc not as many, add all that are. 
Note, It will be convenient to fet the higheft Place of die Multiplier under the firft oi 

the Multiplicand. 



Example i. 
A 



4768 

+! 

i 195488 



4768 
41 



Example 2. 



^.xapiple 3. 



4768 
195488 



7235 
2?747I9<> 



7235 
4J.II 



7236 
7236 
7236 
28944 

29747196 




Case IV. When one of the Favors has 1 in the firft Place, any Figure in the higheft 
Place, and o's betwixt them, make that Figure the Multiplier, and work thus ; viz. Write 

down as many of the firft places of the Multiplicand as are in Number one lefs than the 
Places in the Multiplier, (Examp. 1, 2, 3 .) and if there are not as many, make it up with o's 

fet on the left, {Examp. 4.) After this, multiply by thelaft Figure of the Multiplier, ta- 
king with every Product the Figure of the following Place but one or two, &t. according 
to the Number of o's in the Multiplier, (and fet a Point over the Figures taken in, which 
will be a guide to the next) and you have the Product fought. 



Examp. 1. 

A— ^ 

678 678 
301 301 



Examp. 2 




204078 



678 
3034 

20407 8 




Examp. 3. 
8001 



Examp. 4. 

7263 

400001 



104059675 



34675 
104025 

104059675 



3968496 I 2505207263 



^Case<V. When one of the Taftors confifts of the fame Figure in all its Places fas 
66, or 444,) make that the Multiplier, and worjc thus; m. Multiply b v that Fi^re, and 
Z faft&Sf v*™* thetotalProduft m thismanner: BegK &SSSu£ 
Zi^ fy^jF^ nvo, then three, &c. (fettiiig fown the Sums under or 
over ich, and carry tbe io's;) repeating the Operation ftill from the firft Place, as oft 

K^^^^^^T^ 0 ?** fa V^X* Multiplicand, % oft till you? 
Number of Operations be finimed. Then begin at the fecond place, and third placed 

SdSridlE ' Cram ^ * vays - ocarry thci -°' s from eYeiy 9p* 



Examp. 
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Example i. 




Example 2. 



S739 



;49>6Prod. by 4 



3880116T0C2I. 



8739 



;S8oti6 




15^:1* 



138 
138 

1 58 

138 

12* 

1533318 



Scholium. If the M::ltip : 'v confifts of 1 in all its places, the Practice is the fame; 
only we have not any previous i\ luiiipiication, die fecond pare of the Work being made 

upon the Multiplicand iueif. 

Corol. When the Multiplier conGfts of any other Figures than 1, we may do the 
Work thus: Firft find the Product, as it the Multiplier coniifted of as many i's, and then 
multiply this Product by the Figure of the given Multiplier • fo the preceding Example 
will ftand thus : 



87^X444 



970029 Prod by 111. 

4 



The Reafon of this you'll find at Cafe 9. joined with this, 
that <\\\r-. in x 4. 



3880116 



Case VI. If the Multiplier is a Number which* has 9 in all its places, as 9,- 99, 9 0 9, ire. 
fe: as many o's on the Right-hand of the Multiplicand, and fubrract it from itfelt io "in- 
creafed : the Remainder is the Product fought, as in thefe Examples. 



Example 1. 

46 S x 9 = 4^12 

Operation. 4680 

468 

4212 



Exa772ple 2. 
3726x99=3688-4 

3 72600 

.06574 



Example 3. 
7568 X 999 = 7560432 
7568000 

->68 

7560432 



The Reafon of this Rule is obvious, for by the o's prefix'd to the Multiplicand, it is 
multiplied by a Number which exceeds the given Multiplier by 1, (fo 10 — 1 =9, 100 — 1 
= 99*, and fo on.) Wherefore the Multiplier being fubtracted from this Product, the Re- 
mainder mult be the true Product fought. 

Objerve, This Subtraction may eaiily be perfbrm'd without the trouble of writing the 
JSlukipltiawl ofmer than once, by imagin ing the o's that ought to be prefixed : Thus, take 
die nrft Figure of the Multiplicand from 10, then the next Figure increafed by 1, from 
10, and fo on, rill you have made as m a n y Subtractions from 10, as the Number of 9's 
in the Multiplier : then you fuboracl: from the Figures of the Multiplicand itfelf j and when 
there are no more Figures to fubrract, write down all the remaining Figures from which 
no Subtraction has been made, after fubtra&ing 1 from them when 10 was borrowed 
in the preceding Subtraction. The preceeding Examples fufBciently mew how tfris is to 
be done. 

Obfervs again , To multiply any Number confifting all of 9's by itfelf ; the Product 
has 1 in the place of Units, then after it a Number of o's fewer by one "than there are 9's 
in the Number multiplied, then 8, and kftly, after it as many 9's as there are o's be- 
fore it. 



Ex. 999X999 = 99800*1, and 99999X99999 = 9999800001. 



The 
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The Reafon of this will appear to be univerfal, by confidering one Example done in 
the manner of the preceding Rule ; thus, 9999900000 

99999 
57999800001 

Case VII. To multiply any Number by 5; ; multiply it firft: by 10, i.e. fet (or fup- 
pofc) o before it men take the half of it. 

j$x. 1. 6458 x 5 Scholium. I have here propofed a Divifion, tho' that Rule 

^2290 Prod. is not yet taught : But it was fit to put all together that 

T Z Z relates to Multiplication, tho' the Learner fhould refer this 

*' luls Prod. Cafe riU he has Divi "° n > y et 1 thi «k it will be eafy to 
J HI ' fee how any Number is halved, by confidering thefe two 

Examples. And as to the Ufe of this Rule, it's certainly eafier than multiplying by 5, 

tho' that is eafy itfelf. 

General Corollary to the .preceding 7 Cafes, If the Parts of the Multiplier 

coincide with any of the preceding Cafes, we may apply them feparately : As in thefe 
Examples. 

Ex. 1. 7468 Ex. 2. 367845 For Ex. 1. Work by o (as in Cafe 6) 

41 t 8 then for 1 5 (as Cafe 1 .) 

6621210 For Ex. 2. Work with 18, and 41 

1 5081645 (by Cafe 1. and 3.) 

1 1 87412 151478571a 

Case VIII. If one of the FaBors confifts of two Places, and is equal to the Product 
of any two Digits, as28 = 4X 7 ; multiply by one of thefe Digits, and the Product found 
by the other j and the laft Product is that fought. , 

Ex. 7264 X 28 The Reafon of this is obvious, for 7 times 4 times is 

4. 28 times. Or may be deduced from Lemma 3. Corol. 

— 29056 For navin g multiplied by 4, which is only the y th part 

7 of 28, I rauft multiply again by 7 the Denominator of the- 

~a Fart, to make the true Product by the whole 28. 

203302 rroa. J 

Scholium. If the Multiplier is equal to the Froducl of any three or more Digits; we 

may take the fame Method, by multiplying continually by all thefe Digits: But this will 

not in every Cafe afford any Compend j nor will it always appear eafily what Digits will 

/ o~~vf\ P r °duce the given Number: However the Reafon 
. Ex. 7486 x 432 (= 8 X 9 X 6) £ f the p raaice & eyident from LeM ? Cor Fo « 

. L 74%<> x8x9X^=8x 9 x^x 7486. = 43 2 x 748$, 

6141)8 became 8x 9 x 6 = 4.32. 

9. 




55339^ 
6 



332.0352 Product. 

Case IX. In Multiplication of great Numbers, one part of the hazard of erring pro- 
ceeds from the too great Di/tance betwixt the Figures of rhe feveral Product Lines and 
the correfponding Figures of the Multiplicand ; and alio their not {landing directly under 
one another, fb rhar we mult always look athwart from the one to the other. 

In many Cafes, tho' wc cannot contract the Work, either as to the Operation or Num- 
ber qf figures written, yet we may make it more fimple and eafy, by help of Addition or 
Subtraction, or more ample Multiplication , and fometimes with, thefe Methods we may- 
mix 
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mis fome of die former. The following Examples will fufficiently inftruct you how to 
do the like in other Cafes : For the diiterent Grcumftances of the Multiplier makes the 

Variety unlimited, and therefore there can be no general Rule. 



i. 




5 



648 

76 



3888 
453* 



49248 



5* 8 9 
286 



11^78 
455 12 
U«4 



1627054 



. 2. 



467 

78 



467 
78 



3736 
3269 



36426 



O 



3269 
36426 



Ex. 3. 



Ex. 6. 



4956 
1 63 



39648 
79296 

832608 



to 



O 




832608 



57684 
63 



173052 
346104 

3634092 




Ex. 4. 974 
862 

1948 
5844 

779a 



839588 



7- 



5648 I Ex.8. 724689 
459 I 545 



50*32 
2592432 



3623445 
16611005 

398955505 



72* Operation of tbefe Examples is thus : 

Ex. 1. After multiplying by 6, I add tbat Product to the Multiplicand, infteadof 

tiplying by 7. 

Ex. 2. After multiplving by 8, I fubtract rhe Multiplicand out of this Product, it 
of multiplying by 7. Or, according to the .other Method, I firft multiply by 7, a 
this Produd add the Multiplicand. The reafbn of placing the two Lines as you fee 
ftand here, is obvious. 

Ex. 3. After multiplying by 3, I double this Product for 6. 

Ex. 4. I multiply by 2, then multiply this Product by 3 (for 6) then add theft 
Lines (the firft Figure of the one to the firft of the other, and fo on) for 8. 

Ex. 5. I multiply by 2, this Product, by 4, (fo-the 8) and then fubtract the firft 
from the fecond (for the 6J or multiply the firft Line by 3. 

Ex. 6. I multiply by 8, and double this Product (for the 16,) Or multiply by 1 
halve this Product (for the 8.) 7 7 

Ex. 7. I multiply by 9, and becaufe 9X5 =45, I multiply the laft Product by 
the common way, or by Cafe 7. 

Ex. 8. I multiply by 5 {Cafe 7.) for the laft 5 ; and this Product by 9 (Cafe 6 
the ^5. 



An Universal Method for all Cafes - whereby, tho there is no ContraElion, 
and even feme more to do, jet si makes the Work fo eafy, that there is no tbne 
loft j at leaft hi large Examples, and more Certainty in the Operation. Thus : 

Write down the Multiplicand, then double it ; add this Sum to the Multiplicand, and 
this 2gam, and fo on, every Sum to the Multiplicand, rill you have nine Numbers. And 
xf s Dhin that thus you have a Table of the Products of the Multiplicand bv an rhe Dibits : 



very fan pie and eafy Operation : And then you 



transfer your feveral Products cut of this 



fom them 



TABLE. 



Scholiums. 

This 

not always be beft: But m ^\^^ P 4 mc fp enc in making the Table,' with this Advan 
which it's done, does F^J^f^^^Ce^, becaufe it's more fimple- 
tage, ^^^^^^^s: for there^ no neceffiry always to make 
^Again W^SSnSte And it may happen, that by help of feme of the pre-, 
the Table for all the Dine Digits *™ « Tahle for few, or no more than we have ufe 

n what order they ftand in the Table. 



Multiset $ nor is it any great matter 



Ex. i. 78^9 by 6897. 
In making this Table, I 
nrft take 3 i then double 
its Product for 6 j and do 
the reft by the common 
way. 



Table for Ex. 1 . 




Ex.2. 7855*9^ by 3856 
Firft I multiply by 3, then 
by 5, (as in Cafe 7.) then 
and thefe Produces for 8, 
then fubtract the firlt from 
this for 7. 



TabIefbr.Etf.2. 




MULTIPLICATION by NEPER's RODS. 

The great and everlafting Honour of our Country, the Lord Neper, < 
vaft Advantage of the preceding Method of Tabulating the Multiplicand, 
more eafy, contrived the following Machine, for the more certain and 
making tne Table : To underftand which, we muft fet before us what the 

P XT HA G O RA S*s Table of Multiplication. 



4 } 8 Il2(l()|20|24[28 

6|i2 |i8t2 4 Uo|;6l42^8l54 



8 |i^|24|pj4o|48l5d|d 4 | : 72| 



The Conftruction of this Table is the fame as that 
(hewn in Problem 1. with this difference, that here there 
is a compleat Column of Products from every Digit on 
the head, to 9 times that Digit; fo that either of the 
Factors may be found on the head, or on the left fide. . 

Now, fuppofe this Table to be made upon a Plate 
of Metal> Ivory, Wood, or Paft-board ,* and then con- 
ceive the feveral Columns (ftanding downwards from 
the Digits on the head) to be cue afunder, and thefe 

are what we call Neper's Rods, for Multiplication. But 

then mere muft be a good number of each ,* for as many 

H times 
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times 2s any Figure is in the Multiplicand? Co many Rods of that Species, (/*. e. wirh thar 
F .rare on the Top of it) muft we have ; tho' 6 Rods of each Species wiJl be fufficient 
for any Example in common Affairs. There muft alfo be as many Rods of o's. But 
before we explain the way of ufing diele Rods, there is another thing to be known, viz. 
That the Figures on every Rod are written in an Order different from that in the Table ; 
Thus, The little fquare Space or Divifion in which the feveral Produces of every 
Column are written, is divided into two Parts by a Line a-crofs from the upper 
Angle on me Right to the lower on the Left ; and if the Product is a Digit, it is fet in the 
lower Divifion if it has two Places, the firft is fet in the lower, and the fecond in the 

upper Divifion ; but the Space on the Top is not divided. Alfo there is a Rod of Digits 
not divided, which is called the Index-Rod j and of this we need but one fingle Rod. 
See here the Figure of aJl the different Rods, and the Index, fcparate from one another. 

NETERs Rods. 



u 




US E of the RODS. 

Lay down firft the Index-Rod ; on the Right of it, fet a Rod on whofe Top is the 

Figure in the higheft Place of the Multiplicand j next to this again fet the Rod on whofe 
Top is the next Figure of the Multiplicand; and Co on in order to the firft Figure: Then 
is your Multiplicand tabulated for all me 9 Digits, for in the- fame Line of Squares 
ftanding again ft every Figure of the Index-Rod, you have the Product of that Figure ; 



2nd therefore you have no more to do but transfer the Products, and fum them. 

But in taking out thefe Products from the Rods, the Order in which the Figures ftand 
obliges you to a very eaiy and fmaii Addition, thus j Begin to take out the Figure in the 
lower Part (or Units place) of the Square of the firft Rod on the Right , add the Figure 
in the upper Part of this Rod to that in the lower Part of the next, and Co on ; which 
may be done as raft as you can look upon them. To make this Practice as clear as 
poflible, take this Example. 

Exawp. 



Chap.5- MuhiplicathnafWhokmdAjlraSlM 33 



NO 

5? 

•s 

o 

fcfl 

O 



to 




Ex<rw!ip. Multiply 4768 by 385." 



Againft y in the Index I find this ? 
Nu mber, according to the Rule, 5 
Againft 8 this Number, — 
Againft 3 rliis Number, — 

Total Produft, 



23840 

38144 
14304. 

.1.8.^680 



To make the Ufe of the Rods yet" more regular and eafy, they are kept in a flat &uare 
Box, whofc Breadth is that of ten Rods, and the Length that of one Rod- as Thick as to 
i% & r ^ Roda^as you pleafe;) the Capacity of the Box being divided "n o 
■ten Cell^-fbr-the <faiW Species ofRods. When thefeods are put up m^eBoxrfeaen 
S ZT r m ™™ Cell diftinguifhed by the firft Figure of the rfod fee b rforei? onle 

fh P firft ^ e B ° X f T r J°l4j? much of Rod with °« the Box as ft»ewl 
,,™n a u f ^ at : , ^ , u P on . 00e of flat SWes > with °« and near the F^ 
fo Z^L w^" han ^ * e *eFoot there is a fmall Lei 

™k« a upon this Side, and fimponed by theLedget, u 

makes the Pra&ce very eafy. But in cafe the Multiflicand inould have more E Plac«" 

that upper Face of the Box may be made broader. Spaces, 
Jfc e n^t he ^ f( f ^ces, and Figures on each, for different pur- 

pofes. But I have explained what is neceflary for Common Multiplication, and ihalUeaveit. 



-*New Method*/ a fmall Moveable TABLE. 
C J vT^S vn ^V^'J- prop - ofe the foUo «*>g Me*ods, which, with the hel 

l^I^ rf . S for theNumbers " 25 ?i (ufu * c * m 



1. 



MultiplicaTtd 
thus: 




TABLE. 



^4971 

1 3 70994! 
4.2 74.8^ I 



:riacewnere. every particular Produft is to be writtendown, (for much 
s, as 1 have already obferved, in the Diftance and crofe. Pofition of the 
ie feveral Products,) and out of this fmall Table find your ProducT: 

Suppofefora Multiplicand £85497. 

When the Figure. of die Multiplier is 2 or 5, here you have the 
Produds; then for 3 add 2 to 1, </. e. the Numbers againft 2 and 1 
tor 4, double the Number againft 2.. For 6 y add 5 and or mill- 

the Method of G*/9 VI. 

H 2 s . We 
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3 



We may alfo make the Table for 3 and 5, as here : And then for 2, double 1 ; 

for 4, add 3 and 1 ; for 6, double 3 , or add 5 and 1 ; for 7, double 3 
and add 1 ; tint is, to every Product add the Figure of the Multipli- 
cand. For 8 3 add 5 and ? ; for 9, ufe Cafe VI. 

3 . Or alfo make the Table for 3 and 7 : And to get the 7, I mul- 
tiply 3 by 2, and add 1 - Then in ufing the Table, to get the Product 
by 4, add 2 to I- For 5, ufe Cafe VII. For 6, double 2; for 8, add 
1 and 7 j for 9, ufe Cafe VI. or multiply 3 by 3. 



1 I 


685497 


I 3 


205649 1 


> 


?+^7485 



6S5497I 

2056491 

i-o8x~f)| 




685497 



06549 

3 1 2056491 

4 J 27-LIQS8 




4. Or we may make the Table for 1, 2, 4. Then for 3, add 1 and 2,* 
for 55 ufe Cafe VII. or add 1 and 4. For 6, add 2 and 4; for 7, add 
1 j 2, and 4 ,- for 8, double 4 ; for 9, ufe C*/e VI. 

5. Or laftly, make the Table for 1, 3, 4. Then for 2, double 1 j 
for 5, ufeOz/£VTI. for 6, double 3 s for 7, add 4 and 3; for 8, double 
4; for 93 ufe Cafe VI. 



Ufe any of thefe Tables you pleafe ; and for. different Multipliers, one of them may* 
perhaps, be preferable to another. But if all the 9 Digits are in any Multiplier, it is 
indifferent which of them you chufe^ tho' I think the third Method has the 
Advantage. 



CHAP. VI. 
DIVISION of AbftraB Whole Numbers 

DEFINITION. 



DIVISION findetb bow oft one Number is contained in another. 
The Number divided, (or which is confider'd as the containing Number) is 
called the Dl-jider.d ; the Number dividing, (or which is confidered as contained ) 
is called the Divifor - and the Number fought, is called the Quotient, or Quote, (from 
} uoties, How aft :) becaufe it fhews the bow oft fought. Examp. If we enquire how 
oft 3 is contained in 12, the Anfwer is 4 times: And 12 is the Dividend', 3 the Divifir; 
4 the Quote. 

Scholiums. 

1 . Every greater Number is not a Multiple of every lefler : therefore when a greater 
Number is propofed to be divided by a lefler, and is not a Multiple of it, this Operation 
finds how oft the Divuor is contained in the Dividend ; and alfo what remains after the 
Drvifor is taken out of the Dividend as oft as poflible : So that in fome Cafes there are 
four Numbers concerned in Divifon ; viz.. the Divifir, Dividend, Quote, and Remainder. 
Examp. 3 is contained in 14, 4 times, and 2 remains. 

2. As Multiplication is only a compendious Addition; fo is Divifon only a compendious 
Subtraction of one Number out of - another as oft ^s poflible : For it is plain, that as 

oft as any Number is contained in another, fo oft precifely it can be taken out of it; 

■ fo 
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fo that if we find how oft the letter can be taken out of the greater, we thereby find how 
oft it is contained in it : but to find how oft it can be taken out, is plainly the work of 
Subtraction ; for by taking the letter out of the greater, and the feme letter out of the firft 
Remainder, and out of every Remainder fucceflively till the Remainder be o, or left 
than the Subtractor, we have found what is required is Divijion ; the Number of Sub- 
tractions being the Quote. So in thcfe Examples, we find that 3 is 
Ex. 1. Ex.2, contained in 12, 4 times; becaufe it can be taken out of it 4 times, 
12 14 and o remains. And 3 is contained in 14, 4 times, and 2 remains j 
3 3 becaufe being 4 times fubtracted, there remains a. 

~? — Yl But tho' the thing fought in Divijion may be found by Subtraction, 

? 2 yet it would be intolerable Labour in moft Cafes ; and therefore the 

- — I following Rules of Vivifon are contrived, which do that by a few eafy 
° fteps which cannot be done all at once, and would be too tedious to 

3, . I do by Subtraction. 

3 5 Again obferve, That tho' there are here alfo, as in the preceding 

Operations, fome more firnple Cafes, the ready performance of which 
_ is uleful in more complex Cafes : yet in moft Cafes we are left: to guefe 
at the Anfwer in the feveral fteps of the Work j with this help only, 
that we have a certain Rule for proving the Number guefled to be right, and when it is 
wrong, how to come nearer to it at the next guefs, till at laft we find it ; as you will 
prefently learn. 

3 . In all Cafes where there is a Remainder in the Divijion, or when the Dividend is not 
a Multiple of die Divifor, the Number called the Quote is the direct and proper Anfwer 
to that Queftion, How oft is the Divifor contained in the Dividend? yet the Remainder 
may be brought in fractionally as a Part of the Quote, making the Remainder the Nume- 
rator, and the Divifor the Denominator of a Fraction : And then we may fay, That the 




Dividend contains the Divifor fo many times as the Integral Quote expretfes, and fuch a 
Part or Parts of a time, p. e. fuch a Part or Parts of the Divifc 



or,) as that Fraction ex- 




4p may be called The Complete Quote, in diftinction from the Integral Quote. There 
will be the fame Reafbn in all Cafes for completing the Quote by a Fraction made of 
the Remainder and Divifor, and understanding it as we have done in this Example. Thus, 

univerfally, if any Number A is contained in another B, a number of times exprefled by 

D, with a Remainder Rj then is the complete Quote D5 : For any Number R being, 

the fame as R rimes 1, and 1 being fuch a Part of any Number A, as that Number 

denominates ; i. e. the £ Part j therefore R is g Parts of A. Wherefore, if by the 

Words, Hoiv aft, in the Definition, we mean how many times and parts of a time, (as 
now explained,) the Integral Quote muft always have this Fraction, made of the Re- 
mainder and Divifor, annex'd to it as a part of the complete Anfwer of die Queftion. 

Hence again obferve, That in this fenfe, the Dividend may be a letter Number than 
the Divifor ; for tho' a -letter Number does not contain a greater, yet it contains a cer- 
tain Fraction of it, which is what we call containing it a certain part or parts of a time ; 
and the Quote is a Fraction whofe Numerator is the Dividend, and its Denominator the 
Divifor. So 3 divided by 5, the Quote is |, fignifying that 3 contains 5, J parts of a time ; 
or that it contains -| parts of 5. 

4- But again, for the fame Re a fin, {viz. that any Number A is equal to or contains 

b" Parts o f any Number B) the complete Quote of any Number divided by any other 

Number 
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Number may be indefinitely expreffed by a Fraction whofe Numerator is the Dividendj 
and its Denominator the Divifor. Thus 5 divided by 35 the §uot e is f ; and 3 divided 

by 5, the ®vote is -J. Univerfallj; A divided by B, the Quote is g% 

Now, as Fractions ariie from imperfect Div.fon when the Dividend is not a Multiple 
of the Diviibr y fo the Consideration of Fractions does necefTarily begin wirh "Divijion of 
Whole Numbers: For which Reaibn there are fome thincrs relating to Fractions muft be 

A 

explained in this Pan ; particularly I muft here fhew you. Tint the Fraction g is in all 

Cafes equal in Value to the complete Quote of A divided by B ; and this being demon- 
strated, it will follow, that if we uie fuch an Expreffion of a Quote in any Reafoning or 
Operation;, inltead of the more direct and immediate Expreffion of the' Quote, which it is 
often very convenient to do, the Effect will be the feme. And this Id^monftrate thus: 

i. If A is lefTer than B, there is no other Quote. 2. If A is greater than B, then is j 

an improper Fraction ; and from the nature of fuch a Fraction, (as it is defined and explained 
in Chap. 1.) mis is manifeft, That as oft as B is contained in A, fo many Units (of that 
kind to which the Fraction refers) is the Fraction equal to, and to fiich a proper Fraction 

more, whofe Numerator is the Remainder, (after B is taken out of A as oft as poflible) 
and its Denominator B. For when the Numerator and Denominator are equal, the Va- 

lue of the Fraction is 1 ; fo { Parts, or - Parts of any thing, is equal to that Thing or 
Unit : Therefore, if B is contained in A, R times without a Remainder, is equal to 

R times 1, or R. And if there is a Remainder the Value of it isR-f-g, or R j^. 

The Divifor, or Quote of two Numbers is alfo exprefifed by this Sign fet betwixt 
them ; the Dividend bring fet nrft, thus 5 — 3, fignifies 5 divided by 3. A-i-B fignifies 
A divided by B. It is aifo fometimes exprefled by this Sign ), with the Divifor before 
the Dividend, thus 3)5. A ) B. 

Here then you have the General Rule of the Literal Division. 

Corollaries. 

itegral Quote (or Number of times the whole Divifor is contained 
in the Dividend,) is multiplied into the Divifor, and to the Product be added the Re- 
mainder, ( after the Divifor is taken out of the Dividend as oft as poffible) the Sum 
is equal to the Dividend. For Example, 3 is contained 4 times in 1 2, and nothing re- 
mains ; therefore 4 times 3 is 12. Again, 3 is contained 4 times in 14, and 2 remains; 
therefore 4 times 3, and 2 added, is 14: For 4X3 = 12, and 12 -4- 2 = 14. Univer- 
fally, if A-r-B=?, and nothing remaining, then is B?=A. But if r remains, then is 

B? + r = A. 

II. The Remainder in Divifon muft always be leis than the Divifor ; for elfe the Di- 
vifor is not taken out of the Dividend as oft as poflible : and this therefore is a Mark that 
the Giuote is taken too fmall : As again, if the Product of the Divifor and Quote exceed 
the Dividend, it is a fign the Quote is taken too great. And hence, laftly, the Product 
of the Divifor and integral Quote is the greateft Multiple of the Divifor contained in 
'the Dividend. 

Scholiums. 

I. We have here learnt a mutual Proof of Multiplication and Divifon, as thefc 
Operations are in their Effects directly oppofite to one another. Thus, in Multi- 
plication^ if the Product is divided by any one of the Factors, the Quote is the other 
And in Divifon? if the Divifor is multiplied by the integral Quote, and to the Product be 
added the Remainder, the Sum is the Dividend. Other Proofs of Divifon you will find 
afterwards. * 

3 II. U 
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If. If we compleat the Quote by a Fra&ion made of thz Remainder and Divifor, 
then it is a general Truth, that the Divifor multiplied by the compleat Quote, produces 
the Dividend : For being multiplied by the integral Quote, the Produd is the greateft 

Multiple of the Divifor contained in the Dividend; and multiplied by the Fraction, 
(/. e . fuch a Fraction of it being taken,) it produces the Remainder ; thus, 14 -4- 2 = 



then 4x3 = 12, andf of 3 = 2. And 12 + 2= 14. Univerfally, if A-~B=*-, then 

A = B ? + £ of B = B ? + r, as in Coral, i . Obferve alfo, That as in Whole Numbers, 

ic is no matter which of two Numbers is the Multiplier ; fo, to multiply a Whole Num- 
ber by a Fractions or this by that, has the fame Effect, as will be explained in Bool- 2. 

But in the Cafe now before us, the Reafon is obvious. Thus to multiply B by 4 

is only taking ~ Parts ofB, which is A. Again, to multiply | by B, is taking B times, 

a ie a rfM s. \ u ^ * - A times B, tlierefore B times 

A times b = A times B times -g=A rimes 1 ,* (for B times 3 = i) or A. Wherefore 
to multiply the two Parts of the complete Quote by the Divifor, or to multiply the Di- 
vifor by thefe, the Sum of the Products is the Dividend. For ^ of B = B times - 

A B 

=r; andB^ + r— A. Ortaking the complete Quote fractionally, then - of B=B times 



rimes £ ; (for g is A rimes ) But B times A 



i-A 
if 



PROBLEM. 
Divide one Number by 1 



Case I. When the Divifor // a "Digit \ or Jingle Figure, and the Dividend either a Digit, 
or a Number of tivo Figures, whereof that in the place of Tens is lefs than the Divilor. 

Rule. Take fuch a Digit as, multiplied into the Divifor, will exactly produce the Di- 
vidend,- but if there is not fuch a Digit, take the greateft, which multiplied into the 
Divifor, makes a Product left than the Dividend; that Digit is the integral Quote, and 
the Remainder (which muft be lefs than the Divifor) fet fractionally over the Divifor, 
compleats the Quote. The Reafon of this Rule is in Schol. 1 . preceding. 
. Examp. 1 . 12-4-3=4; becaufe 4X3=12. Examp. 2. 2.6 h- 4 = 6, and 2 remains ; 
fo the complete Quote is 6 £; for 6 X 4 =24 : then 24 -f* 2 = 26. Examp. 3 . 8 -H 5 == 1 
and 3 remains ; fo the complete Quote is 1 J; 

Whoever is familiar with the Table of Multiplication, can find at firfir hearing the 
Anfwer to any Example of this Cafe. Or we may take help of that Table, thus : °Seek 
the Dividend in the Table ; and if it is not there, feek the greateft Number which is lefs 
than it; the Digit in the fame Line on the Side of the Table, or in the fame Column on 
the head of the Table, is the Divifor, and the other is the integral Quote. 

Case H. To Divide any Number by another. 

Rule. Set the Divifor on the left of the Dividend, as in the following Examples; then 
take as many Figures from the Left-hand of the Dividend as are in Number equal to the 
Places of the Divifor ; and if thefe Figures, confidered by themfelves, make a Number lej& 
than the Divifor, take in one Figure more, [which will necefTarily make a Number greater • 

than the Divifor,] this we call the firft Dividual, (or partial Dividend?) We'are then to find 
how oft the Divifor is contained in this Dividual j and here it is that we are left in a great 

meafure to guefs at the Figure fought : But this we know, that the Quote cannot ex- 
ceed 9, as ftiall be afterwards demonstrated. And then alfo (by Carol. 2. preceding,) it 

muft 
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rauft be ftizh, that the Product of theDivifor by it do not exceed the Dividual, (for then 
it is too great a Figure ^) and the Remainder (or Difference of the Dividual and Product) 
be lets than the Divifbr, (el e die Quote-Figure is too little j) and thus we mull find the 
Quote by trials. But to prevent too many ufeleis trials, we have this help, viz. Find, by 
Cafe I. how oft the firft Figure on the left is contained in the firft on the left of the 
Dividual, when this and the Diviibr have equal number of Places ; But in the firft two 
Figures on the left of the Dividual, when this has one place more than the Divifor ; and 
this Number limits the gueihng, fo that you cannot take a greater j and if this happens 
to exceed 9, [which it will in no Cafe but the laft, and that where the firft of the two 
Figures in die Dividual is equal to the Divifor-Figure ; for it is certain this will be found 
in thefe at leaft 1 o times,] your guefs begins at 9. But then it will often happen that this 
Number is too great, and we have no other general Rule, or Help here, but to begin at 
this Figure and make trials, by multiplying the Divifor ; for if the Product does not exceed 
the Dividual, that is the Figure fought : if it does exceed, take the next lefler Figure, and 
with it make die like trial, and go on fo gradually till you find a Figure whofe Product 
does not exceed the Dividual ; for then the Remainder will certainly be \e(s than the Di- 
vifor, which is the true Proof of the Quote-Figure s being right. Having thus found the 
firft Figure of the Quote, fet it down (on the Right-hand of die Dividend) and write the 
Product of it by the Divifor under the Dividual, and fubtracr. that out of this j and then 
before the Remainder ( on the right) fet the next Figure of the Dividend, (or the Figu re 
on the right of the firft Dividual,) and this Number is the fecond Dividual. Then in the 
Came manner as before, find how oft the Divifor is contained in this Dividual j fet the 
Figure found on the Right-hand of the Quote Figure laft found ; then multiply the Di- 
viibr by it : write down the Product under the Dividual, and fubtracr. as before , then to 

the Remainder prefix the next Figure of the Dividend, and this is the next Dividual to 
be divided as before. In this manner proceed till every Figure of the Dividend is em- 
ployed ftep by ftep : And obferve, that if any Remainder with one Figure of the Di- 
vidend prenx'd, makes a Number lels than the Divifor, fet o in tie Quote, and 
prefix aHb the next Figure; and fo on. 

All the Quote Figures thus found, taken in order as they are placed as one Number, 
is the true Quote fought j and the laft Remainder is what the Dividend contains over fo 
many times the Divifor as the Quote exprefles. 

I mall next iUuftrate this Rule by Examples. 

Ex amp. r. 

Div r . Dh d . Quote. To divide 6392 by 4, I proceed thus: I feek how often 
4) 6392 ( 1598. the Divifor 4 is contained in 6> (the firft Figure of the Divi- 
4 dend) which is but once therefore I fet I in the Quote *, then 

1x4=4. (or the Divifor multiplied by the Quote is 4,) which 
20 I write under the Dividual 6, and fubtracring, the Remainder 

— is 2, to which I prefix 3, the next Figure of die Dividend, and 

^ then I take 23 for my next Dividual ; and examining how oft 

—I 4 is contained in it, I find 5 times, (for had I taken 6, it were 

too great ; for 6x4=24, which is greater than the Dividual 
2 3 j and had I taken 4, it were too fftde, for 4 X 4 = 1 6, and 



00 23 — 1 6, is 7, which is greater than the Divifor 4 ;) therefore I 

place 5 in the Quote on the Right of the former, 4 and 
under 2; fer 20 = 5* 4; then fa btr acting, the Remainder is 3, to which I prefix the 
next Figure of the Dividend, cvz. 9 ; then is 3 9 my next Dividual : and in this I 
find the Divifor 4 contained 9 times, which I write in the Quote on the right of the 
former^ then 9 x 4 = 36, which I write under the Dividual 39, and the Remainder is 3 j 
*o which prefixing the next (and laft) Figure of the Dividend 2. This Number, viz. 

3 2 
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32 is- my next (and laft) Dividual, in which the Divifor is contained 8 times, which lfec 
in tie Quote on the right of the preceding Figures ; then fetcing down the Product 32 
( = 8x4,) there is no Remainder j and the Quote fought is 1 5*983 that is, 4 is contained 

in 6392, 1598 times. 

Examp. 2. To divide 85-609 by 36, I proceed thus : There arc tv/o 

36)85609(2378. Places in the Divifor, therefore I take the firft two Places of 
72 the Dividend, vht. 85, which making a Number greater than 

rrv the Divifor, I take them for the firft Dividual, and feeking 

|g how oft 3 (the firft Figure of the Divifor ) is contained in 8 

(the firft Figure of the Dividual, becaufc they have equal Pla- 
ces) I find it 2 times, which I find alfo by trial to be the 
true Quote of 85- by 36; fo I place 2 in the Qjuote, and fub- 
fcribing the Product 72 2 x 36 ) I fubtradt it from 85, the 
Remainder is 13, to which prefixing the next Figure of the 
Dividend 6, my next Dividual is 1 36. Then I feek how oft 3 
(the firft Figure of the Divifor) is contained in 15, the firft 
two of the Dividual, (becaufe it has one place more than the Divifor ) and I find it 4 
times: but this is too great for the whole Divifor, (becaule 4X36=144) therefore I 
try the next Figure 3, and find it right ; therefore I fet 3 in the Quote, and fubferibing 
the Product 108 ( =jx 36,) I fubtraci: it from 136, and the Remainder is 28; to which 
prefixing o, the next Figure of the Dividend, my next Dividual is 280. Then I feek how 
oft 3 is contained in 28, and I find 9 times,- but this is too great, (for 9X 36= 324.) I 

take again 8, and find it alfo too great, (for 8x36=288) and at laftl find 7 to be right; 
therefore I fet 7 in the Quote, and fubferibing the Product 252 (= 7 X 36) the Remainder 
is 28 ; to which prefixing 9, the next and laft Figure of the Dividend, 1 have for my next 

and laft Dividual 289, in which I find as before, that the Divifor is contained 8 rimes, and ■ 
1 remains. So the true Quote is 2378, and 1 over ; which is 2378-^. 

Examp.^. To divide 274489? by 46?, I proceed thus: my firft 

465)2744897(590$ Dividual is 2744 j I feek how oft 4 (die firft Figure of the 
2,325* Divifor) is contained in 27 (the firft two of the Dividual.) 

^ I find it 6 ,* but this is too great, and I take 5, and find it right. 

* §- Then multiplying and fubtratfting, and prefixing to the Re- 

- — ~ mainder the next Figure of the Dividend, my next Dividual 

is 4198 ; and here I hnd the Divifor contained 9 rimes. Then 
proceeding as before, my next Dividual is 1 3 9 ; which be- 
ing lefs than the Divifor, I fet o in the Quote, and then prefix 
another Figure ; fo that my next Dividual is 1397, in which 
the Divifor is contained 3 times, and the Remainder is 2; fothe true Quote is 5903 ; or, 
taking in the Remainder, it is 5903 

ExafKp.4. To divide 3235386 by 462. The firft Dividual is 32.35, in 
462) 3235386(7003 which the Divifor is contained 7 times, and the Remainder is 1 $ 
3234 the next Dividual is 13, in which the Divifor is not contained ; 
TTg£ therefore I fet o in the Quote, and bringing down the next Fi- 
ll 86 S? re ' * **ave ^ or a new Dividual, which is alfo lefs than the 
— — Divifor, therefore I fet another o in the Quote} and bringing 
0000 down another Figure, the next Dividual is 13863 in which the 

Divifor is contained 3 times, and o remains. 

IZxamp. 5. To divide 149100 by 372. The firft Dividual is 1491, and 

37 2 ) 149100(400 tne Qyote of this is 4, then die Remainder is 3, and the reft 

I 4^^ of the Dividuals are 30 and 300, which are each lels than the 

.3 00 Rem T . Divifor, and therefore the Quote is 400. 




Divide 



58 Divifion of Whole and Mftratt Numbers. Book % 





j. 6. To Divide 210800 by 62, the Quote is 3400. 

62) 210800 (34.00 In Cafes like this, when there is no Remainder in any ftep, 

' Q/C and that the Remaining Figures of the Dividend are all o's, we 

have no more to do than to join as many o's to the preceding 
Figure, found in the Quote. 

Thefe Examples will be fufficient to make a diligent Learner under ft and this Rule ; 
und I {Kali only fet down a few more Examples, with their Anfwers, leaving the Operation 
for an Exercife to the Student. 

Examp. 7. To divide 57130-0046' by 678, the Quote is 8426357. 
Examp. 8. To divide 6069944827 by 8376, the Quote is 724683 
Examp. 9. To divide 293682135936 by 8405, the Quote is 3496007$ 

In order to the Demon ftratlon of the preceding Rule, and for the fake of foffle other 
fpecial Rules to follow, we muft premife the following Truths in the Theory of Divifion. 



LEMMA I. 



1 . If ewo Numbers conGft of an equal Number of Places, the lefler is not contained 
in the greater above 9 rimes. 

2. Again, If the grearer of two Numbers has but one Place more, than the lefler 3 and 
fuppofing alfo that, excluding the firft Figure on the Right of that greater Number, the 
remaining Figures on the Left: make a umber Iefs than the lefler given Number, then 
this lefler Number is not contained in the greater above 9 times. 

DemoK. Part 1. If a Cypher is prefix'd to the lefler of two Numbers, (which have 
both the fame Number of Places^) it is thereby multiplied by 10 ; and consequently that 
is the leaft Number which contains it 10 times : but the other given Number having 

one Place fewer than this Product, is a lefler Number, and confequently does not con- 
tain the lefler given Number 10 times, or does not contain it above 9 times. Example, 
11 is Ids than 99 j but is not contained in it io times, for 10 rimes 11 is no, which is 
greater than 99. Unroerfally^ Le: A be the greater, and B the lefler of two Numbers 
having an equal Number of Places j Bx 10 contains B precifely 10 times, and it is a 
Number that has one Place more than B or A, and confequently is a greater Number 
than A; wherefore B is not contained 10 times in A. 

Part 2. The lefler given Number (as 476) is greater, by fuppofirion, than as many 
Places (175) on the left of the greater given Number (4759 j) and muft exceed it by at 

leaft 1: therefore 10 times this lefler Number, (yiz.. 475O3) muft want at leaft 10 of 10 

times the given lefler Number, (viz.. 4760.) But whatever Digit we add to this deficient 
Product, or put in the Place of the o, (making in the prefent 4759,) it cannot 

make up the defect of 10 j and therefore the given lefler Number (476) is not contained 
in the given greater Number (4759) 10 rimes, or not above 9 times. 

Schol. The fecond Part of this Lemma is but a particular Cafe (accommodated to 
our prefenr purpofej of a more general Theorem ; which is this, viz.. If any Number A, 
is greater thin another, B ; and if B is multiplied by any Number R, then A is not con- 
tained R times in R B, nor yet in the Sum of KB, and any Number N which is left than 

R; i. e. inRB + N. 

The Rsafbn is ; fince A is not once contained in B, neither is R A once contained in 
RB, which muft want at leaft as many Units as R to make it equal to RA^ and fince 
N is lefi than R, R B + N cannot be equal to R A j /. e. A, which is contained precifely 
R times in R A, is not contained R rimes inRB + N, which is lefc than RA. 

3. L E Mr, 
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LEMMA II. 

If any Number N is refolved into any Parts A, B,C,e£v. he. if NsssA+B+G* 
f. then, 

1. If ail thefe Parts A, B, C, dre. arc feveral ly Multiples of any Number D, or all ex- 
cept one ,* then dividing A, B, C, &c . feverally by D, the Sum of the Quotes is equal to 
the Quote of N-r-D. {Exajnp. i, 2, 3.) And the Remainder in die Divifion of that 
Part which is not a Multiple of D, is the Remainder in the Divifion of N -r- D. 

2. If there are more than one of the Parts of N, that arc not Multiples of D ; and if 
the Sum of the Remainders, in the Divifion of thefe Parts that are not Multiples of D, 
islefs thanD, then the Sum of the Integral Quotes, is the Integral Quote of Nh-D; and 
the Sum of the Remainders, is the Remainder in the Divifion of N-^-D. {Examp. 4.) 

3. If the Sum of the Remainders is equal to, or greater than Dj then, being divided 
by D, and the Integral Quote added to the Sum of the Integral Quotes of the Parts 
of N, this laft Sum is the Integral Quote of N-hDj and the Remainder in the Divifion 
of the Sum of the Remainders, is equal to the Remainder in die Divifion of N-r-D. 
(Examp. 5.) 

Demon. TheReafon of all thefe Articles is eafilylcen from the Equality of the Whole 
and all its Parts. In the firft and fccond Article it is obvious : for as oft as D is contained 
in A,B,C, &c. feverally, fo oft at Jeaft as the Sum of thefe times, it muft be contained 
in the whole N j and if the Sum of the Remainders in the Divifion of the Parts A, B, C, &c 
is leis than D, then it is plain that D is contained no ofmer in N than the Sum of the 
times it is contained in all its Parts A,B,C, &c. and the Remainder in N-r-D, muft 
be die Sum of the Remainders in the Divifion of the Parts, when this Sum is lels than D i 
but if this Sum is equal to, or exceeds D, (as fuppofed in Article 3.) then fince thefe Re- 
mainders are Parts of the Dividend, it is evident, that as oft as D is contained in their 
Sum, that muft be added to the Sum of the times it is contained in A, B, C, drc . and 
this laft Sum is the times it is contained in N ; and the Remainder on the Divifion of 
the Sum of the Remainders, is the Remainder in dividing N by D. 



Ex amp. 1. 
D N =A4-B + C 
Divifor 4) 36 = 16 + 12 + 8> Dividends. 
Quotes 9 =4 -f - 3 -f- 2. 

Examp. 2. 
Divifor 5) 48 =25 -f- 15 -f-8. Dividends. 
Quotes 9 = 5 -f- 3 \> 1 . 
Remainders 3 = 3 . 

Exavjp. 3. 

Divifor 6) 46 3= 24 4- -f- 4. Dividends. 

Quotes yz=z 4-1^ 3t"°- 
Remainders 4 = 4. 

Examp. .4. 
Divilbr 6)53=2o + 27" - f-6' Dividends. 

Quotes 8= 3 4- 4-f- 1. 
Remaiaders 5 = 2 + 3 . 



SchoL. If we take the complete Quotes 
by Fractions made of the Remainders and 
Divifor^ then it is an WverfalTruth^ That 
the Sum of the -Quotes of the Parts of N di- 
vided feverally by any Number D, is equal 
to the Quote of N divided by D-. For the 
fractional Parts of the Quotes have all the 
fame Denominator D, and their Numera- 
tors are the feveral Remainders. But from 
the nature of Fractions it is obvious, that 
feveral Fractions having the fame Denomi- 
nator, and being referred to die fame Inte- 
ger, .their Sum is the Sum of the Numera- 
tors, apphed as a Numerator to the fame 

Denominator. Examp. | of any thing, and 
\ of the iame thing, make f So that if the 
Sum is an improper Fraction, we find its 
Value in a whole Number, or with a pro- 
per Fraction annex'd, by dividing the Nu- 
t 2 meratOr 



6o 



Divifion of Whole and AbfiraSi Numbers. Book r. 



Divifor €)%% 
Quotes 14 
Remainders 4 



Examp. 5. 

4+ 5+ 1- 



3 
3 



1 3 . Divid. 



In this lift Example, the Sum of the 
Remainders is 4-4-5 + 1 = 1 o, which is 

greater than the Divifor 6 ; and being di- 
vided by it, the Quote is 10 — 6 = 1, and 
4 remains. Then this Quote 1 added to the 
Sum of the former Quotes, the Sum is 



_ 1 

7 



1=14, theQuoteof 88-=-6, 



and the Remainder of 88 6, is the fame 
as that of 10 -=-5, which is 4. 



merator by the Denominator, (as before 
explained.) It is plain then, that if the 

Fractions belonging to the complete Quotes 
of the Parts of N divided by D, are added 
together, and the Value of the Sum added 
to the Integral Quotes, the Operation is the 
fame as exprefled in the Lemma : for it i> 
adding the Remainders ; and if their Sum 
exceeds the Divifor, taking the Number of 
times the Divifor is contained in it, and ad- 
ding this Quote to the Sum of the Integral 
Quotes ; which makes die Univerfal Truth 

here proDofed evident. 




Corollaries. 

I. If a Number N is refolved into any Number of Parts, and thefe Parts be 
divided feverally by . any Number D, in this manner, viz.. Firft divide one Part, and 
if there is a Remainder, add it to another Part, and divide the Sum ; and fo on, adding 
the Remainder of every Divifion to the next Part; and if any Part with the preced' 
Remainder is Ids than the Divifor, then we add another. Having thus gone through 
the Parts, the Sum of me Quotes is the Quote of the firft Number N divided by the 
fame Divifor D ; and the laft Remainder in the Divifion of the Parts, is the Remainder 
in the Divifion of N by D. 

That this is in Effect the fame Cafe as the firft Article of the preceding Lemma, or a 
plain Confequence of it, will be obvious by confidering, that if the firft Remainder is 
taken out of the firft Dividend, it leaves a Multiple of the Divifor, viz. the Product of 
the Divifor and Quote; and the fame being true in all the reft of the Steps, it follows 
that the Cafe is the lame as if N were refolved into Parts equal to thefe Multiples of 
the feveral Quotes by the Divifor; all which Multiples with the laft Remainder make 
up the Dividend N. For Example, 50=17 + 84-25, then 17 -7-3 = 5, and 2 re- 
mains, which added to 8, makes 10; then io~-3 = 3, and 1 remains, which added to 
25, makes 26 ,- and 26 -r- 3 = 8, and 2 remains ; laftly, the Sum of the Quotes is 5 + -2 
+ 8 = 16, the Integral Quote of 50 3; and the laft Remainder 2, is the Remainder 
of 50-r- v And this Work is the fame in effect as if we refolve 50 into thefe Parts 
I5(=5X5) + 9(=3X3)+24(=3X8.) 

Or this Truth is plain independently of the Lemma, becaufe the Divifor is taken cut 
of every Part of the Dividend as oft as poffible, by carrying the Remainder of every 
Part forward to the next. 

II. If the fame Divifor D is applied to two different Dividends, whereof- the 
greater is a Multiple of the lelTer, as N and Ntw; then if N contains D, a number 
of times 5, without a Remainder ; N m will contain D, m times as oft as N does, or 
ma times; i.e. ifN-^-D=?, then Nw-D = w ? . Again, if N D has a Remain- 
der r, then N m will contain D at leaft m q times with a Remainder equal to m r. And if 
m r is equal to, or greater than D, then, as oft as D is contained ixx mr, fo many times 
ofmer than m q is it contained in N m. The Deduction of this from the Lemma is plain; 
becaufe Nw isrefolvable intoN-f-N+N, &c. taking N as oft as m exprefles,- fo that 
if N-^-D=^, and r remains; then D is contained in Nw at leaft m a times/ with a 
Remainder equal to rm. See thefe Examples, wherein m = 100. 



Exawp, 
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D N q. D N q. D Ntzz mq. 

Examp.i. 3)18 (<>. Examp.2. 3)23(7. 3)2300(700. 

21 ~ D 3. then 2100 = Dxmq. 

Nw m q. 2=r. 20oss=t , z». 

3)1 80O C 000. — 

SchoL. Thefe Examples are of the Kind which we have particular U(e for in De- 
monftrating.the 'Rule of Divifion: And we have this further to be carefully remarked in 
all Examples like the fecond, viz. That tho' the Remainder (m r) in the fecond Part of 
the Example, is greater than the Divifor, whereby the Integral Quote is not fo great as 
the number of times that D may be got in N«r, yet of the Number it wanes to be added - 
to it, (which is the Quote of m r by D,) all the Figures will fall in the Places of the o's 
Handing on- the right of that Part of the Quote which is already found, and can never be 
of the lame local Value with any of the other Figures. So 3 is found in 2300 as many 
times oftner than 700 times, as the. Quote of 200 by 3 ; yet no Figure of this Quote can 
rife to the Place of 100; the Reafon of which, and of all fuch Cafes, is explained in 
Schol. to Lemma 1. For 3 being greater than 2, is not contained 100 times in 200. 
And which will alfo be true, tho' we fet any other Figure in the Place of the o's that 
ftand on the right of the Remainder, fince the Remainder without thefe o's is lefs than 
the Divifor. See the Scholium referred to. 

IH. If N(=A+B) is a Multiple- of C; and if A is alfo a Multiple of C, then fo 
muft B be. Again, if N = A-f-B+C-f-D, &c, and if N is a Multiple of R; and 
alfo if each of the Parts of N to the laft, are Multiples of R, fo muft that laft be. 

LEMMA III. 

If one Number is divided by another 3 and the Quote again divided by the fame y or 

any other, and every fuceeeding Quote again divided as long as you pleafe or can $ 
the laft Quote nut 11 be equal to the Quote of the fir ft Dividend by the continual 
Vrodud of all thefe Divifor s. 



■ r 



Demon, r. We mail firft fuppofe the feveral Dividends are Multiples of theDivifors ; 
and in this Cafe, it will cafilv appear, as in the annex'd Example. 

The Reafon is this. If we take the laft Quote and all the Divifors 

2) 168(34. in areverfe Order, and multiply them continually, they muft produce 

3) 84(28. the firft Dividend, (by what is already fhewn of the mutual Proof of 
7) 28 (f. Multiplication and D/w}fo».). Thus, 4X 7 = 28. 28 x3 = 84. 84X2 

then becaufe = id 8. But we may take riefe Fa&ors in any Order, they will pro- 

2x3X7 = 42 j diice at .laft the fame . Number, (by Lemma II. in Multiplication) And 
therefore if we order them fo as the laft Quote in Divifion be the laft Factor in 
42) 168 (4. multiplying, the Truth" propofed will be manifeft, thus ; Becaufe 4X7 

x 3x2 = 168. Therefore alfo 2 x 3X 7X4=168. 6^2x3X7 = 42$ 
therefore 42 x.4= 16$ j and 168 --42= 4. The. fame Reafoning will hold in • all 
Cafes, which we may reprcfent by Universal Characters. Thus; if A-r-£=Mj and 

M~f = N-'andN-4-</=2; then A --^==7. For, ?</=Nj Nf=Mj and M b 

•—A; that is, qd c£=A; or be dq=z A: But b c dq-4- b cd= q ; i.e. A-r-bcd?=.q. 

2. Suppofe there is a Remainder in each Divifion, yet the laft Quote will ftill be equal 
to the Quote of the firft Dividend by the Product of all the fingle Divifors, tho' the Re- 
mainder will not be the fame as the Remainder of the laft Divifion. That we may fee 
the Truth propofed in this Cafe, and alfo how to find tty the feveral Dividers and Reman: 

3 " dors 
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ders, what the Remainder would be upon dividing by the Product of the Divifbrs, we 
fhall confider the 'Example annex d; wherein the thing propofed is proved. But to 
fee the Reafon of it, we mult take the reverfe Multiplication^ as in the Margin on 
the Right. 

Thus j Take the" laft Quote and 

3) ± -9(159 the feverai Di vifors, as fo many 

rm/ 2 flmple FaZcr*, and multiply them Jaft quote 7 : 3, laft rem. 

rj— -T7 t continually, taking in the correfpon- div r - 4 „ 

rem. I dene Remainders with the Produft, 2* quote 31 : 49 2 d rem. 

. ' ^ (to make up the feverai Dividends.) 2 d arv r . 5 

4) 51 ,7 N ow ^ e foft thing w be fliewn rft qi30l£ T ^ . ^ lft rem . 

from this Multiplication is the rea- ir t cuV X 
then becaufe fon why. That tfao' the, laft Pro- 
3X5X4=: 60 duct (479) exceeds the ■ continual 
therefore Product of theF<«?*ry 7 X4X 5 x 3 

60)47.9(7 — =420, (as it mu ft do, becaufe of 
rem. 59 the Numbers taken in j) yet it can- 

not exceed it l>y a Number as great 
as me continual Prodnd: of the feverai Fa£hrs excluding die £rft 7, (/. g - the feverai 331- 
vifors, ws. 4X 5 x 3 = 60 j) which is thus fhewn. 

The Number by which the laft Product, or Sum C47 9) exceeds the continual Pro- 
duel: of all the fimple Fa&sr* (420,) is plainly to be found mus; -wit. Tate the Product 
of the laft Remainder (3) by the laft Divfcbr but one, (5;) then to mis Product (if) 




add the next preceding Remainder (4,) and multiply the Sum (19) by the next prece- 
ding Divifor (3,) and to this Product (57) add the next preceding Remainder (2,) and 
lb on : for the laft Remainder 3 is taken in with the firft Multiplication ; then it is mul- 
nplyM in the fecond Multiplication by 5, with which the fecond Remainder is taken in> 
(which makes 15 -f- a,= 19.) Then is all this mulriplykl in the third Multiplication by 3, 
and the firft Remainder 2 is taken in, and the whole is 5-9 j fo the true .Remainder fought 
is 59. Bur this muft be always lefs than the Produdt of the Divifbrs, becaufe in the 
feverai Multiplications the Numbers taken in are Ids than the •correljxmdent Multipliers, 
(for they are Remainders of a Divifion wherein that Multiplier was the Divifor i) where- 
fore the Product of any of the Divifbrs by the following Remainder, ( or Remainder of 
the next Divifion,) with the prefent Remainder added, is lefs than the Product of the 
fame Divifor by the following Divifor, and confequertdy the continual Product of all 
the Divifors is greater man the Product of all the Di vifors (excluding the laft,) with the 
Remainders taken as directed. This being once clear, the Truth concerning the laft 
Quote is manifefti for nothing elfe can make it different from the laft Cafe but thefc 
Remainders, or Numbers added in the Multiplication, which can never make the Quote 
lefs : and, by what is now £hewn, they cannot make it greater, becaufe all the Increafe* 
upon the laft Dividend is lefs than the total Divifor, (or Product of the particular 
Divifors.) 

As to the fractional Part of the Quote, will be of the fame Value, tho* not of the 
feme ExprefEon. But die Truth of this will not appear fo eafily rill we have learnt the 
t>o Brine ef TraBions^ where you'll find it particularly explained . 
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Demonstration of the preceding Rule of Case II. of DJ V 1 $ I O N. 

As to finding every one of the Figures of the Quote fingly, as the true Quotes of the 
Divifor into the feveral Dividuals confidered by themfelves, we need no further De- 
monftration ; becaufe each of them is found by trial, and proved to be true by a certain 
2nd infallible Mark, (difcovered in Corol. 2. to the Definition") before it is admitted. All 
that I have more to add, is to obferve, That you have in Lemma 1 . the Reafon that the 
Divifor can never be found in the Dividual, (or Partial Dividend, as it is to be taken 

by the Rule) above 9 times. 

The only thing then that remains to be proved is, That the feveral Figures of the Quote 
taken as one Number, according to the Order in which they are placed; is the true Quote 
of the total Dividend by the Divifor', and this will be eafily ihewn, thus: It is plain, that 
in this Operation we have refolved the Dividend into Parts, and divided them feverally 
in the manner prooofed in Corol 1 . Lem. 2. For we have firft taken one Dividual, then 
added the Remainder of that to another Part of the Dividend, and after dividing this, 
v/e have added to the Remainder another Part of the Dividend, and Co on. But we haye 
confidered the feveral Dividuals without regard to the Places they poffels in the Whole 
Dividend, and thereby taken them in a lefs than their true Value; f>ut if that Defect is 
fupplied by placing the feveral Quotes, (or Parts of the total Quote) fo as they have the 
true Value they ought to have from the complete Value of their refpec"tive Dividuals, (or 
Parts of the Dividend,) and that by fo placing them they make one Number equal to the 
Sum of their complete Values ; theri is that Number the true Quote fought, (by the 
faid Corol. 1. Lem. 2.) But thus it a<3uaHy is,; for the complete Value of the firft. Divi- 
dual is ip> or 100, &$. times the Value in which it Is taken in the Operation,, according 
as there is one, two, &c. Figures ftanding before it : Alfo its quote Figure branding firff 
on the Left-hand, there are as many Figures, of other Quotes fet before it, as the Number 
of remaining Figures in the Dividend ; becaufe for each of thefe there is, by the Rule, a 
Figure py t in the Quote : therefore tfis ' firft quote Figure receives by its Place, a Value 
10, or 100, or 1000, &c. rimes its fimple'VaJue, according as there are one, or two, or 
three, <&c. Figures before it, correfppnding to the true Vajue of the Dividuals, (as. 
ought to be done by Corol. 2. LemL, 2.) Therefore this firft quote Figure taken, in its com- 
plete Value from tie place it ftands in, is tjie true Quote of the Divifor in the complete 
Value of the firft Dividual. For the fame reafon, all the reft of the Figures in the Quote 
taken according to their Places, are each the true Quote of the Divifor in the complete 
Value of their Dividuals ; becaufe as the firft Figure on the right of each fucceeding Di- 
vidual, is one Place more to the right of the preceding, (or has one Figure fewer ftanding 
before it,) fo ought their Quotes to have '■> and fp are they alfo ordered : Confequentjy 
taking all the quote Figures in pfder as they are. placed by the Rule, they make one Num- 
ber, which is equal to the Sum pf the true Quotes of tie feveral Parts ■ Qf the. Dividend y 
which is therefore the true Quote of that whole piyjdejuj. 

To leave no Obfcurity in this Demonffrationj, I fliajl jUuftr-ate it by two Examples. 
In whijch I ftiaU fet dow& the Piyiduate Qvjo$s& a*$ ResBinders aceoKUog to their 
true Values. • ■ • .;-» >- , . ; 
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ExaPip. i. 
Divifor. Dividend. 

} 6 > 8 ^° 9 Quotes, 
individual 85000 ( 2000 

36 x 2000 —"2. OOP 

lit remain. 13000 
add 600 



a d dividual 
36 x 300 



i;6oo C 5 
10800 



00 




remain, 
add 

4* h dividual 
36X 8 = 

laft remain- 




8 



23-8 Sum 
of the Quotes. 



Examp. 2. 

Divifor. Dividend. 
465 ) 2744897 



Quotes. 



ift dividual 
465x5000 

ift rem- 

add 

2 d dividual 
465 x 900 

2 d rem- 

add 

3 d dividual 
465X 7 

ft rem- 



2744000 ( 5000 
.325000 



419000 
800 



419800 c 

418500 
1300 

97_ 

1397 ( 



900 



i395_ 5903 



In the firft Example, the Dividend 85609 is re- 

folved into thefe Parts, cvz. 8500 -f- 600-f- 00 -f - 9. 
For tho' the firft Dividual is conlidercd as 85, yet 
it is truly 85000 - y and therefore its Quote inftead 
of 2, is 2000, and the Remainder 13000; and fo of 
the reft, as you fee in the Operation. But if we 
take the Multiples of the Divifor by the feveral 
Quotes, with the laft Remainder, and confider the 
Dividend as diftributed into thefe Parts, (which are 

here 72000+10800-4- 2520 -f- 288 -f- ix) then the 
Work is reduced to the Conditions of Lemma 2. 
Article 2. 



In this fecond Example, when we have got the 
fecond Quote, the Remainder is 1300 ; then we add 
the two next Figures of the Dividend, becaufe the 
Figure of the Quote muft be of the lame local Va- 
lue as the laft of thefe Figures : For fince 465 is 
not contained in 139, it is not contained 10 times 
in 1 3 90 ; and fo the next Figure in the Quote after 

9 muft be o, and the fignificant Figure of the Quote 
of .1390-^465, muft be in the fecond Place after 9, 
i. e. in the prefent Example, in the Place of Units : 
and therefore we take in alio the Figure 7, which is 
in the Place of Units, to find at once all that Part 
of the Quote which belongs to the Place of Units ; 
for had we divided 13900 by 465, the Quote is 2, 
and the Remainder 460 - 7 to which adding the laft Fi- 
gure of the Dividend 7, the Sum is ^6 7, in which 



the Divifor is contained once, and 2 remains j and fo 
thefe two Quotes both in the place of Units, ws. 2-|- 1 make 3, which is more con- 
veniently found, as in the Operation in the Margin. The like reafon you'll find in all 
Cafes where there are os in the Quote. And for the laft Example, take 113764-^28 
= 4063, die firft Dividual is 113000, the Quote 4000, and the Remainder 1000; to 
which if we add 700, the Sum 1700 does not contain the Divifor 28 fuch a number of 
times as can fall in the Place of Hundreds ; therefore we take in another Figure, Which 
makes 1 760 \ and the Quote 6 fails in the fecond Place after the preceding Quote 4- 
The laft Figure of the Quote is 3. 



§.2 
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L II. Particular Rules for contracting the Work ofDivifit 



C 



C^/fr : /<?r managing it with more 
with more Work, in all Cafes. 

* 

As E 1 . When the Divifor is a Digit, the multiplying of the Divifor and Quotes, and 
alfo the Subtraction of the Products from the Dividuals, may be eafily performed 
without writing down any thing but the Remainders ; and thefe, with the Quotes, fet 
more conveniently, as in this 'Example >• wherein 37546 is divided by 4. Thus, 4 in 37 
is 9 times, and 1 remains j the Quote 9 I fet under the Dividend, and the remainder 1 

above j then this Remainder, with the next Figure of the Dividend 
1322 prefixed, makes 15 ; the next Dividual, in which 4 is contained 3 times, 

4 y 3754 and 3 remains } the Quote 3 is fet after the preceding Quote, and the 

9V 3 4 Remainder 3 over the 5 of the Dividend. Then is the next Dividual 

34, whole Quote is 8, and 2 remains j then the Iaft Dividual is 2d, and the correfpond- 
ing Quote is 6, and 2 remains. Jigatii^ in tin's Cafe it will be very ealy to do the Work 
without writing down the Remainders, only conceiving them, in the places where they 
ought to be. And the Conveniency of doing it this way, you'll fee in Cafe 3. Obferve 
alfo, diatyou may eafily uie the fame Practice, if die Divilbr is 11 or 12. 

Case 2. If the Divifor has o's in the fir ft Places next the Right-hand, take no notice 
of them in the Operation, making the Divifor only the remaining Figures on the Left; 
and exclude as many Figures, whatever they are, from the Right of the Dividend, astho/e 
o's of the Diviibr; making the remaining Figures on die Left the Dividend. Haviilg 
finiihed this Divifion, you have found die integral Quote fought : And for die fractional 
Part, to the Remainder of the Divifion prefix all the Figures excluded from the Divi- 
dend y that is the true Remainder that would happen if the Divifion were done by the 
common Method : This Remainder, widi die given Divifor, makes the Fraction. But 
obferve, that if there are any o's ftanding clear on the Right-hand of this Remainder, you 
may omit them all (in making your Fraction) if they do not exceed the Number of o's 
excluded from the Divifor ; or as many of them, as are equal in Number to thofe in the 
Divifor 7 and omitting the fame Number of o's in die Divifor, of the remaining Figures 
on the Left make your Fraction. 

Example 1. To divide 84700 by 4600, I divide 847 by 46, the Quote is 18, and 19 
remains j but the true Remainder is 1900: Making this Fraction 4|£|, which is equi-> 
valent to this 

Ex. 2. To divide 2640 by 800, I divide 364 by 8, the Quote is 45, and 4 remains; 
but the true Remainder is 420 : Making this Fraction equal to this f 

Ex amp. 3. To divide 68704 by 2400, I divide 687 by 24$ the Quote is 28, and 15 
remains j but the true Remainder in theQueftion is, 1J04, and the Fraction is 

Exa?;/p. 4. To divide 367854 by 800, I divide 3675 by 8; the Quote is 459, and thd 
Remainder 6; but the true Remainder is 654, and the Fraction 

The Re a fin of this Rule is contained inLem. 4. Thus, if an equal Number of o's are 
excluded from Divifor and Dividend, the remaining Figures on the left exprefs like ali- 
quot Parts of them, vizy a tenth Part if one o ; a hundredth, if two o's were excluded, 
and fo on. But like aliquot Parts of two Numbers make die fame Quote as their 
Wholes, (by Lem. 4.) Ex. 46 2nd 847 are the hundredthParts of 4600 and 84700, and 
fo have the fame Quote 18, with a Remainder 19, which is. the hundredth Part of the 
Remainder in dividing 84700 by 4600 ; and therefore the two o's cut off from the Di- 
vidend are to be prefix'd to it, to give it the true Value. Agaiih if the Figures excluded 
the Dividend are not all o's, yet if we fuppofe them fo, the Quote is right : And that it 
cannot be increafed by the Value of the t igures cut oflj whatever they are, is plain ; be, 

IC caufe 
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15000 
600 



1 ;6oo ( 
10800 



00 



"Ex amp. x. 

Divifor. Dividend. 

36* ) 8560Q Quotes. 

ift dividual 85000 ( 2000 
X zooo =-2000 

^ | 

ill remain, 
add 

2 d dividual 
36 x 500 

2 d remain, 
add 

3 d dividual 
36 x 70 

remain. 

add 

4.** dividual 

laft remain. 





In the firft Example, the Dividend 87609 is re- 
folved inro thefe Parts? was. 8500 4- (Joo-j- 00 -f- 9. 
For tho' the firft Dividual is conlidercd as 85, yet 
it is truly 85000; and therefore its Quote inftead 
of a, is 2000, and the Remainder 13000; and Co of 
the reft, as you lee in the Operation. But if we 
take the Multiples of the Divifor by the feveral 
Quotes, with the laft Remainder, and confider the 

Dividend as cUftributed into thefe Parts, (which arc 
here 72000— -f- 10800 -f- 2520 -f- 288 -f- i,) then the 

Work is reduced to the Conditions of Lemma 2. 
Article 2. 



8 



23-78 Sum 

of the Quotes. 



Examp. 2. 

Divifor. Dividend. 
465 ) 3744897 

dividual 2744000 
jX 5000 ==2325000 

rem. 



Qu< 



add 

2 d dividual 
4.65 X 900 



410000 
800 

419800 ( 
4.18500 



In this fecond Example, when we have got the 
fecond Quote, the Remainder is 1300^ then we add 
the two next Figures of the Dividend, became the 
Figure of the Quote muft be of the fame local Va- 
lue as the laft of thefe Figures: For fince 465 is 
not contained in 139, it is not contained 10 times 

in 1 3 90 ; and fb the next Figure in the Quote after 
9 muft be o, and the fignificant Figure of the Quote 
900 of . 1 390 -r- 465, muft be in the fecond Place after 9, 

*. e '. in the present Example, in the Place of Units : 
and therefore we take in alfo die Figure 7, which is 
in the Place of Units, to find at once all that Part 
^ of the Quote which belongs to the Place of Units; 
* for had we divided 1 3900 by 465, the Quote is 2, 
and the Remainder 460 ; to which adding the iaft Fi- 
gure of the Dividend 7, the Sum is 46*7, in which 
die Divifor is contained once, and 2 remains ; and fo 
thefe two Quotes both in the place of Units, ws. 2+1 make 35 which is more con- 
veniently found, as in the Operation in the Margin. The like reafbn you'll find in all 
Cafes where there are o's in the Quote. And for the laft Example, take 11 3764 ^-28 
=4063, the firft Dividual is 1130005 the Quote 4000, and the Remainder 1000; to 
which if we add 700, the Sum 1700 does not contain the Divifor 28 fuch a number of 
rimes as can fell in the Place of Hundreds ; therefore we take in another Figure, Which 
makes 1760; and the Quote 6 falls in the fecond Place after the preceding Quote 4. 
The kft Figure of the Quote is 3. 



2.° 

add 

3* dividual 
465X 7 

laft 




1395 5903 



§.2 
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§. II. Particular Rules for contrasting the Work ofDivifion m 

certain Cafes : And, for managing it with more Certainty , tho\ 
with more Work, in all Cafes. 

* 

CA s E 1 . When the Divifor is a Digit, the multiplying of the Divifor and Quotes, and 
alio the Subtraction of the Products from the Dividuals, may be eafily performed 
without writing down any thing but the Remainders ; and thefe, with the Quotes, fet 
more conveniently} as in this Example ; wherein 37546 is divided by 4.. Thus, 4 in 37 
is 9 times, and I remains ; the Quote 9 I fet under the Dividend, and the remainder 1 

above; then this Remainder, with the next Figure of the Dividend 
v * ^ prefixed, makes 15; the next Dividual, in which 4 is contained 3 times, 

oi to* anC ^ ^ remains; the Quote 3 is fet after the preceding Quote, and the 

9* 4 Remainder 3 over the 5: of the Dividend. Then is the next Dividual 

34, whofe Quote is 8, and 2 remains; then the laft Dividual is 2.6 , and the correfpond- 
* n o Quote is 6 y and 2 remains. -Again^ in this Cafe it will be very eafy to do the Work 
without writing down the Remainders, only conceiving them, in the places where they 
ought to be. And the Conveniency of doing it this way, you'll fee in Cafe 3. Obferve 
alfo, diat you may eafily uie the fame Practice, if the Divifor is 11 or 12. 

Case 2. If the Divifor has o's in the fir ft Places next the Right-hand, take no notice 
of them in the Operation, making the Divifor only the remaining Figures on the Left ; 
and exclude as many Figures, whatever they are, from the Right of the Dividend, as thofe 
o's of the Divifor; making the remaining Figures on die Left the Dividend. Haviit 
nniihed this Divifion, you have found the integral Quote fought : And for the fractions 
Part, to the Remainder of the DiviCion prefix all the Figures excluded from the Divi- 
dend y that is the true Remainder that would happen if the Divifion were done by the 
common Method : This Remainder, widi die given Divifor, makes the Fraction. But 
obferve, that if there are any o's ftanding clear on the Right-hand of this Remainder, you 
may omit them all (in making your Fraction) if they do not exceed the Number of o's 
excluded from the Divifor ; or as many of them, as are equal in Number to thofe in the 
Divifor; and omitting the fame Number of o's in die Divifor, of the remaining Figures 
on the Left make your Fraction. 

Example 1. To divide 84700 by 4600, I divide 847 by 4.6, the Quote is 18, and 19 
remains; but the true Remainder is 1900: Making this Fraction which is equi-> 
valent to this 4f-. 

Ex. 2. To divide 2640 by 800, I divide 364 by 8, the Quote is 47, and 4 remains; 
but the true Remainder is 420 : Making this Fraction equal to this f f . 

Examp. 3. To divide 68704 by 2400, I divide 687 by 24; the Quote is 28, ana* if 
remains; but the true Remainder in thcQueftion is, 1504, and the Fraction is ^J|f . 

Examp. 4. To divide 367854 by 800, I divide 3678 by 8; the Quote is 459, and thd 

Remainder 6; but the true Remainder is 654, and the Fraction 

The Reafo?i of this Rule is contained inLem. 4. Thus, if an equal Number of o's are 
excluded from Divifor and Dividend, the remaining Figures on the left exprefs like ali- 
quot Parts of them, a tenth Part if one o ; a hundredth, if two o's were excluded, 
and fo on. But like aliquot Parts of two Numbers make die fame Quote as their 
Wholes, (by Lem. 4.) Ex. 46 and 847 are the hundred thParts of 4600 and 84700, and 
fo have the fame Quote 18, with a Remainder 19, which is. die hundredth Part of the 
Remainder in dividing 84700 by 4600 ; and therefore the two o's cut off from the Di- 
vidend are to be prefix'd to it, to give it the true Value. Agaiiij if the Figures excluded 
the Dividend are not all o's, yet if we fuppofe them fo, the Quote is right : And that it 
cannot be increafed by the value of the Figures cut off, whatever they are, is plain ; be- 

K catife 
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caufe being prefixed to the Remainder found by the Rule, they rauft make a lefs Number 
than the given Divifor ; fince that Remainder is lefs than the Divifor without its o's, 
which are as many in number as thefe Figures prefixM to the Remainder, which therefore 
can never make up the Defect. So in Ex. 4. when 3678 is divided by 8, the Remainder 
is 6, which being lefs than 8, no Figures prefiYd to it can make a Number equal to 8, 
wirh zs rr.iny o's prenYd. But thefe Figures being a pan of the Dividend, belong to the 
R enuir.der ; which, iniiead of 600, as it would have been had the Figures cut off been 
o's, is 6>.t. 

Tho' this is the proper Demonftration of this Rule, yet you may be fufHciently fatisfied 
of rhe Jcftnefs of it, by confidering any Example wrought at length; wherein it will eafily 
appear, that by excluding the o s in the Divifor, and as many Figures in the Dividend^ 
we only five the i rouble of writing many fupcrfluous Figures, and yet bring out the 
lime Quote. As in thefe Examples. 

4600)8.1-00(18 800); 67 854(45 9 As to that part of the Rule for con- 

4^-0 1200 trading the Fraction, you'll find the 

38-00 4-85 Reafon of it cxplain'd in Book II. 

36800 xooo 

1900 7854 

T2CO 

6 5+ 



Case 3. If the Divifor is the Product of two or more Digits, and that you can eafily 
cifcover thefe Digits; then divide firft by any one of thefe, and the Quote by any other, 
and fo on : the laft Quote is that fought. And for the Fraction, multiply the Divifor by 
the laft Quote, and take the Product from the Dividend, you have the Remainder, which 
would hrppen by dividing after the common way. Or find it thus", Multiply the laft Re- 
mainder ( it the Work) by the preceding Divifor (or the laft but one) and to the Pro- 
duct add the preceding Remainder; this Sum multiply by the next preceding Divifor, 
and to <he Product add the next preceding Remainder, and fo on, till you have gone 
thro' ali the Divifors 2nd Remainders to the firft. But when there arc no Remainders 
in arty of the particular Divifions, the Dividend is a Multiple of the Divifor. 

Ex. 1. To divide 9048 by 24, I divide by 4 and 6> becaufe 4X 6 = 24. Thus, 
9048 — s. — 2.2.62 , then 2.2.62. —6 — 377. 

Ex. 2. To divide T54683 by 42, I divide by 6 and 7, becaufe 6x 7 = 42, as in the 

Margin; wherein the firft Quote is 125780, and 3 remains, which I 

6 I 754683^ have fetover a Line after the Quote; then the fecond Quote is 1 7968, 

7 I 125780^ and 4 remains, which multiplied into the preceding; Divifor 6, pro 
1 1796SH duces 24, to which the firft Remainder 3 being added, makes 27; fo 

that the true Remainder is 27, and the fra&ional part of the Quote |}. 
Ex. 3. To divide 18472 by 32, I divide by 4 and 8, becaufe 4X 8 = 32; the rirlt 

Quote is 46 1 8, and nothing remains ; the fecond Quote is 5 7 7, and l 
18472 remains, which multiplied into 4, produces 8, the true Remainder. 

4618 But in this Cafe, where there is no Remainder in the firft Step, the 

57"t^ Fraction may be made of the Remainder, and Divifor of the fecond 

Step. So here it may be |. 
Ex. 4. To divide 48767 by 15, I divide by 3 and 5, becaufe 3 x 5=15 : the firft 

Quote is 10255, 2 remains; the fecond Quote is 3251, and no- 
3 J 48767^ thing remains; wherefore there is no Product to be added to the firft 

5 I * 62.5 5- Remainder: and fo that is the true Remainder, and the Fraction 



■ 
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Ex. 5. To divide 3428689 by 126, I divide by 3, 6, 7, becaufe 3x6x7:= 126: 

the firft Quote is 1 142896, and the Remainder 1 j the fecond Quote 
3 I 3428689 is 190482, and the Remainder 4 } the laft Quote is 27211, and theKe- 

6 I 1 142896 1 mainder 5, which multiplied into the preceding Diviibr 6, produces 

7 I 190482 ^ 30; to which the preceding Remainder 4 added, makes 34; which 
J 2721 multiplied by the preceding and firft Divifor 3, produces 102; and the 

Remainder 1 added, makes 103 the true Remainder, and the Fraction 



The Reafojt of this Rule is explained in Lem 3. and as to the Contraction of the Frac- 
tion in Ex. 3. you'll learn the reafon of it in Book If. 

This Practice is of very good ufe> efpecially where the Divifor is the Product of two 
Digits ; becaufe when it is fo, they are eahly diicovered : and the uie of it you'll find more 
remarkably in the next Chap. §. 5*. Obferve alfo, that if the Factors of the Divifor are 
11 or 12, it's eafy to divide by them as by a Digit. Thus to divide by 144, chufe 12, 12, 
becaufe 12 X 12 = 144. For 33 take 35 11. For 84, take 7, 12. 

Case 4. One who is tolerably acquainted with the Practice of Divifion, according to 
the preceding general Rule, may contract the Work, by omiting to write down the 
Product of every Figure of the Quote by the Divifor ; doing it in mind, and gradually 
as the Product is made, fubtracting it from the correfponding Figures of the Dividual"; 
letting the Remainder either above or below the Dividend, in the manner of the follow- 
ing Examples: For it's no matter whether the Figures of any Remainder or Dividual ftand 
all in one Line, if they are duly fituated with refpect to one another, from Left to Right- 
hand. Alfo, inftead of fctting the Quote on the Right-hand of the Dividend, it may ftand 
as conveniently under or over the Dividend. 



Ex. 1. 72849-7-46=1583, and 31 remains. 



That you may perceive the manner of working without Confufion, I fliall reprefent ic 
as it appears feparacely at every Step. 

26 3 31 

46)72849 268 2686 

1 46)72849 46)72849 46)72849 

15 158 1583 ^ Quote. 



268I1 



The firft. Dividual is 72, the Quote 1, and Remainder 26. The fecond Dividual is 

268, the Quote 5, and Remainder 38; which is found gradually; Thus, 5X6=30; 
then o (the firft Figure of the Product) from 8 (the firft Figure of the Dividual) re- 
mains 8. Again 5 x 4 = 20, and 3 (the Number of io's carried from the laft Product) 
is 23 : then 23 from 26 (of the Dividual) remains 3 ; whence the next Dividual is 584; 
the Quote 8, and Remainder 16; Found thus, 8x6 = 48, dien 8 (of the Product) 
from 4 (of the Dividual) cannot be taken, but from 14, and 6 remains : Again 8 X 4= 32, 
and 4 (from the laft Product) is 36; then 36 from 37 (inftead of 38 of the Dividual, be- 
caufe 1 was taken from the 8 in the laft Step to malce 14) leaves 1. Or it comes to the 
fame thing, if to the Product we add 1, for the 10 that was borrowed in the laft ftep; 
fo the Product 36 and 1 (borrowed) is 37,* which taken from 38, there remains 1. The 
next Dividual is 169, the Quote 3, and Remainder 31. 

By this Example you may underftand how to do, or examine others. See the fol- 
lowing. 

33 3 2 3 

4304 Or it may 304 » 2527 

Ex 2. 68)24786 ftand thus. 68)24786 445545 
Quote. 364 364 if Ex. 3. 467^247893 

Quote. <W44H. 
K 2 Uejer-ve, 
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Obfiri'Sy When in any Step there is io borrowed in the Subtraction, then the Re- 
mainder will be always greater than the Subtrahend, (becaufe if any Digit is taken from 
the Sum of io and' a lefTer Digit, die Remainder muft be greater than that letter 
Digit.) And when you come to the next Step, look back upon the laft Remainder, 
its being grearer than the Subtracter over which it ftands, is a certain fign that io was 
borrowed in the laft Step, and confequently that i for that io is to be taken from the 
Subtracter, or added to the Product in this Step : And this Obfervation is very ufeful, 
becaufe we are apteft to forget this i. So in Ex. 3. the laft Dividual 132243, the Quote 
4, and Remainder 375: Thus found, 4X7 = 28; then 8 from 13 leaves 5. Again, 
6 — 24, and 2 ( carried from the laft Product.) is 26, -and 1 (borrowed, becaufe 5 is 
greater man 3 over which it ftands) makes 27 j then 7 from 14. leaves 7. Again 4X4.= !^ 
and 2 (carried from the laft Product.) and 1 (borrowed) makes 19, which taken from 22, 
leaves 3. 

In the common way of pracftGng this Method, they dafli a Line thro' every Figure of 
the Dividual, gradually as rbe Figures of the Remainder are fet over them, in order to 
prevent Confufion ; becaufe the nest Dividual appears the more diftinctly from the Fi- 
gures of the preceding Dividuals that are thus cancelled. As in this Example, reprefented 
in ail is Steps feparately. 



9 2 £i Obferve, As it is to the fame Purpofe whe- 

24)^726 #0 $ss± ther we write the Remainders over or under 

2 2-1)^7.2:5 24)^7^ the Dividend, fo the Method of placing them 

2.3 - 3 Hi k as a little Confufion in it, which is helped by 

dafhingthe Figures. But I think it a more con- 
venient way to fet the Remainders under the Dividuals, and fo as the Figures of the fame 
Remainder be in a Line j leaving the next Figure of the Dividend, which makes up the 
Dividual, where it ftands, and fetting the Quote over the Dividend, as in thefe Examples. 

238 Quote. 

24)5 726 Dividend. I fhall recommend this Method of Divifion only to 

9 ^> fuch as, by Practice, have acquired a Habit of clofeand 

20 > Remainders, careful Attention ; otherwife 'tis too difficult. But there 

143 are fome particular Circumftances wherein 'tis very ear/ 

and convenient, as in the two following Cafes. 




Remainders, 

Case 5. If me Divifor has the Figure 9 in all its Places, as 9, 99, 999, &c. then 
me Quote is either 1 , when the Dividual is equal to the Divifor ; or if the Dividual has 
one place more than the Divifor, the Quote is either the firft Figure on the Left of the 
Dividual, or tie next greater Figure. Thus, if the firft Figure added to the remaining Fi- 
gures (taken as one Number) makes a Sum kfs than the Divifor, that firft Figure is the 



: Sum is the Remaind 
Dividual. But if thai 



Difference is the Rei 
gure of the Dividual. 
Thus the Quote 2 



chufe the Method of the preceding Cafe for placing them ,* and we may alfo make it 
fnorter, by not writing down fuch Figures of the Remainder which are the fame with 

their Correfpcndents in the Dividual, but leaving them where they ftand. 

Ex, 



Chap.6 
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Ex. 1. 3? 

72428 

99)4**79 3 
Quote. 4735 v» 

Ear. 2. o 

92 4 

999) 6 79345^ 2 . 
Quote. 68oo2^|f 



Here the firft Dividual is 468, the Quote 4, and the Re- 
mainder 72 (=68+4-) The next Dividual is 727, the Quote 
7, and Remainder 34 (=27 + 7 ) The next Dividual is 349, 
the Quote 3, and Remainder 52 (=49 + 3 .) The next Dividual 
is 523, the Quote 55 and Remainder 28. 

Here the firft Dividual is 6793? the Quote 6, and Remain- 
der 799 (=793 + 6.) The next Dividual is 7994, the Quote 
is 8 (= 7 + 1 ,) and the Remainder 2, (becaufe 994 +7 = 999 
+ 2.)- The next Dividual 25, and the next again 258, beina; 
each le£ than the Divifor, the Quote Figures are o; the laft 
Dividual is 2582, the Quote 2, and Remainder 584 (=582 + 2.) 
By thefe Examples you may eafilv do or examine any other ; fee the following. 
Dem onst. The thing to be aemonftrated in this Rulejs the way of finding the Quote 
and Remainder when the Dividual has one place moredranthe Divifor, which, upon a little 
Attention, will be very obvious. For 99 wants 1 t>f 100, (and any Number exprefled 

thus by 9's, wants 1 of a Number expreifed by 1, and as many o's.) ^ And however oft 
100 is contained in anv Number of the fame Number of places, (which is always as oft 
as the firft Figure on the Left exprefles, the remaining Figures on the Right being the Re- 
mainder ; fo 462 -r- 100 = 4, and 62 remains) fo oft at leaft muft 99 be contained in it : 
and the Remainder will be the Sum of the Remainder when divided by.-J^oo, and of the 
Quote or firft Figure; which is the Remainder when 99 is taken out of 'any Number of 
Hundreds. Thus, 468 -4-99 = 4, and 72 remains, viz. 68 +4 ; for in 400 -h 99, the 
Remainder is 4. And therefore, fince 4+68 is le£ than 99, it muft be the true Remain- 
der in dividing 468 by 99. A&m> 697 99= 7 and 4 remains ; for 99 is contained in 
600 fix times, and 6 remains.; then 6 + 97=99+45 in which 99 is contained once, and 
4 remains: Wherefore 99 is contained in 697, 7 times, and 4 remains. The fame 
Reasoning holds in all Cafes. 



Ex amp. 3. 

73 

7622 
999)746985 

Quote. 747 1 



Examp. 4.' 

1 3 2 
99; 39976 

Quote. 403 1 



9 

V? 



Ex amp. 5. 

92 4 

999)^79345^ . 
Quote. 68oo2fff 



'Examp. 6. 

7* 

Quote. 1004 



Ex amp. 7. 

9 61 

99)6030457 
Quote. oioc-4fi 



Ex amp. 8. 

9 , 
99)4059^ 

Quote. 410^ 



Ex amp. 9. 

809 
99)67419 
Quote. 681 



The Ufe and Conveniency of this (Cafej you'll find chiefly in Chap. 4. Book 5. where 

fuch Divifors frequently occur. 

Case 6. If the Divifor has any other Figure than 9 in all its Places, as 44, 666> &e. 
doing the Work in the manner of Cafe. 4, will be eaner than if the Figures were all dif- 
ferent : But it will be ftili eafier with a little more Work. Thus, divide by 1 1 or 1 1 ij &c . 
with as many Places as the Divifor has } and here the Quote is eafily feen, for it is either 
the firft Figure on the Left of the Dividual, or the nexFleffer Number ; or o, if the Di- 
vidual has the fame Number of Places as the Divifor. But if the Dividual has one Place 
more than the t>ivifor, the . Quote, is o. Then the Product, of the Divifor and Quote 



and fo mav be difpofed in the marine 



this Quote bv that Digit of which the 



Ex 



« 
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Examp. i. 44)762387. 

Thus. 

112.61 
11)^2387 

4) 5 1 1261- 

12781^ 



Examp. 2. 



777)^72869. 

Thus, 

1 10 
230872 
111)4.672869 
4) 42097 

10524*7* 



to* 



A General Method to make DIFISIOtf certain and eafy. 

The Work of Divijion may be made more certain and eafy with the writing a few 
more Figures ; by making a Table of the Products of the Divifor by all the Digits ; as 
was done in §. 2. of the preceding Chap, for Multiplication. To be ufed thus ; Seek the 
Dividual, or the nest lefler Number, in the Table againft: it is the Quote Figure, and 
mat Number irfelf is the Product of the Divifor and Quote : By this means the Work 
may be done as fell as Figures can be written. Nor ne3l the Products be copied out of 
the Table, but taken where they ftand. The Remainders may be found and written under 
the Dividual : And here alfo we may chufe to write the Dividuals and Remainders under 
the Dividend, and without bringing down the Figures of it to the Remainders, taking 
them where they Hand, as has been fhewn in Cafe 4. 



4 

5 
6 



Ex ampler r: 
483p352687+9(7*5tf 



6, 



986 
1469 
1952 

*43f 
291S 

3401 

8 j 3884 



1258 
986 



2727 



Here the firft Dividual is 3526; the neareft Number to 
it in the Table is 3401, againft 7, which is therefore the 

Quote, and 3401 is the Product. The next Dividual is 
1258, whofe next Number in the Table is 986, &c. 



2924 
2918 
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But the Work may be made without writing the Products out of the Table j and it 

will ftand thus. 



^8? 



3 

4 

5 

6 

8 



986 
1469 
1952 



27 




35 



2918 



)35268 74 9(72)6oai- 

125 Scholium. As to this Method of Practice, ' the Rea- 

dincfs with which the Quote and Product is found, may 
be reckoned a fufficient Balance for the Time and Trouble 
6 m of making the Table, in all Cafes where the Divifor exceeds 

two Places, and the Dividend isfo large a Number that the 
Quote will confift of (eyeral Figures j and efpecially too, if 
we fubtract the Products as they ftand in -the Table, with- 
out writing them under the Dividual : And this part will 
ftill be more eafy, if we wrire the Table upon, a feparate bit of Paper, fo as we can place 
each Product under the Dividual. 

And, laftly, in fuch Queftions and Calculations where the fame Number muft be fre- 
(juenrly ufed as a Divifor, this Method of a Table, efpecially a moveable one, is moft 
convenieni, as youli find afterwards. 

NEPERS Rods may alfo be ufed for making the Table of the Divifor. 



3884 

43*: 



Chap. 7. Of Applicate Numbers. 7 1 

OfthePROOFSofDIVlSION. 

x. We have already explained one Proof of Divifwn by Multiplication, which is this ; 
w*. The Product of the Divifor and Integral Quote added to the Remainder, is equal to 
the Dividend. 

2. But it may be alfo proved by Divifon. For the Dividend being divided by the Inte- 
gral Quote, the Quote of this Divifon will be equal to the former Divifor, with the fame 
Remainder. Thus, 3 is contained 4 times in 14, and 2 remains : But 4 times 3 = 3 
times 4 ; therefore 4 mull be contained 3 times in 14, with the fame Remainder 2. ; as ic 
actually is. The fame Rcafon is good in all Cafes. 

3. Laftly, Divifon may be proved by carting out the 9's. Thus; Subtract the "Re- 
mainder out of the Dividend, what remains here ought to be the Product of the Divifor 
and Quote ; which you may prove by calling out the 9's, as was done in Multiplication, 



CHAR VII. 

Of Applicate Numbers. 

Explaining the preceding Fundamental Operations^ as they 
are Applicable to Queftions about Particular Things, 
with their Circumjlances in Human Affairs. 

§.1. Of Applicate Numbers 5 and their 'Dijiintt Hon ^Simple 

and Mix d. 

With TABLES of the Variety of Coins, Weights, and Measures 

of GREAT BRITAIN. 

W 

others lelTcr ; each having its diftina and proper Denomination ; but "all considered asfub- 
ordinate Species of the greater ; in order to the giving and receiving more or lefs of any 
Ooods or Commodity, as occafion mould require. As for Example, One Pound (of 
Money ) is divided into 20 Shillings, one Shilling into 12 Pence, and one Penny into 
4 farthings. Thefe feveral lcfier Quantities, as they have diftincl: Denominations, are as 
really Integers of their own kind as the greater, of which they area Part; and a Number 
or each Species confidered by itfelf, is called a fimple Number', as 48 Pounds, or <6 Shil- 
lings,^. But when we take together a Number of feveral Species, taking fliil lefs of 
each mfenour Species than what makes an Unit of the higher, and confidering it as a Part 
or that : Umt, this makes a mix'd Number. For Example; 48/. 14*. $d. o.f is one 
T X ^ix T mb v r ' Again conflder > that 88 the Numbers of the inferiour Species that make 

a mrx'd Number are lefs than an Unit of the fuperiour, and have always a known and 



learned alrea( 

. - was neceflary 6 . ww 

Quantities mould be fubdivided into other lefler ones ; and thefe again into 



cer- 
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certain Relation to them, (as i Shilling is a 20 th Part of a Pound j) fo they are in effect 
Fraction and being furamed up with a regard to that relation (as we (hail learn) they are 
truly coniidered as Fractions-) (or Numbers related to one another) in the Operation. But 
the relative Denomination (which in every Fraction is a Number) being fupprefs'd and 
understood;, [tho' confidered in the Operation] and each Species diftinguifhed by pro- 
per Denominations, which of themfelves exprcfs no fuch Relation ; they are all confi- 
dered as Whole X&nbcrs : as indeed each Species is in the moll ftricr. and proper fcnfe, 
conSdered as an Integer with reipecr. to die lower. So that each of them, except the 
highefr. and lcweit, is coniidered both as a IVhole Number and a Fraction. 

This Account of the Nature of mix y d Numbers might perhaps be fufficient , yet there 
are feveral Rcnectioris, ufeful to fuch as would have complete Notions of Things, con- 
cerning the Nature of the various Kinds of mix"d Numbers-) that may be very proper in 
this Phce : for tho' it may be thought a Digreuion from the bufinefs of Arithmetical 
Operations, yet it can never be impertinent to make ufeful Reflections upon the Subject 
of thefe Operations. 

The Nature and Defign of Society h2s introduced among Men a Neceflity of ex- 
changing fuch things as are the Product of their different Applications and Labour ; for 
every Country does not produce, nor every Man apply himielf to every thin^ : Now, 
whatever way this Exchange is made; whether things are valued by their real Ufe, or by 
Fancy, there is always fome Equality fuppofed, or made by agreement of Partie?, betwixt 
certain Quantities of one thing and another. And that Commerce might be regular and 
certain, it was neceilary toconftitute fome fixed and ftandard Quantities under certain and 
conitant Names ; otherwife Men could never be able to treat about thefe Exchanges un- 
leis they were together, and the Subjects were immediately before them ; and even then 
not without great Inconveniency. Again, becaufe Men need lefs. and more on different 
occasions, it was necefiary there mould, be various Quantity* of every Kind, which 

differing only as lefs or more^ it wis convenient that each (or feveral) of the greater 

ihould contain a precile Number of the lefler as diftinct and certain Pares or them, 
whereby fubordinare Quanrirys coming under one general Name, confHtute one kind of 
mix y d Number ; the feveral Parts or Denorninations of which we call the feveral Species 
of that Kind. 

The more common Subjects of thefe mix d Numbers are the external fenfible Objects 
which we fee and feel, and which in general we call Bodies. 

>fow the Quantity of Bodies can only be coniidered in two refpects, either as to their 
Sulk, i. e. the external Meafure of Length, Breadth, and Thicknefs or their Weight : 
And to compare different Bodies in thefe refpects, there muft be certain common ftan- 
dard Meafures and Weights to which all others are compared. In fome Bodies only one 

Dimenhon, which we call Lengthy is confidered j becaufe the other two are either incon- 
Uderable in themfelves 9 or rather, becaufe in a comparifon of more and lefs of thefe 
things, the other Dimenfions are equal, (or fuppofed to be fo ; ) and the Dimenfion chofen 
is that which admits of molt Degrees : fo that the more and lefs are here according to 
the Length. Hence proceed what we call the Meafurcs of Length. See the foUommg Tables 

cf mix*d Numbers. Again, in fome, Length and breadth are both confidered j and from 
this proceed the Superficial or Square Meafures. Others are meafured in all their three 
Dimenfions ; hence the Solid and Cubical A'leafures : under which may be comprehended 
v?hat we call the Meafures of Capacity, by which are meafured the Quantity of Liquids, 

2nd of all fuch things as confuting of fmall Particles either altogether diftinct, or cohering 
very loofely, cannot be meafured fingly, nor given out by Number ; but are confidered 
according to the Bulk they make, when being laid together they appear as one continuous 

Bodyi for Example, Corns, and Meal, or any folid Body reduced to Powder. 

Again, other things are more conveniently meafured by their Weight. 

In the next place we muft obferve, That fome things are exchanged by Number, the 

Individuals (which mult all be of one Species of things) being really feparated and di- 

1 ftinctj 



Chap. 7 



Of Applicate Numbers. 



73 

ftinft; and which having neither fuperiour nor infericur Species, are not valued by Weight 
or Meafure ; or one of them being fo valued, the jeft are fiippofed to be equal j Or the 
things are fuch, as cannot be weighed or meafored. In this manner are Cattle, and in- 
numerable other things bought and fold by Tale, (in the common Phrafe^ ) and fbrthefe 
there is no diftinct Order of mix'd Numbers. But there is alio a kind of mix'd Numbers 
conftituted for fome things that are exchanged by Tale ; the Species of which are called 
Grofs and Dozen, &c. Now here the Species are not any real continued Quantitys, 
but certain Numbers diftinguifhed by particular Denominations, which therefore re- 
quire no Standards, but to have a true Idea of the Number they are affixed to. Whereas 
in other things, the feveral Denominations give us immediately the Idea of fome con- 
tinued Quantity j and we apply Number to them only by an arbitrary Subdivilion into 
Parts : So that we may conclude, that mix'd Numbers artfe more generally and properly 
from the imagined Parts of continued Quantitys, either Solids, Superficies? or Lines. 

As to Co i N s, obferve. That they are property meafured by Weight : But the W eight 
being afcertained by publick legal Marks, their bpecics have not the proper Denomination 
of Weight j and therefore we don't ordinarily "talk of them as things weighed j yet when 
there is any fufpicion of falfe Weights, they afc compared to fome ftandard Weights. 

As Numbers are not only applied to Eodies, and their imagined Parts, but alio to 
every thing that is capable of more and left \ as to the conceivable Parts of Time ; fo we 
have alfo from this laft a particular kind of mix'd Number. 

Again obferve, Tliat for different things we have different kinds of Weights and Mea- 
fures ,* fo we have Troy Weight and Averdupoife Weight, <&c We have different Mea- 
fures for Corn, Beer, Wine, &c. Wherein thefe different Weights and Meafures coincide 
and agree, or what the Relation betwixt them is, and by what means their Standards were 
firft fetded, is not fo ftriclly the bufmefs of this Work to confider. The Statutes 
explain and determine thefe things ', and perhaps Cuftom only is the Foundation of fome 
of them. 

The laft thing I /hall obferve upon this Subject, is, That of the Denominations of Coins, 
Weights, and Meafttres, fome are merely imaginary, e. are not Names of any one 
real diftinft Quantity, but of fome ppflible Quantity fuppofed equal to a certain Number, 
or a certain Part of fome real ftandard Quantity, So for Example, a Pound of Money 
is an imaginary Quantity equal to 20 Shillings. A Laft is an imaginary Quantity equal to 
12 Barrels. And again, you muft obferve, that there are many more Denominations 
known, and ufed upon different Occafions irr treating or fpeaking of thefe things, than are 

convenient or ordinarily ufed in keeping Accounts. In the following Tables I mall give 
you a full account of all the Kinds and Denominations that are commonly known and 
diftinguifh thofe that are ufed in keeping Accounts. 



TABLES of the vioft common 

[Real and Imaginary] 

EngliJJj Money. 

4 Farthings 

4 Pence 
<» Pence 

12 Pence 

5 Shillings y 

6 Shillings -f 8 Pence 

10 Shillings 

13 Shillings + 4 Pence I 
ao Shillings J 



Co r 

of G 



1 Penny. 
1 Groat. 
1 Tefter. 
1 Shilling. 

1 Crown. 
1 Noble. 

I Angel. 
1 Mark. 
1 Pound. 



L 



ns, Weights, and Measures, 
R EAT BRITAIN. 

The Real Corns now Current and com- 
monly known, are thefe : 

r. Of Copper-Moneys a Farthing, and a 

Halfpenny. 

2. Of Silver-Money; a Penny, Two- 
pence, Four-pence, Six-pence, a Shilling, 

Half a Crown, a Crown. 

3. Of Gold-Money ; Half a Guinea = 

1 o Shillings + 6 Pence ; a Guinea = 21 Shil- 
lings, or 1 Pound ~f- 1 Shilling. 

There are many other Gold-Coins, and 

fome Silver, but not very common. 

Ac- 
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e kept in Pounds, Shillings, Pence, and Farthings ; which are marked 
ers, / : s : d : q or /. Whofe Relations I mark over them, tb 



2.Q 12 



id. 12 d 



IS. 20 5 



1 1. 



I : s : d : f ™ 
Qbferre y In Scotland they ufe the lame Denominations, exc 

Esgfifb = 12 Pound Scotch. But they begin now to ufe Engfy 

English Weights. 



Troy Weight. 

I P^nny- 

20 Penny-weight = i Ounce. 
12 Ounces i Pound. 



*» A 




Accounts are kept in the fame Dei 

tions, marked thus : 




ft : oz. : dw : gr. 

'Averdvpoife Weight. 



Apothecarfs Weight. 

20 Grains i Scruple. 
3 Scruples i Dram. 

8 Drams i Ounce. 
12 Ounces i Pound. 



Marked thus. 
12 8 3 20 
: 3 : 5 : d : gr. 



ft 



"4 Quarters of 

a Dram 
16 Drams 
16 Ounces 
14 Pound 
28 Pound 
4 Quarters of 
a Hundred 
20 Hundred 



1 Dram. 

1 Ounce. 
1 Pound. 
1 Stone. 

1 Quart, of a Hund. 
1 HundredWeighc 
1 Tun. 



In keeping Accounts, this Weight is fub- 
divided into two Kinds, called Averdupoife 
Weighty the Greater, and the Leffer. 

The Greater comprehends thefe Denomi- 
nations, Tun. Hundred Weight. Quarter. 

20 4 28 

Pound. Marked thus; T. C. Qr. ffc. 
But the kftj,w«. C Qr. ife. are fufficient. 

The lefler comprehends thefe ', Stone. 
Pound. Ounce. Dram. Quarter. Marked 

14 16 16 4 
thus : St. Ife. oz. dr. qr. 
tonly reckoned 16 Pounds. 



Obfirve > In Scotland the Stone is comi 

The Original of all Weights in England was a Corn of Wheat taken out of the Middle 
of the Ear, and well dried ; of which 3 2. made om- Penny-weight ; inftead of which, they 
made afterwards another Divifion of the Penny-weight into 24 Grains. Mr. Waid (in his 

Toung Mathematicians Guide,) cites a Statute of EdvJardlll. by which there ought to be 
no Weight ufed but Troy. But Cuftom, lays he, afterwards prevailed in giving latger 
Weight to coarfe and drofly Commodities, and thereby introduced the W eight called 
Averdupoife, And as to the Proportion betwixt Troy and Averdupoife Weight, he fays, 
That by a very nice Experiment he found that iPound Averdupoife is equal to 14 Ounces, 
1 1 Penny-weight, 15 and ~ Grains Troy. So that neither the Ounce nor Pound are 
the lame. 

By Troy Weight are weighed Jewels, Gold, Silver, and Bread. 
By Averdupoife Weight are weighed all Grocery Wares. 

The Apothecary's Pound is Troy Weight : but inftead of fubdividing the Ounce into dw. 

they divide it into Drams and Scruples. 

Skseps Wool Weight has thefe Denominations; 7 Pounds = 1 Clove : 2 Cloves =1 
Stone: s Stones = 1 Tod : 6 ± Tods =: 1 Wey : 2 Weys = 1 Sack : xz Sacks = 1 Laft. 
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* 

Liquid Measure, 



Wine Meafure, 

2 Pints 
4 Quarts 
42 Gallons 
1 y Tierce 

1 { Hogfliead 
1 1- Punchion or 

2 Hogfheads 

2 Butts or Pipes 




1 Quart. 
1 Gallon. 
1 Tierce,. 
1 Hogfliead. 
1 Punchion. 

1 Butt or Pipe. 
1 Tun. 



Ale and Beer Meafure. 



t 



2 Pints 
Quarts 

Gallons Ale ? 

9 Gallons Beer $ 
2 Firkins 
2, Kilderkins 
1 4 Barrels 



1 Quart. 
1 Gallon. 



Firkin 



^ AFirkin 

I of Soap 
t andHer- 

^ rings are 
1 Kilderkin. 1 the fame 
1 Barrel. | with that 
1 Hogfhead.J of Ale. 



Which may for Accounts be reduced to 
thcfej Tun. Hogfliead. Gallon. Quart. 
Pint. Thus Marked : 

4 61 4 a 

T : hd : gal : qt : pc. 

Or it may be fufficient to ufe hd : gal : pt. 

Obferve alfo. That all Spirits, Mead, 
Perry, Cyder,Vinegar, Oil, and Honey are 
raeafurea as Wine. Again, 18 Gallons 
make 1 Runlet ; and 3 1 4 Gallons make 
a Wine or Vinegar Barrel. 



Mr. Ward fays, This DiftindHon of the Ale 
and Beer Meafures are now ufed only in Lon- 
don ; but in all other Places of England it is 
by a Statute of Excife made in the Year 1689, 
without diftin&ion 8 -§■ Gallons to 1 Firkin. 
And this Meafure may be reduced to thefe 
Denominations, viz. 

48 4 a 
hd : gall : qt : pt. for Ale. 

54 4 2 
hd : gall : qt : pt. for Beer. 

Or, according to the laft Account for both, 

hd : gall : qt : pt. 



There is alfo another way of keeping Accounts, eipecially in the Affairs of the Revenue, 
as the Excife j where they make the loweft Denomination a Cubical Inch, (f. e. a Mea- 
fure 1 Inch long, 1 Inch broad, and 1 Inch deep:) And theft of Wine Meafure, 231 
Cubick Inches make 1 Gallon. In Ale and Beer Meafure, 282 Cubick Inches make 
1 Gallon y and 4 you may chufe as many of the fuperiour Denominations in your Accounts 

as youpleafe. 

As to the Original of Liquid Meafure, it is from Troy Weight. Thus ; 8 ffe Troy Weight 
of Wheat gathered out of the Middle of the Ear, and well dried, is, by the old Statutes 

of Henry III. &c . ordained to be a Gallon of Wine Meafure ,• neither were any other 
Meafures allowed, rW Time and Cuftom has introduced others. Mr. Ward mentions an 
Experiment he was witnefs to at Guildhall, before the Lord-Mayor of London and others j 
whereby it was found that the old Standard Wine Gallon contained eXa&Iy 224 Cubical 
Inches j tho', fays he, for feveral Reafons, the fuppofed Content of 231 Inches was 
continued. 

Obferve, In Scotland, the common Denominations of Liquid Meafure are thefe: 

Hogfliead. Gallon. Pint. Mutchkin. Gill, and 4 GiU^rMutchkinj 4 Mutchkins i= 1 
Pint,* 8 Pints == 1 Gallon ; and 1 gallons t= 1 Hogfliead. /They alfo dali 2 Mutchkins, 
1 Chopin ; and 2 Pints 1 Quart. The Englijb Pint is a very Kttle larger than ' a Scotch 
Mutchkin. But die Excife in Scotlnnd, fince the Union of the two Nations, is calculated 
upon Englifi Meafure. 
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Dry Measure, called 
alfo Corn Measu re. 



2 Pirns 
2 Quarts 
2 Pottles 
2. Gallons 

4 Pecks 

5 Pecks 
4 Bufhels 
- Coombs 
4. Quarters 

1^ 



i Quart. 



i Potde 
Gallon. 
Peck. 

Bume!, Corn, 
i Bufliel, Water. 



i 
i 
i 



Coomb. 
Quarter. 



For Accounts, thefe Denominations are fufBcient; 
4 8 4 16 
Ch : qr : bum : pk : pt. 

I have taken this Table as it is in Wingate and 
others; but Ward fays, io Quarters = i Wey, and 
ia\Veys= i Laft of Corn. 

As in Liquid Meafure, Co in dry, the Iowefl De- 
nomination uled in the Calculations of the Revenue 
is a Cubic Inch, whereof 268 + -$ make 1 Gallon: 
For the Winchefter Bumel with a plain round Bottom 
and equally wide from Top to Bottom, is 18 i In- 
ches wide, and 8 Inches deep j whence follows by 
Calculation, that 268 f Cubical Inches make 1 Gallon. 

16 4 

The common Denominations of Corn Meafure in Scotland, are Chaldron. Boll. Bumel. 

A 4 

"~ different Meafures from the Englifb of the fame Name. 




1 

1 _ 

1 Chalder. 

1 Tun orWey. 



Laft. 





Measures o/Lencth. 



ift. 



1 Foot. 

1 Yard 

1 Eln. 

1 Fathom. 

1 PoleorPercri. 

1 Furlong. 

1 Mile, 



For Accounts ufe thefe Deno- 
minations ; 

8 220 
Mile : furl : yd : 



4 Nails 1 Quarter 

4Qua r ~i Yard- 



felc 



12 

Inch. 



12 Inches 
3 Feet 
45 Inches 
2 Yards 
54 Yards 
40 Poles 
8 Furlongs 

The Original of Long Meafures is from a Corn of Barley, whereof 3 taken out of the 
,liddle of the Ear, and well dried, make 1 Inch ; and therefore 1 Barley-Corn is the leaft 
tfeafure, but not ufed in Accounts. 



Marked 

4 
; qr 



yd 



4 

na. 



Time. 

60 Seconds 
60 Minutes 
24 Hours 

365 Da-+5ho.+48? 



1 Minute. 
1 Hour. 
1 Day. 

1 Year. 




Became 1 Day is not . an aliquot Part of 
, therefore all thefe Denominations 

conveniently be mixed in Accounts, 
may chufe to make Days the 

greater! Denomination in Accounts j and 



And we 



then any Number of Days may be again 
reduced to Years, by dividing them by 
365 Days, 5 Hours, 4.8 Minutes, 5 7 Seconds, 

as will be afterwards taught. In Aftrono- 
mical Calculations there is a neceffity to be 
thus exact: But for common Vies we 
may neglect the 5 Hours, 48 Minutes, 57 
Seconds, and make 365 Days = 1 Year. Or 

alio carting away 1 Day -f- 5 Hours, &c . we 
may call 364 Days = 1 Year : And make 

this Divirion of the Year, viz. 

ft 
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60 Seconds 
60 Minutes 
24 Hours 

7 Days 

4 Weeks, or 

2.8 Days 
13 Months 



1 Minute. 
1 Hour. 
1 Day. 
1 Week. 

1 Month. 

1 Year. 



But to make 365 Days s=r 1 Year, andufe 
no Denomination betwixt Year and Day, is 
the better way in Calculations of Intereft, 
where it occurs moft ? as you'll find after- 
wards : yet Months and Weeks make a con- 
venient Divifion of Time. 



O/Superfi cut or Sqjj are Measure. 



16 Square Quarters £ 
of an Inch 5 
144 Square Inches 

9 Square Feet 
30 i Square Yards 
40 Square Poles 
4 Rods 



1 Square Inch. 

1. Square Foot. 
1 Square Yard. 
1 Square Pole. 

1 Rod of Land. 
1 Acre. 



Ob/ewe, Square Meafure is that which 
is as long as broad ■? and therefore as 4 
Quarters make 1 Inch in Length, fo a 
Surface 1 Inch long and 1 Inch broad is 
divifible into 16 Parts, each | Inch long 
and broad ; and fo of the reft. The Rea- 
fon of which will be understood after 
you know what Multiplication is. 
For fmall Surfaces the Denominations of inch, foot yd. are enough. And for Land 

thefe of Acre. Rod. Pole. Alio when we fay fo many fquare Feet or Yards, <&c. ic 
were the fame thing to fay fo many Feet or Yards long, and one broad. And thus a Rod 
is 40 Poles (or 220 Yards) long, and 1 Pole (or Yards) broad,- which is alfo 1210 
Yards long, and 1 broad. 

Scholium, relating to the folfoiving Applications. 

Thofe who would be very nice and fcrupulous as to the Method and Order of bringing 
in the following Applications-, would firft explain all the four fundamental Operations of 
Addition? Subtraction? Muhipl't cation? and Divijion? as applied to fimple Numbers, before 
they fay a word of mixed Numbers} and they have this Reafon for it, viz. Bccaufe the 
Addition of mixed Numbers is indeed not the fimple Effect of Addition, but of th*r *nA 
Divifion too : and therefore, according to the ftrideft Method, 01 
mixed Application of both. It is true, that according to the O 
followed, .(the general Rule of Divifion being already taught) we may propofe any~Ruie 
with a Divifion to be performed ; for this cannot be called the propofin* to one the 
doing of a thing which he has not yet learned : yet ftill it will have thus mucn of Difirder 
in it, that we mall anticipate fomething that does more immediately and properly belong 
to the Application of Divifion. But that being fimple, and the Reafon of it very obvious^ 
I have chofen rather to explain the Practice or Simple and Mixed Numbers one immediately 
after the other, in each of the four Operations. And to ferve thofe who incline to learn 
the Addition of Applicate Numbers before they learn Divifion of Abftract Numbers I 
have alfo explained the Method neceflary to . be ufed in that Cafe. ? 
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§. 2. ADDITION of 



R 



Case I. 

This is c 



add Simple Numbers 



mination, is alfo plain. 



ration 



w — £ £- f- — — — ^-V- ♦ — **^*T^-» 

And that they ought to be all of one Deno 

following Scholiums. 



L. Sterling. 
2468 
7890 
5678 




Scholium s. 



1. That is called a Proper Addition^ when Num- 
bers are fo added together as that their Sum is a 
new Number diftinft from either of them ; and 

that Applicate Numbers may be added in this man- 
ner together, the Units of each that are to be added 
muft be of the fame Value and Denomination or 
applied to the fame Species of things, elfe the Sum 
can have no particular Denomination, and fo be of no ufe in Practice. So 4. Men and 3 
Books make 7 things j bur are not either 7 Men or 7 Books. 

Again, Numbers of different Denominations are faid to be added improperly when each 
Number is difHncHy reprefented by itfelf with fome Mark or Word for Addition as for 
Example, 3Z. and 4*. or}/.+4 i \ or more fimply 3/: 4*. and fuch Additions confticute 
mixed Numbers. But ftfll it is to be minded, that applicate Numbers cannot be added, 
even improperly, /. e. to make one mixed Number j unlefs they have certain Relations to 
one another, fo that a certain Number of one kind is equal to one of another. And 
for the lame Reafon when there are feveral mixed Numbers to be added, the Numbers of 
each Species mini be fepararely and diftincHy added together, as in the following Cafe : 
Concerning which, carefully obferve the following Article. 

- 2. The Sum of feveral ymxed Numbers may be found and exprefled after two very 
different manners. (1.) We may add the Numbers of every Species by itfelf into one 
complete Sum ^ and exprefc theie feveral Sums difrin&ly and feparately. Or, (2.) Re- 
garding the mutual Relations of the feveral Species, the total Sum may be found and 
exprefled in a more ample manner ; fo that there mall be no Number in it of any infe- 
riour Species but what is lefc than an Umt of the next above. [The Value of the Sums 
of each inferiour Species being exprefled in Numbers of the next higher Species, gradually 
ro the higheft.] 

Now the Fir ft is the only Method natural and proper to Addition ; .for the Anfwerit 
finds is the pure Effect of Addition ; and is indeed only fo many diftinct. Queftions of 
Ample Numbers added, without any dependence or regard to one another. As in the 
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But the Anfwer found by the fecond Method, (which 
fhall be taught immediately,) is the raoft Simple and Uie- 
ful in .Bufinefs; became itexprefles the Whole in one Spe- 
cies (and that the higheft) as near as poflible \ and fo 
makes the Comparifon of different Quantities more fimple 
and eafy: yet the Operation is more complex; for it is 
the mixed Effecl: of Addition and Divifon. I have in 
this Example exprefled the Sum both ways. How die 
fecond is performed, you learn in the following Ride. 

1 Laftly, 
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Laftfy, Obfirve, That tho' the Numbers to be added are all of one Denomination, 
and fo far belong to the firft Cafe ; yet if they are of fuch kind of things as have fupe- 
rior Species, the Anfwer may, in fome Cafes, be found and exprefled two ways j either 
in their own Species by fimple Addition, as mCafe i. or regard may be had to the fuperior 
Species : And then, if their Sum taken in their own Species is greater than an Unit of 
the Superiour, the total Value of the given Numbers may be exprefled in the fuperiour 
Species, as far as it reaches. And fo it will be either a fimple Number of fome one fu- 
periour Species, or a mix'd Number of feveral Species, ("the Rule for the performing cf 
which, is contain'd in that of the next Cafe.) For Example, feveral Numbers of d. or 
Jb. being propofed to be added;, we may find the Sum all in d. or Jb. or in /. s. d. as far 

as the Value will reach. So if we take the Shillings of the preceding Ex amp, for ths 
given Numbers of a Queftion, the Anfwer is either 48 r. or 2 /. 8 s. which you'll find 
equal to it by the Rule given in the following Cafe. 

Case II. To add MIX'D NUMBERS. 

'Rule x. In every Line of mix'd Numbers let the Species be diftindtly feparated, and in 
order to this, write firft down the Names (or Characters) of the Species, [the higheft 

•hand, and the reft in order toward the Right] and then write every Line of 

'pedes under its own Name ; and 

in every Species obferve duly the Order of places of each Figure. 

2. Beginning at the loweft Denomination, add all the Numbers of that Column toge- 
ther (as fimple Numbers) and when you have found the Sum, you rauft find how many 
Units of the next fuperiour Denomination it's equal to : Thus ; Divide it by that Number 
of the Species added, which is equal to an Unit of the next above j what remains in the 

Divifion write dov/n under the Numbers aaMed, as a Part of the total Sum which be- 
longs to that Species, and the Number of the Quote take and add to the Numbers of 
the next Species. But if the Sum is lefc than an Unit of the next, fet down what it is, 
and there is nothing to be carried to the next. Go thus thro' every Denomination, till 
you come to the laft or higheft, and write down the total Sum of that as it is, becaufc it 
has relation to no higher j and all thefe Numbers, fet down under every Denomination, 
make the total Sum. 



Bxamp. of Money; 
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35 8 32 : 10 : 08 : 2 



Thus, in die annex'd Example, the total Sum of the Far- 
things you'll find to be 14 ; then, becaufe 4 Farthings = 1 
Penny, I divide 14 by 4, the Quote is 3, and 2 remain*, 
which is written in the Sum under Farthings, and the Quote 
3 I carry to the Pence \ and the Sum is 6%d. which 1 di- 
vide by 12 (becaufe 12 d.= ifl>.) the Quote is 5, and 8 re- 
mains, which is written down under d. and the 5 carried to 
the Shillings, whofe Sum is 90, which I divide by 20 (be- 
caufe 2ojfr. = i/.) the Quote is 4, and 10 remains, which is 
written under fb. and the 4 carried to the Pounds, whofe Sum 
is 35832, making the total Sum 35832/. io*. o%d. zf. 



The Reafon of making the Divifions dire&ed (which is the only new thing we have to 
account for) is plainly this, viz. Becaufe 4/.= 1 d. therefore as oft as 4 Farthings is con- 
tained in any other Number of Farthings, fo many Pence is that Number of Farthings 

equal to : and the like Reafoning is good in all other Cafes. 

But for thofe who do not yet unoerftand the Rule of Divifion (and even tho' they do) 

tne following is a convenient Method. 

To 
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To add MIX'D NUMBERS without the Rule of Divijion. 

Rx!e. Begin at the loweft Species, and add the Numbers thereof together j not by 
finzle Columns, as you do urn pie Numbers, but rake the whole Number chat is in every 
Line together, and add them to one another, pointing when you come to fuch a Sum as 
is equaf to, or greater than an Unit of the next higher Species, (but lefs than two fuch 
Units) and carry on the Excels, adding it to the next Number; and fo thro 1 all that 
Species ; ferdns; down in the total Sum what Excels there happens to be after the laft 
Point. Then for every Point carry I to the next Species, and go thro' all the Species in 
theiarne manner ; but the high eft you are to add by (ingle Figures, as iimple Numbers. 
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The Operation of this Example is thus : Beginning at the 
Pence of the loweft Line, Ifay8 + io = i8, which is 12 + 6; 
therefore I make a Point at the 10, and carry forward the 6 j 
thus <5+ii=i7, which is 12 + 55 this makes another Point 
at n, and 5 to carry forward ; then 5 + 6 =±= 1 1 , which be- 
ing Ids than 12, I write it down : Then for the two Points I 

carry 2 to the Shillings ; thus, 2+9 (=11) +10=21, 
for which I make a Point (for the 20) at 1 o, and carry for- 
wards the 1 over 20; thus 1 + 18 £= 19) +14= 3*, for which I make another -Point: 

at 14, and the Remainder 1 a-(aver 20) is written down : then for thefe two Points I 

carry 2 to the Pounds, and add them as in Cafe 1. ' 

Obferve, We need not point the Shillings, but take this ealy Method, viz. Add the firft 
Column and wrire down what's over io's, (as fimple Numbers} then carrying the Num- 
ber of io's to the fecond Column, (or Place of io's) mm it up, and if the Sum is an even 
Number, fee down o and carry the half of the Sum 4:0 the Pounds ; but if it's an odd 
Number, fet down the odd 1, and carry the half of the Remainder. 

Tne Reafon of this Practice is plain, for two io's make 20 ; and we may eafily fup- 
pofe any body, the leaffc acquainted with Addition, can take the half of an even Number. 

Another Method. 
Some propofe to make Tables, that may fcrve inftead of Divilion ; whereby, when 

the Sum cf any Species is taken by itfelf (as fimple Numbers) you may, by . Irrfpeclion, 

Snd how many Units are to be carried to the next higher Species: The Method of which 
\ m iii be very obvious? by confidering the following Ex amp. for Money, which, is made by 

fimple Addition. Thus ; Beginning at 4 / write 

againft it 1 jb. then 4+4= 8, and againfr. it write 
2; then 8 + 4=12, and fo on, ftiS adding die 
laft Sum to the firft Number. The fame way pro- 
ceed in all other Species. And f6r the Length of* 
the Table, you carry it on as far as you pleafe ; 

which, for long Pages or Columns or Numbers 
may require 40 Lines: But if you'll fubdivide the 
Column into Parcels of about 1 2 or 20 Numbers, 
taking their Sums feparately, and adding them to- 
gether, then a Table carried fo far wifl be fuffi- 



r.i.ri-E far the Addition of Money. 
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The Ufe of this Table (and all others of the fame kind) is obvious ; for, having fum- 
med any Species, £eek that Number in this Table (in its proper Column, if it does not 
exceed die greateft Number in the Table) and if that precife Number is not there, take 
the next Ieder 3 and againft it you have the Number of the next fuperiour Species con- 
tained in the [Sum : .which Number you are to carry to the next fuperiour, and take the 
Difference betwixt the Sum and that Number next leis, which you are to write down 
under the Numbers added. I fhall leave you to examine the preceding Examples by this 
Table, or make others for your Exercue. 

Obfirvty Thofe who propofe. fuch Tables do it to prevent blotting of Accounts by 
pointing j for they defign them for the more Ignorant, who can't do Divifion. But as I 
have faid enough already to the.Obje&ion agairift pointing, I iliall only obferve, that any 
Accounts fuch Perfons can be intrufted with, can't require fo great Nicety as to make 
pointing a Fault- And I think 'tis plain, there is Ids Trouble with it in the Practice, and 
is even more convenient than to do the Work by Divifion (when one can do it fo) be- 
Caufe more fimple. - 

EXAMPLES /or the Exercife of ADDJTIOXt in Mix'd Numbers.' 

Money. Troy Weight. Aver dupoife Weighty 

the Greater. 

20 12 4 12 20 24 4 28 

/. s. d. f. ft. 5. dvj. gr. Ct. qr, ft. 

346 : 14 : 08 : 3 4768 : 11 : 18 : 20 372 : 3 : 27 
268 : 16 ; 10 : 2 2345 : 10 : if : 22 468 : 2 : 20 

4689 : op : 11 : 2 3689 : 08 : 10 : 18 ^93- ; o : IO 

7846 : 10 : 06 : 3 875 ; 06 : 12 : 10 67* : 2 : 18 

6320 : 00 : 04 : o 762 : 04 : 19 : 06 076 : 7 : 19 

25683 : 18 : 00 : 2 86 : 07 : 08 : 09 6*78 : 1 : 24 

64 : i2 : 11 : 1 67 : 11 : 13 : 22 789 : 2 : 06 

45219 : 17 : 05 : 1 12597 : oi : 19 : 12 4558 : 1 : 12 

Win* Meafure. Long Me afire. 

4 63 4 2 8 220 3 12 

Ton. hd. gal. qt. ft. Mile, firl. yd. f h 



• - 



p6:^ :6 2 : 2:1. 3467 : 5 : 219 : 2 : 10 . 

678 : 2 : 60 : 3 : o ^67 : 7 : 184 : 1 : 11 

569 : I : 48 : I : I 5678 : 6 : 062 : 2 : 08 

456 : o : 29 : 3 : 1 : 4 . 009 _ . 0 . Q9 

7»9 • 1 : & : 2 : o . 56789 : 3 :. 084 : 2 : 11 

987 : 2 1 54. : 1 : 1 ' : 2 : 147 : 1 : 10 

672:3 :46: 3^i )f7«z:x:-Mo:»:otf 



«21 : 1 : a * ; 1 : 1 *o 9 8 7 i : o : 80 : o : oy 

^fH* M '* fure ' £ C4U \»° Yards = i Furlong, therefore in adding 

tic r , 2 Ini ? e * L° ad ? U E Column of Units/writing down wharf 

' d Clnymg the Number of 10 * to the other «™ Columns, turn them both 
together, pointing at eveiy 22, or dividing the Sum by 22. 

M General 
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General Scholium, caneembtg tlx morer^cial^pUcatiouofthe 

Rules of .Aritbmeiftk:' 

A good Arithmetician mull be capable of fomething more than barely to perform any 
Operations with given Numbers, when the Queftion is limply propofed to Add, Sub- 
trad:, &c. i. e. when he knows what Operation is to be applied, ana to what Numbers. 
For, me great Art of Application lies in the Solution of fuch QuefHons as, to diftinguifii 
mem from the other, I call J&sc'd or Circitrnftavtiate Queftion% i. e. wherein no Opera- 
tion is named, but we are left to find the proper Work from the Nature and Circunv 
ftances of the Queftion- Now, for this there are notan^ determinate and genetal Rules : 
it depends upon the good Senfe and Judgment of the Arithmetician, whereby he can 
diftmcHy and perfectly comprehend the Nature and Circumftances of a Queftion. It 
fappoies him to underftand the Nature of the Subject about which the Queftion is ; and 
laftry, to understand perfectly well the true general Import and Effect of the feveral 
fimple Operations of Arirhmetick- By which means he may know when the Reafon of 
the Queftion requires fuch an Operation.. 

The more fimple the Circumftances of a Queftion are, it will be the more eafy ; and 
where there is but one Operation to be applied, it will be always obyious : But, where a 
Variety of Circumftances occur, and feveral Operations become thereby neceflary, the 

only can make eafy. And therefore, as a proper 
give you, after each of the Rules, fome practical 
Queftions, whole Solutions being confidered, may help to guide the Judgment in like 
AppHcations- 

The Effect of Addition being the Difcovery of a Number, which is equal to certain 
given Numbers, taken all together - y whenever the Senfe and Reafon of a Queftion fhews 
that any given Numbers muft be collected, or that the Number fought is equal in Value 
to feveral Numbers given, then Addition is the Rule 5 as in the following Examples. 

« * 

Mix'd Practical Questions for .ADDITION- 

* 

Father was 18- Years 4 Months old, (reckoning- - 
13 Months to one Year, and 28 Days to one Month) when 
his eldeft Child was bom. Betwixt the eldeft and fecond were 
11 Months 10 Days. Betwixt the fecond and third were 3 Years 
8 Months. When the third is 12 Years, 6 Months, 20 Days, 
how old is the Earner 2 Anfwer- .35. Years, 4 Months, 2 Days. 
For that all thefe Numbers ought to be added together, is ma- 
nifeft. 





Qxefi. 2. I bought a Parcel of Goods, whereof the firft Coft 
was 40/- ior. paid for packing them 13 s. fbrCarriage il. 6s. ^d. 
and fpent about the Bargain making, ijx. 6d. What do thefe 
Goods ftand me \jsx.s&L _ Anfwer, 43/. ex. 2 </. 1 _ 
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owing me by the toilowmg Debtors, viz. 
owes 100 /. C. owes ?6 /. 10 s. 8. <f. X>: owes 
is the Amount of the whole ? Anfwer* 



j* 



r . 



20 : 15 : 00 
ioo : 00 : 00 
56 : 10 : 08 
82 : 18 : 




260 : 64 : 00 



:e betwixt two Places is luchi that if 

lllef anJ 5 Furlongs is taken from it,, what remains is equal 
Miles, 4 Furlongs and 100 Yards. ..What is the Diftance, 
cfe two Places? Anfwer,> 12 Miles, 1 Furl, and ioo,Yards. 




04 ■ : 100 



12 : "ot i 100 



■ ■ . 1 1 . 1 1 - * 
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if. s. SUBTRACTION j/A*PncATE Number? 

Case i. To fubtracl fimple Numbers of one Denomination. 
Rule. This is done as AbftraH Uumhers. \v • • .v. y.. 1 

/. " Gallon f. 

■ ' Sub d - 468 Sub d : 72306 ' v - 

Sub r . ,273 : Sub f . ^462 - : - -1 

Biff. 215 /. Difil 62844 <?*te; 



1 * 



Case 2. To .£&m&-J^dMmhr*--' 

Rule 1 . Having, fet, die Sub tra&or joxdaJjt Iffider the Subtrahends .with' adue regard to 
the Places and Species j 2. Begin at the loweft Species of the Subrra&or, and ^take the 
Number ,of tharfrom ip corrdpondent in^be.Sufetcahe^, .and windows the Difference. 
Do the fame with all the Species, and you have the Difference fought. 

J Butifthe r Number of, any. inferipjir Species, in me Subtracter, js; giraugr than its.Gor- 
refppndent in the Subtrahend, then to. this add .a Number -.equal jpj-jp Unit 4>f*'tbe next 
Specfigl [for Examp. to {b. add 20, and to d. add 12] and fubtracl: from that Sum and 
then to thefJNumber of the next Species in the Subtracter add 1, (or take 1 from the 
SuKraSeno^ and then fubtracl: : And when you come to the higheft Species, do as xa 

fimple Numbers, /. e. add 10 where you can't fubtracl. 

■ f r .^..7» >) r? ; ':rr. : '-lpW .bn:.d £ J/^jod ^ivi-T? .1\ *J* 

• * Examp. 1. * >ul.; !? ^ ."n. iBxamjina? i iooi-n'^ 'tis. in. 

' /. J&. 4 /. y&. */. .,f !.-: 

-» * .! Sub d . 72 : 18 : 10 48 : 14 : 6 

Sub r . 29 : 10 : 04 26 : 17 : 10 



5: 



?i DifE 44: .08 : Atf . . . 21 : 16 : 08 



from # am** buf from ii^fe t« u^siL^w^wfff'ta 4m**fm 

1 r^ ?7: (in7^ ) = 18, which -from 14 cannot, but from 20+ 14 (^M) and 16 remains, 
ru be fee down in jb. Then 1 + (in /.) is 7, which taken from 8, 1 remains : Then 2 
mm 4>> anj 2 remains. So the total Difference is 21 /. 16s. 8 J. 

ffiWWf* of this<gis^fee sfe&oift fef%P^SWg #A%the 

M 2 SCHO* 
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was obferved in Addition, is true here alio, viz. That Number ought to befet 
inreriour Species, but what's le(s than an Unit of the next j otherwife the 

Species are confounded : Yet ftill it's arbitrary to make any Species the higheft,- and then 
we write down any Number. 

Ohfirvej That this Rule fuppofes we can readily (or in our Mind) difcover the Diffe- 

betwixt- any Number of any Species Ids than an Unit of the next higher, and any 

other Number greater, but Ids ato than fuch an Unit - 7 or betwixt any iiich Number and 
a lefler increafed by a Number equal to fuch an Unit. And to -do this readily, requires 
a Knie Practice,- but men the Operation for each Species may be performed feparately, 
Figure by Figure, which wffl remove this Suppofirion } yet it will be more tedious Work ; 
and we mufr. by Practice acquire rhe- Capacity which the Rule fuppofes. And to make 
it fomewhat caber, take this Method : When rhe Subtrahend Figure is leaft, take the Sub- 
tra&or Figure out of the Number to be added, and the Remainder add to the Subtra- 
hend Figure j the Sum is the Number to be fet down in, the Difference. As in Ex amp. 2. 
above, I fay 10 d. from 6 can't, but from 12, and 2 remains ; which added to tf, makes 8 
to be fet down. 



Other Examples in Subtraction. 



Troy Weight. 

12 20 24 
ife. or.. du. gr. 



: 08 : 10 : 06 
84. : 03 : 15 *• 




258 : 04 : 14. : 10 



wtne Me a fur e. 
bd. gat. qt. pt. 
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Long Me a fare. 
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'£*efi. 1. Having borrowed 20/. i}r. ±d. and paid thereof 8/: 
i$r. $d. Wta^s yerdue-? Anfwer, ill. 16s. 8* 



7i 



1 _ 



1 , 



r . f . 



2. Having bought 2 hund. Weight, and "3 qr. of Sugar 5 
andfoki thereof 1 hand. 2 ^r. and 14 &. what is yet- unfold ? 



Anfwer, 1 C. 14 ft. 



1 



/ - 



ox 



3. A Father wis-**^ ears, 9 Months, icrBays-eld-wnen---- 
Hs ddeft Son was. torn;, and. MjHW> ^S^cajs,, S^nths, .and 

and 22 Days! How old is the Son ? Anfwer, 31 >. i2.dd. 




r _ _ 



^ Pi 



- J 




a*A $7. 8</. wffl make 50/? Anfwer, 13 1- 13*: +d. 



Zmfoft&i -&m Money, which being tided- w 
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The following two Queftions are mixed in Addition and Subtraction: 



Queft. ?. Having borrowed 100/. and paid at one 
time 20/: 13 s: \d. at another time 33 /: 6 s :zd. How 
much is yet due ? An fin. 46 / : 6 d. 



— 

§ueft. 6. There are 2 Casks of Sugar j the Weight of 
the one full Cask is 1 C : 2 jr. of the other x C : i8Jfc. 
The Weight of one empty Cask is 25 ft. Of the other, 

1 or : 7 ft. What is the Weight of. Sugar in both Casks ? 
Anfiv. zC : 14ft. 







Borr d 


100 : 00 : 00 




20 : 1 3 : 04 
33 : 06 : 02 


Paid 


53 • 19 06 


46 : 00 : 06 


* 


C : ar : ft . 


Full Casks 

9 


1 : 2 : 00 
1 : 0 : 18 

2:2: 18 


Empty Casks 


0 : 0 : 25 
0 : 1 : 07 

0 : 2 : 04 

2:0: X4>. 



§. 4. Multiplication of 
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1 ■ 

N order to know what Variety there is in Multiplication of Applicate Numbers^ .we muft 
firft confider, What is * Simple and Proper Queftion-of Multiplicarion ; . .and I. think it 
is plain', That this is a Queftion propofed with no other Circumftances, or in no other 
Form, but barely To multiply one Number by another} and then, it is certain that the given 
Numbers , muft be fuch as are agreable to the general Nature and Definition of 
that Operati&n ; which being no other than the repeating pr taking the one tyumber as 
oft as the pther exprefles, or contains Unity,. it is manifeft ; that the .Midnpljer.muft al- 
ways be ah abftraet Number, exprefling; limply the number pf times thaj me r Multiphcand 
is to be taken. Therefore the whole Variety in Multiplication of Applicate ^umbers de- 
pends upon the : Multiplicand j which may be. either »aj fimpU. pr mixed, , Number, making 
only two different Cafes. ..'*"■' 
Hence we fee, That the wonofins: fitnplv to multiDlv pne Number by* another, both 





true' Sepe and Meaning' of them^ and given, us very -pei plexTd, Rules, fog , iy*xiu£ uiau, 
whichmay be made' more general and much eafier, it .thegeme-WJ^^effip^ isbnce 
righdy conceived;' I mati~here therefore make ft appear . more; evidently^' that: ~ ' ' " - 
propofed in thatfimple manner, are Nonfenfe ib Terras; by^wnich means I 

you to the Senfe that muft be put upon all fuch Queftions: and in its proper; place youll 

find the Rules for'folving them...' : tile 1 - : ■ 1 . r " 

Suppbfe meri^'tnatft^^ l'L\b$ 3 /..j lrfjioulias^ the Propofer, 

What he means by multiplying 8 / ? He can make no other Aniwer y 3jit that it is the 

repeating 8/. a certain number of times, (that being the fimple and proper Defiriitibn of 
Multiplication.) Then I ask him, How many times he would have it repeated ? And if 

^» he 



86 Mtf lti* l i-cATion of Applicate Numbers. Book i, 

he anfwers 3 /. I hope the Abfurdity is manifeft. He may indeed fay, that he means to 
have it taken as oft as 3 /. contains 1 /. But then the direct fimple Anfwer to my Queftion 
is 5. times, and not 3 /. And lb the Denomination of /. applied to 3, does not belong 
to it as a Multiplier, and is only a certain circumftantial way of fignifying how oft the 
ftbdtiidiccnd is to be repeated : which is going round dbout to no purpofe, when your 
Meaning can be expreffed more {imply j for you fee it muft ftill end in' this, that the 
Multiplier is an abftracl Number exrjreffing only how oft the other Number is to be 
re p e aled . 

Again obfewe^ That the Authors of fiich QuefHons give us this for a Principle, That 
the two Terms muft be bom applicate to one kind of thing, as Moneys Weighty or Time • 
lb that they would very readily pronounce this Queftion, Nonfenfe, viz. To multiply 

8 /. by jDays. But here their confined Notion of this matter will appear yet clearer - y 
for t his Pr oportion is every whit as reafbrtable as the other : Became if 3 /. cannot be a 
circcr. arid reasonable Anfwer to that Queftion, Ho-w oft ? rSl you explain .it by faying, a.* 

of>_as 3/. contains 1 /. it is plain, that by tie feme Method, I may propofe to multiply 
S£ by 3 Days} meaning to take 8/. as oft as 3 Days contain 1 Dayj which is equally 
good Scale as the other. ' '• 

But further : Since an Explication is neceflary ; and fomething muft be uhderftood 
^-hicri" t> nor riirecHy exprefled in propoGng to multiply 8 /. by 3 /. it may as well fignify 
the" taking of S /. 60 rimes, p. e. as oft as 3 /. contains 1 Jb. which is 60 times 5] for fo 
I may . explain ir. Again, to multiply 8/. by ^Jb. ugnincs, according to their meaning, 
taking 4? Part3 of (becaufe 1 fb=^ of a /.) which is not purely a Queftion of 
fdahifSeationy but of that and Divijum too. But why may it not as well fcnify the taking 
8 /. 3 times (/. e. as oft as 3 fb. contains 1 Jb.\ or 36 times* (». jas, pft; as 3^i/corttairjs 1 d.) 
. M thefe meanings are equally reaibnable; fince the fimple proofing to multiply 8/". by ifi. 
limits k to none of them : for it has no-meaningTtill it be explained j or, it has any one 

of thefe meanings indifferently- And this fhews how ambiguous fuch Propofitions are i 

•or rather, no Propofitions at all, till their meaning is : thus .cleared up -and determined; 

But now, after all this, you are to know that Queftiohs may occur which arejfoived 
by fllsltipticaffojiyjet the mix'd Circumftances of the Queftion be fuch, that aH thegivea 
Numbers may be particularly applied j whereby the Reafonablenels of fuch JPropo&ons 
as I have here ceniured, may feem to be fairly accounted; for. To which t anfwer, 

That in all mch Cafes, before we know what is to, be done,, we are .obliged, to .jeafim 
irpon tteNami-eand Cfrcumftances of the. Queftion, and % that means cdifcover, 
-thif Tome one given Number of things is. to be taken- as oft :(i. e.- mulaphed) as fome 
other contains an'Uhft of a certain Detibmirjation. But then, te Xhe- 'Mulfylicetm im- 
ports only the - taking a number of things a- certain number of times, m /the Operation) 
the MdtJpSer fignifies only bow oft the other is taken, (this being the proper and formal 
Notion of ^Midts$W) tbo* it"is difcovered by me-OrctimftaQce of "a Nrimber applied 

to fome particular thing in the Queftion. * ' .* • «, : " 

Again, the very lkme^umlra r of-'to >yih be\confidered io 

difierent Viewsi when it expreSb 'Sl8 Mvttsplier-^vA rfainalfe. different MuU\%UtaiQv$\ 
whicii^ews riata imib^ \Jk (and aUQueftioos 

■of this kfedj Jrarer.no- determinate ^Meaning, orare -plainly -Nonfenfe. \ j Nor is the Pro- 
-pofition Ids or' more reafbrtable, mo* the two Terms are applied to (hfferent things which 
can bee^lam^ *'tb the *ame'meamt*g '-as the* other,- andoccur- as often in theGircumftances 
of mf\ed*(^ie(tiahs. - - :1- . ; . 

XXhaU iTdiitrare all this by particularExamples immediately j tout foal^.firft .explain the 
Pra^^.ir>.iirhci< Questions: whichj according > to, the Diftindioa a^ve-mentipned, 
crrfers of! -twp tXes. . - :T ' »M" • : i- .n' -<t : , s ., y ' -. - 

■ ' : "*' : ' : Y> ;j ' r ' '*' ' 1 ' - { •••• C&St 
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C a s e I. To multiply a Simple Number. 

Rule. This is to be done by the General Rule for Ahfiracl Numbers ; an< 
duft is an Applicate Number of the fame Denomination with the Multiplicand. 



Example 1. 
74<*4 L ~ 

59712 L. 




Scholiums; 

L Since any one of two Numbers may be made the Multiplier, and . tjiat k is 
fometitnes* more convenient to make it the one than the other, tip' that; one happens xo* 
be the Applicate Number, (/. e . the Number to be multiplied) there is no matter ; . Be T 
caufe it is but fuppbfing the Denomination tobeihifted ana applied to the other dumber, 
and then the Effect is fie very fame. For Example: To multiply 3/. by 48^ J, .apply. 3 
as the Multiplier, as if it were 48 /. by 3 j whereby I make the Multiplier according to its 
proper Notion, Abftraft ; which gives the fame Product and of the lame, DeriormpauprK 
For fince 48 times 3 == 3 ' times 48 ; if the Denomination of the MultipUcarid is .t£e fame, 
die Product is in all refpe&s the feme. 

II. Multiplication being in effect only a compendious Addition of Numbers equal 

among themfelves, or the Repetition of -the fame Number, the Obfervations made in 
Scbol.2. after Cafei. in Addition, are applicable here alio: viz. That the Product 

of a mixed Number may be found and exprefled two ways ; either, 1 . By taking the 
Product; of each Number by irielf as .fe many 4iftin# Queftions and AppHcatipns of 
Cafe 1. y/hich make a confufed Anfwer, tho'the Work is firnple -MukipUcariop, Or, a. 
Regarding tie Relations of the Species, and exprefling it jn r.he jhyheft^as. far as poffible^ 
wfcch-is ^onfidering it properly as a mixed Number* wjieteby. we make a more ample 
and -ufeful Anfwer, tho ? the Operation is more complex^ foi?: it requires DiviaonV.fiie 
lame, way as Addition of mixed Numbers. - ; . ■ - ■ V • . 1 f . . - • • 

III. Again; When the Number multiplied is a fimple Number of fuch things-as have 
a fuperiaur. Species, the Product may be found alio, limply in its own Species ; or may 
be expreiTed in fuperiour Species, as far as. it reaches* according: to the Method of die 
following Rule for mixed Numbers. But whereas in Addition we had an eafy way to 
fupply the Rule of Divifion by pointing, we cannot apply that Method here; and therefore 
Divifion is indifpenfible, if we Would exprefs the Product in its higheft Species, unlefs we 
make ule of the Tables defcribed already for Addition; and then the Examples muft be 
either very finall Numbers, ,or the Tables exceeding large. Butthere is yet another way 
of exprefling the Product of mixed Numbers fimply without Divifion, which youll find 
in the next Cafe. In the mean time, before we proceed -to that, there is a fpecial Qals 
of mixed Practical Queftions preparatory to it, wJbich are .Applications of the firft Cafe, 
comprehended under this Tide ; viz. 
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R E D U CX ION from a Higher to a Lower Species ; i. e. 

nding a Climber of things of a Lower Species, (Denomination, or Value) 
Equivalent to a given Number/ of a Higher Species. For which, this is tie 
Rule. 



Rule. 
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Rule. Multiply the given Number by that Number of the Species to which you 
would reduce it, which makes an Unit of the Species reduced •> the rrodudt is the Num* 
ber-fought. 




• i. 



48 /. 
20 



960 Jb. 





8168 din. 



196032^. 



Exam. 1. To reduce 48/. to Jb. it is =960 Jb and 
this again to d. is = 11526^. and again to far. is — 
46080/ According to the Operation in the Margin i 

each Step being in effect a new Queftion. 

Examp, 2. To reduce 34 ft Troy Weight; it is =3 
408 oz = 8168 dvj = 196032 gr. 





The Reajbn of" tins Practice is obvious: For if 1 I = 10 Jb. then 48/. is =48 times 
y(b. or 20 times 48 Jb. which is the lame thing. (The like Reafon will be found in 

Therefore you are to objerie. That tho* the Denomination of /. is left with 
Number 48, as itftands in the Operation, yet it is performed in a quite different 
view; for we are to confider it not as the Multiplication of 48 /. by 20, the fimple ened 
Of which would certainly be, 960/. But from the Reafons now explained, we confider 
it as the ftiiilnphcaaon of 487*. by 20, or of 20 Jb. by 48 ; which is = 960 Jb. And fo 
"of the reft, which takes away the feeming Ahfurdity of na ming the Product differently 

from the Multiplicand. 

Scholiums. 

I. If it is required to reduce a Number to a Species which is not immediately the 

next to ir, as /. to <L We may either do it by Steps thro* all the intermediate Species, as 
above; or it may be done at one Multiplication, if we know how many. tJmtf of 
-that Lower makes 1 of the Higher. For Example ; To reduce /. to d. we multiply by 
240 ^ became 1 /= 240 d. And for this purpofe,, it is ordinary to have Tables of Re- 
duction, fhewing how many Umts of any Species (of common Ufe in Bufinefs) make 1 
of any other ; which are eafily made by the preceding Rule, from the known Relations 
■betwixt each Species and the next, Which you have in the Tables of Addition. One 
-or two Tables wifl be fufHcient here to explain this Matter ; and you may make the like 



for all other mixed Numbers, at your pleafure. 



TABLES of RE DUCTIO K. 



I. Money 




2. Troy Weight 



20 
1 



240 



$60 
48 

4 




Ufe of tfcefe Tables is plain j for under every Denomination you have I , and 
feme Line the Number to which this 1 is equal of each inferiour Species : Sb, 
._ /. to f. at once, 



ut yotri] find that it will generally be as convenient to reduce an 
inferiour Species by reducing it gradually thro' all the Denomina: 



1*1 



this 
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poffibleto remember all thefe Tables, and too much trouble 

; whereas the gradual Relations of the feveral Species 




-opoied to be reduced to the Joweft Soeci^ ^vnr^fT^^ 
it [or to the loweft poffible^] fen at the higheft, and reducet tfthfnTSe? 
adding to the Produci the given lumber of that Species. Then reduce Efe SoT ' 
the next Species, and fo on thro' them all, taking in always the given Number of ev 
k&riour Species : As in the Mowing Example , which needs, I think, no fort 



to 



Examp. i 



fb : d 



724. : 17 : 09 



2 



14480 (b. 
17 add 



14497 fi- 
12 

173954 d. 
9 a dd 

mm * 

4. 

695892/ 

2 add 

tf'K<*<>4'/ 



Obferve, The Numbers of the inferiour Species may be 
taken into the Product of their Species without the pains of 
writing them down and adding them, by adding them Figure 

* 7 u^JV?^ P laces <* * e Ptodud, as fhey are found 
in the Multiplying. Youll eafily underftand the Method by 

^"^ g • ? ^wing Examples. I fhall only former ob- 
serve, that it * belt to take them all in upon the Multiplica- 
tion with the Units place of the Multiplier, in cafe when this 
has two Places, you do the Work at length. But in the fol- 
lowing Examples I have made the Produdt at once. 



Ex.2. 



Troy Weight: 
as : dw : grl 

4^ : 09 : 16 : 22 
12 3 




In this Ex. 2. as you 
may reduce the dw. at two 
>teps ; multiplying firir. by 6 y 
and then by 4, (becaufe 6x 4 
==24) you muft mind that 
the 27 gr. are to be taken in 
with the laft Multiplication. 



Ex. 3 . Averdupoife Weight. 
St : ft : oz : dr : qr, 

256 : 12 : 14 : 08 TzT 
16 



4108 ft. 
16 




10^474 ir. 



*2p^ ** we need give no other, but leave 

Yn,% Jir ™V °\ T nmgs to the Student's own Choir? :rl "* ve 




reducing is only finding 



m.*„ j Vt * 1U " ian y times : bu 

mixed Number in the Weft Dene 

fM» and the laft part nTmSfedTX ' t^T* fT2 palt ? f te Kdfferentlymul- 
by/o, and ia, and £ coSaUyf that Vbv fSf r' ^f^P 1 * 7*4 is multiplied 
f d 4> or .8. and o J onlvbvA 9 °c J 3 ^ ^ a onl y multiplied by iz 

Ae.lWlu3.of 724/7 iT/ U- Jbytw ^ueftfon being ^gj,// Whereas 

of tunes tfjjS^/ 7 9 ' if ' by "V Number would be equal to Sat Number 

Case 
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Case II. To multiply a Mixed Number. 

Rule. Begin at the loweft Species of the Multiplicand, and having multiplied that 
Number, reduce the Produft to the nest Species ; /. e. find by Divifion [in the manner 
already explained in addition of Mixed Numiers] how many Units of me next fuperiour 

Species it is equal to, and what remains over ; fet what is over as a Part of the Anfwer of 
th- Denomination multiplied. Then multiply the given Number of the next fuperiour 
Secies, and to the Product, add that Number to which the Product, of the preceding 
Swedes was reduced ; and reduce this Sum to the next fuperiour Species ; marking the 
Remainder, or what is over, as a Part of the Anfwer of the Species multiplied; and goon 

thus thro' all the Species of the Multiplicand. 

Examp. To multiply 2^6/ : 14./& 1 9 d. by 7.6. , t 

In the annex'd Scheme you fee the Method of the Work of tks Rule^ except that the 
Effect of the Reduction of the feveral Products is fet down without the Operation by 
which it was done ; thefe being iuppofed to be done a-part by memfelyes, and transferred 
to this Scheme. But youll find another way immediately, wherein Divifion is uied 3 and 
the whole Operation appears in one Scheme, without any confufion. 

/ : fi : d 

236 : 14 : 09 Another Method 'without Divifion. 

2J6 

« VrrA of each Snedes. Reduce the MultipUcand to the loweft 
± Prod, of each ^peoes. ^ ^ ^ already taught j dien 

19 : 6 ■ • =*34 rf - multiply this Number by the given Mul- 

,8* . . . . . =^4+i9#. tiplier, and theProduais theNumber of 

IQ ■ ~T =383^. that Species equivalent to the propoied 

— ^ 3 = 6 1 z6 4- 1 9 /• Number of times the Multiplicand. 

615- ) * * 3 , ' 

nation Exanp. To multiply 4*' : 16 fi : Id. by *h * is equal to 

Tfi d. 4 9^^«»* eM ^ 

4* : & : 8 This Anfwer is the only proper and : natural :Er7ea of Multipli- 

equired to know the Value of it m highertpe- 

1^6> desT dusis properly a Queftionof Divifion, to be pej^medin the 

V manner alrc^y^kined; which is *> divide by the Ngmta * 

ZTj every Species Which makes an Unit of the next above. But I M 

11720 d ' re£7™ Dmfion to fee the beft and neateft Method of or- 
dering the Operation. And here only obferve thefe two things. 

492240 *- ^ 

~~ - r t, Mnlrinliers, this laft Method (was. of reducing to the loweft Specie? 
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Ex. 1. 



/ 

68 



: 14. 



d. 
09 



3 

7 



483 : 03 : 8:1 



Ex. 2. 




Here I fay, 3x7 = 21; which is if. over 20, or 

5 times 4 : therefore I write down 1, and carry ^ . 
Then 7X9=63, and 5 carried, is 6%d$ which is 
8 over f>o, or ? times 12 : fb I write 8 d. and carry 
5. Then 7X14=: 98, and ? is 103; for which I 
write 3, and carry 5, (for 5 times 20 is 100.) Then 
multiply the 68 /. and add the ? from the Shillings. 

For the 2d Examp. I refolve the Multiplier into 4 
and 7. Then beginning with 4; I fay, 4X 18=72^ 
which is 2. times 2.8 (=56,) and 16 over} or re- 
folving the 4, I fay 2 X 1 8 = 36, which is 28, and 8 
over^ confequendy in 2 times 36 ( = 72) there are 2 
times 28, and 2 times 8, or 16 over. The reft is 
eafy. Then for the 7, I confider that 7 being the 
4 th Part of 28, and 4 the 4 th Part of 16; therefore 
3 7, is equal to 4 times 28; -for which I write 00, and carry 4. Then 
carried is 18,* for which I write 2 qr. and carry 4 C. 

Y by Practice eafily perform any QuefHons of this kind. 

SchoL. As to the Solution of other mixed QuefHons, there is no other general Direction 
can be riven whereby to know when Multiplication is to be applied, but only this, viz. 
To confider, that the true Effect of Multiplication being the repeating of any Number, 
or taking it a certain number of times} therefore whenever the Senfe and Reafbn of a 
Queftion requires that any given Number of things be repeated, or that a Number be 
found equal in Value to a certain given Number of things, repeated or taken as ofc as 
force other given Number in the Queftion contains Unity } wen Multiplication is the 
Work required. As in the following Examples. 



C : ep : Ife 
37 : 3 : 18 by 28. 

4 f 
16 

7 

1040 : 2. : 00 



means 



Mxed Prattled QueJTiom in Multiplication. 



gueft. 1. There is in each of 28 Bags, 

Anftu. 1255 I \ 6 Jb \%d. 



I 

44 



*79 



Jb : d. 
16 : 8 

4 

06 : 8 

7 

06 : 8 



HeretheNatureof me Queftion plainly requires that 44/. : 16 Jb : I 
be multiplied by 28, the Number of Bags; for if 1 J3ag contains 
much, *8 Bags muft contain 28 times fo much, which import 
Multiplication by 28 j which is taken abftra&ly in the Operation, d 
it is applied to bags in the mixed Proportion. As to the Manner 

working, I have chofen 4 and 7 as Fattors becaufe 4x7=28. 



§**ft. 2. ki%l\6Jb : 41* per Yard, what is the Value of 46*? Yards? The Reafbn 
of this Queftion mews, that %l : 6fi : $d. muft be taken 46*5 times ; or multiplied by 
*%• For the Value of 465 Yards muft be 465 times as much as the Value of 1 Yarn, 
d to do the Work, I reduce 3 / : 6fi : 4^. to d. it is =±= yg&d. which multiplied by 
4&b produces 370140*/. which is again equal to 1^42/ : 5^. by Divifion. As you will 
learn afterwards. 
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/ : Jb : d. 

16 : 6 : 8 Giuefi. 3. There are 7 Chefts of Drawers; in each\of which are 

° 1 8 Drawers ; and in each of thefe are 6 Divifions ; in each of which 

98 : o : o there is 16 1 : 6Jb : %d. How much Money is in the Whole? Anfw 

18 12348/. 



1764. 

7 



12348 



It is plain there muft be a Sum of Monej 
Product of 16I : 6Jb : 8 d. by 6, 18, and 7. 




4- If 1 /. give 4 fb. of Intereft in any rime j How much will 346 /. give in the 
e ? An fa. 1 ; 8x/3 = 346 X 4/k Here the 346 is applied to /. in the Proportion, 



bur is an abftracr. Number in the Operation j which is not. multiplying \fb. by 346/. 
bur by the abftract Number 346. 

If this Queftion be propcfed, viz. If ijb. yields/ft. Intereft; How much will 4 / : 10 fb. 
yield in the fame time? It is plain it muft be 4 fb. taken as oft as 4 / : 10 lb. contains 
i fb. i-iz.. 90 times, (for 4 / : 10 Jb == 90 fb .) which makes 360 .^ = 90X4/^- But this 
is not multiplying \Jb. by 4 / : 10 Jb. which would be an abfurd Proportion. 

Again, Suppofe the Queftion were; If 1 /. yield ^{b. what will 4/: 10 fb. yield? The 
Anfwer is 6 Jo. equal to 4/^. taken as oft as 4/ : \ofb. contains 1 /. which is one and a 
half. But this, and all other Queftions where Fractions come in, are not fimple Queftions 
of Multiplication. And as either of thefe Queftions have an equal right to be called the 
MulripHcarion of 4*. by 4/ : io*. it fhews us how unreafonable fuch Proportions are, 
fince it is the rnixed Circumftances of the Queftion that determine how the Multiplication 
is to be made, which is different in different Circumftances. 



5.5. DIVISION ^/WholeWApplicate Numbers. 

INTRODUCTION. 

BEfbre we enter upon this Application, we muft confider the various Senfes that may 
be put upon Divifion. 

In the DdanHon, Chap. 6. there is but one Senfe exprefled ; but there are other three 
ways of propofing a Queftion in Divifonj fb dependent upon that in the Definition, that 
the fame Number folvesrhe Queftion in all the Senfes in which it isapoffible Queftion. 

The firft Senfe is that in the Definition, To find how oft one Number is con- 
tained in another. The fecond is to find, What Part of the Dividend the Divifor is equal 
to. The third is, To find a Number which is contained in the Dividend as oft as the 
Divifor esprefles. The fourth is, To find a Number which is fuch a Part of the Divi- 
dend as the Divifor expreiles or denominates. '* 

Now it will eafily appear. That the Anfwers to all thefe Queftions, or the Impoflibility 
of fome of them in fome Cafes, is difcovered by dividing according to the preceding Rule 
taken in the firft Senfe : Thus, 

1 . Let us firft fuppofe, That the Divifion is without a Remainder, and all is plain : For 
the Number mewing how oft one Number is contained in another, (which is the firft 
Senfe,) does, from the nature of an aliquot Part, denominate what Part the Divifor is of 
the Dividend, (which is the fecond Senfe.) Again, the fame Quote is a Number con- 
tained in the Dividend at oft as the Divifor expreffes ; (which is the third Senfe,) as has 
been ftiewn in the Proof of Divifon. And hence, laftly, it is fuch a Part of the Dividend 
as the Divifor denominates^ (which is the fourth Senfe.) 
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Examp. 12 --3 = 4, and no.hing remaining; that is, 3 is contained 4 times in 12, 
(the firft Senfe.) And it is the 4 th Part of 12, (the fecond fenfe.) Again, 4 is a 
Number contained 3 times in 12, (die third Senfe.) And it is the 3* Part of 12, (the 
fourth Senfe.) 

2. Suppofe in the next place, That the Divifion has a Remainder; or, that the Divifor 
is not an aliquot Part of the Dividend, [which includes that Cafe wherein the Divifor is 
greater than the Dividend.] Then the Queftion is Poflible or Impoflible, according to 
different Views and Limitations j as I mall here explain. 

Let the Divifor be 3, and the Dividend 14; the Queftion is poflible in the firft Senfe j 
and the Anfv/er is 4 times, if we confine it to the number of times that the whole Divifor 
is contained in the Dividend : but taking it in a larger Senfe, the Anfwer is 4 -4-£. And in 
this View the Divifor may be greater than the Dividend : So if we ask how oft 14 is con- 
tained in 3, the Anfwer is T V Parts of a Time; the plain Senfe of which is, that 3 con- 
tains -1*4 Parts of 14. 

In the fecond Senfe, the Queftion fuppofes the Divifor is an Aliquot Part of the Divi- 
dend y and is therefore impoflible when it is not fo. But if we take a Pare more largely 
for Part Aliquot or Aliquant, and ask what Fraction the Divifor is of the Dividend, then 
the Queftion is poflible. But there is no new Queftion, ftrictly fpeaking ; for it coincides 
with the firft Queftion, changing the Dividend and Divifor, and taking bow oft in the 
largeft Senfe. Thus ; if we ask what Fraction 3 is of 14, the Anfwer is J 4 ; which is alfo 
the Anfwer, if we ask boiv oft 14 is contained in 3. And therefore I had rather in this 
Cafe call 3 the Dividend, and reduce it to the former Cafe ; efpecially for this Reafon, 
That the fame Quote may be the Anfwer to all the really different Senfes of the Queftion, 
while the Names of Divifor and Dividend are applied to the fame Numbers. 

In the third Senfe, If we asl^ what is the greateft Number contained 3 times in 14 j 
then if we limit it to a Whole Number, the Anfwer is 4. And if the Divifor is greater 
than the Dividend, the Queftion under this Limitation is impoflible ; as it alfo is if we 
fhould ask, what Whole Number is contained without a Remainder 3 times in 14 ; for 
this is contrary to fuppofition. But if wc enlarge the Senfe of the Queftion, and ask 
what Number, Whole, or Fraction, or Mix'd, is contained in the Dividend precifely as 
oft as the Divifor exprefies, (fo that the Product of the Divifor and Quote is equal to the 
Dividend,) the Queftion is always poflible. Thus, as 3 is contained in 14, 4 | times; 
fo 4 I is contained 3 times in 14 ; that is, 4 times any thing, an J f Parts of that thing is 

contained 3 times in 14 of that thing. For it has been already ftiewn, (in Chap. 6, 
Scbol 4. after the Definition of Divijion,) that B times £ Parts of any thing, is equal to ^ 

Parts of B times that thing; therefore as 3 is contained in 14, times; fo is contained 

3 times in 14. Or, becauie ' T 4 =4f ; therefore as 3 is concained 4 f times in 14, fo 

4 * is contained 3 times in 14. 

In the fourth Senfe, the Queftion is impoflible in Pure and Integral Numbers, when 
the Divifor is not an Aliquot Part of the Dividend ; fo becaufe 3 is not an Aliquot Part 
of 14, there is no Number which is a third Part of 14; for if there were, 3 would be 
fuch a Part of 14 as that Number exprefles. But taking the Queftion more largely, and 
admitting Fractions, it is in all Cafes poflible: So 4^ Parts of any thing is a 3c! Part of 
14, becauie it is contained in it 3 times. 

As to the Circumftance whicn makes the third and fourth Senfe. poflible, when the 
Divifor is not an Aliquot Part of the Dividend ; it is remarkable, That the Subject of the 
Queftion is not pure Numbers, but fuch Quantitys exprefled by Numbers as are divifible, 
either really or imaginarily, into Parts or lefler Quantitys : for in pure Numbers 14 has 
not a third Part; but confidering the 14 as applied to fome divifible Subject, the Quantity 
exprefled by 14 has a third Part, which is exprefled by 4 f ; therefore the Queftion is 
poifible only in Applicate Numbers. 

3 From 
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From what's expkin'd we fee evidently, that as all rhe four Queftions or Views of Di- 
vifion, are poffible when the Divilbr is an Aliquot Part of the Dividend ^ fo when it is 
not an Aliquot Part, there are but three really different Queftions ; and which are all poffible 

when the Subject of the Queftion is not pure Numbers, i. e. When we admit another 
Conuderation than th2t of the Number of Tnings exprefled, viz. their Divifibility into 
Parts or lefter Quantities : For then a Fraction comes naturally into the Anfwer, and makes 
a compleat Quote. 

Now, from thefe dirterent Views and Senfes of Divifion, we learn what Variety there 
can pofiibly be in the particular Application of Numbers for a Queftion of Divifion ; of 
which there can only be two Cafes. 

I. To make a Queftion in the firft or fecond Senfe, the Divifor and Dividend mull 
bom be applicate, and both to tilings of the feme kind : And mutually, if the Divifor 
and Dividend are fo applied, the Queftion admits only the firft or fecond Senfe j and 
the Quote is an abftracr. Number, Slewing how oft the Divifor is contained in the Divi- 
dend, or denorninares what Part the Divifor is of the Dividend, if there is no Remainder. 
For, as it is a reafonable Queftion to ask, How oft one Number of any kind of Things 
is contained in, or what Part it is of another of the lame kind of Thing fo a Queftion 

being propofed in this manner, and either Divifor or Dividend being applied to a particular 
kind of Thing, the Nature of the Queftion imports, that the other is alfo applied, and to 
the fame kind of Thing j fince it's abfurd to ask, How oft a Number of one kind of 
Thin^ as 3 Pounds, is contained in a Number of another kind of Thine, as i^Days? 

o- To make a Queftion in the third or fourth Senfe, the Dividend muftbe an Applicate 
Number, and the Divifor Abftract, denominaring what Part of the Dividend the Quote 
is, or how oft: it is contained in it : fo that rhe Quote is a Number applicate to the fame 
itind of Thing as the Dividend ; the Part of any Thing being of the kme Nature as the 
whole. Again, mutually the Dividend being confidered as applied, and the Divifor as 
abftracr, the Queftion can admit only of the third or fourth Senfe. 

That the Application muft be ordered in the manner now explained, may be alfo de- 
duced from the Connection and Dependence of Multiplication and Divifion : For, fince 
in Mulripjicarion the Product and one Facror muft be applicate to the fame kind of Thing, 
the other Facror being abftract; and in Divifion the Divifor and Quote produce the 
Dividend : it follows, that the Dividend, with the Divifor or Quote, are alike applied, the 
other being abftrad. 

Again, Ohferve, That in rruVd Queftions it will happen that two Numbers which in the 

Proportion are applied to different Things, muft be divided one by, the other : But in 
this Cafe, you'll always find that the Number made Divifor is confidered in the Opera- 
tion, as abftracl, denominating what part of the other the Nature and Reafon of the 
Queftion requires to be taken. So that in all Cafes it's true, that the Divifor is either 
abftracfc, or applied to the fame kind of thing as the Dividend. 

We mail next explain the fimple Practice in Divifion of Applicate lumbers. 

Case 1 . The Drvifor and Dividend being both applied to the feme kind of Thing. 

'Rule. Reduce, (if need be) the Divifor and Dividend to fimple Numbers of one Name, 

(rhe loweft exprefled in either Term}> then divide thde Numbers by the general Rule. 
The Quote fliews how oft the Divifor is contained in the Dividend, or what Part the 

Divifor is of the Dividend, when mere is no Remainder. 
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Examp. I. 3 ; - ) ( 8 



Ex amp* 3 



3 A ) » ^ . 
or, 

37^. ) 240/&. ( 80 



Examp. 130Z. 8 128 ft. 

By Redu&ion, 

2i6dr. ) 30208 (139 

2ltf 



Examp. 2. 3/. ) 20/. C^f 

■ 

years, mo. ye. mo. da. 
Examp. 4. 3 : 4 ) 24: 7 : 18 

By Reduction at 1 3 Months to 
a Year, and 28 days to 1 Month. 

1204^) l^oja. (7 T i|| 

8428 





1944 




The Reafin of this "Rule is plain 5 for the Divifor and Dividend exprefling Things of 
the fame Value and Name, it is evident the Operation is to be managed as with abftradfc 
Numbers, by the General Rule ; i. e. The Quantity exprefled by the Divifor is contained 
in the Quantity exprefled by the Dividend, as oft as trie Divifor is contained in the Divi- 
dend, taken purely as Numbers, Again, If the Divifor and Dividend exprefs Things of 
the fame general Nature, which can be faid to contain one another, then tho* they are 
not of one particular Species or Name, yet the Queftion is poffible, only it requires that 
they be reduced to Numbers that exprefs Quantities of one Species or Namej and then 
it is manifeft, that the Divifion of thefe Numbers by the General Rule, jnves the true 
Quote. So in Exam. 1. 3 /. is contained in 24/. as oft as 3 in 24. But in Examp. 2. 
3 s. is oftner contained in 12/. than 3 in 12 ; for it is as oft as 3 in 240, the Number 
of Shillings equal to 12 1. And, became the Divifor and Dividend are then only in a 

State to be managed as pure Numbers, when they are both fimple Numbers of one 
Name, this /hews the Reafon of reducing mix'd Numbers. 

Case 2. The Dividend being Applieate, and the Divifor Akftratt. 

Rule. If the Dividend is a fimple Number, greater than the Divifor, divide k by the 
General Rule} the Quote is a Number of the fame things as the Dividend : and if 
there is no Remainder, the Operation is finifhed ; but if there is a Remainder, reduce it 
to the next Denomination, and divide ; and fo on, as long as there is a Remainder, and 
any lower Denomination, and make a Fraction of the laft Remainder. Thus you have the 
Anfwer in one Species or feveral j which is an Applicate Number contained in the Divi- 
dend as oft as the Divifor exprefles, or is fuch a part of the Dividend as the Divifor de- 
nominates. (See Ex. 1.) 

Agahty 1£ the Dividend is a fimple Number, iefs than the Divifor, you muft firft re- 
duce it to a lower Species, till it be equal to* or greater than the Divifor, and then di- 
vide and. proceed with the Remainder as before. CSee Ex. 3, 4.) If it's not equal to the 
Divifor in any Species, then the Anfwer is a Fraction of the given Species, whofe Nu- 
merator is the given Dividend. (Ex. .6.) 

Lafify, If the Dividend is a mix'd Number, you may do the Work two ways-: Either 

(1.) Reduce it to a fimple Number of the loweft Species, and then divide 1 ; fo you'll 

have the Anfwer in that Species, (which may be reduced again to fuperiour Species by 

Divilion, as has been formerly explained, and will be more particularly by and by.) But 

it will be better to proceed in this manner : (2.) Begin with the Number of the higheft 

Species in the Dividend ; divide it, and reduce the Remainder to the next Species, taking 

in the given Number of that next Species i then divide j and fo go on. (See Ex. 2.) But 

if the Number of the higheft Species is lefs than the Divifor,. reduce it, taking in the 

given Number of the next Species, and fo on, till you have a Number equal to, or 

greater 
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greater than the Drvifor: (Ex. 5.) And if chat be not in any of the known Sped 
the Anfwer is only a Fraction, whole Numerator is the Dividend, reduced to the 
Species, and refers to an Unit of that Species. (See Examp. 7.) 

Ex amp, 3^ 



Exsmp. 1. 

12 



// 5. d. 

Examp. 2. 6) 23 : 10 : 8 ( 3 /. 



2 Rem. 



40/. (13* 
22 

1 Rem. 
12 

12 d. ( $d. 



5 &exn. 
20 

I IO J - ( l^X. 

2. Rem. 

12 

2 Rem. 
4 



24)18/. 



360X. (15/, 
24 



120 



Ex amp. 4. 
42; itf/. 



320 (7*. 

294 

26 Rem. 
12 

29+ 



Examp. c. 
14) 8 : 15 



175 J.( 12/. 

168 




7 Rem. 
12 

84*/. (<*</. 
84 



3 /. of 1 /. beeaufe 3 re* 

duced to Farthings 
is but 2880/ 

Examp. 7. 

340*0) 3/. 12 



7» (t% of If. 



, it is equal to, or greater than the Di- 
another Species being divided by the 
360/. therefore the 24 th part of 18/. 



The Rfaf<m of this Practice is plain: For, if we find 
Members of which any Number or Quantity is compofed 

Whole j fince the Whole is nothing elfe but all the Parts. And if the Dividend is lefs 
than the Drvifor, yet if reduced to another Speci 
vifor; it's plain mat the equivalent Number ir 
fame Drvifor, gives the true Anfwer : Thus 18/. 
is the 24 th Part of 360 s. 

Scholium. What's already done mews the Practice of Divifion, or the Solution of 
fimple Queftions, where the Propofirion is dire&ly and (imply to divide one Number by 
another, (in any of the Semes above explained.) And as to the Solution of mix'd Que- 
ftions, all the further Direction can be given for knowing when Divifion is to be applied, 
is to ampder well the Effect of Divifion as above explained : Which may be reduced to 
two principal Views, viz. Finding how oft one Number is contained in another, or find- 
ing a propofed aliquot Part of a Number. Then, when the Reafon and Nature of a 

QuelHon 
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Queftion requires, that you find how oft one Number, fimple or/mix'd, of any kind of* 
Thingj is contained in another Number of the lame kind of thing ,* or, that you find 
fuch a Part of any Number of things, as another Number denominates, or as an Unit of 
tiny Species, of Things is of a certain given Number of the feme Things j then is Divifion 

your Work, as in the following Examples. 



Mix'd Practical Quest ions fir DIVISION. 
A ipecial Cla/s of fuch Queftions is comprehended under Tide of"> 

EDUCTION from a lower to a higher- Specter, i. c. To find a Number of things of 
a higher Species , equal in Value to a given Number of a lower Species; or, at leajt, 
to find the great eft Number of the higher contained in the Number of the lower, with 
what remains over of that lower Species : Suppopng always, that an Unit of the lower 

Species is an aliquot Part of an Unit of the higher. For which this it the 

»...-. - . - 

Number by that ..Number which exprefles h< 



the Species to he reduced,, are contained, in an Unit, of the Species to which it is to bt 
reduced. The Quote is the Number fought pf that higher Species, and the Remainder 
is a Number of the Species reduced. 

Thus you may reduce gradually from the loweft to the higheft Species ; or all at once 
to the higheft, if tjhie , Number of JCJnits of the fk>weft> which mal^e one .of the higheft, is 
known. (As you^may , jaiow by the Reduction Tables, explained' in §.-4.) 

In all the following Queftions, 1, have performed the Divifions'by the contraded Me- 
thods, explained in Chap. vi. §. 2. ' 

Examp.i. In Money. Here 74608395 /. being divided by 4, Quote 1 8652098 d. 

4174.^08395/ and 3/ over j tnefe d. divided by 12, Quote 1554341/. and 

12118652098*/: rfi. » L0 -fid. over j thefej^. divided bv 20, Quote 7771 7/. andi/. over. 
20] 1554341* : 6 d. Wherefore 74608395/,== 18652098^. 3/= 1554341/. 

1 '777*7 1 1 r-. ^f-.^7nm As. 6d t ^f 



mi 

20 
12 



By this you know how to explain the following Examples.* 

mp. 2: Troy Weight. Bxamp. 3 . Long Meafure. 

34765 89426 grains. 12(46320689372589 inches. 

069147356-5 3I 3860057447715 feet : 9 inch. 

144857892^. : ilgr. : ' tI \ 1286685815905 yd. : 00 

7242894 oz. .-. izdvj. " • 1 iZapl i 16971437809 ^ 

603574 ft. : 6oz. ., \. 81 5848571890 furl. ;: xofyd. 

■ 731071486 Ptiles : 2 furl. 



Farthings == 1 d. 



therefore as many times . as i 4/! are, contained, in any Number of / fo.many*/. is that 
Number off. equal to./ Jn which, pbjferye, thaf the immediate Eflecl of the Divifion is 
an abftraft Number, fliewing hpw <>ft 4/ is /contained in a greater Number off. and 
we apply the i s Name jofV-.tothe Quote, from the Reafon of we Queffion, as now ex^ 

plaih*d. . ' . ' " , ', \ } .'r 'i : .. , . •' 

§g*fi. x. 8 Men have equal ^Shares of a. Stockof 146/- 16/. what is each Marrs Share ? 

Anfwer, yy< viz. the; 8th Part of 146/. \6s. For the Nature of 
8) 14.6/. ; i6x, ' the, Quezon plainly .direct us to take an- 8th Part. Where obferve, 
18 : 7 ' that tho' 8 exprefles a Number of ^en in t^e mixt Pronofiriun, yet in 
- , , . . the Operation it is confidered abffra&iy as the Denomination of that 
"art of i±6l-. 'i6s. which the Nature of the Queftion requires to be taken. 

O Mr. 
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A certain Number of Perfons, each of whofe Ages 15 15 Yean; 

> . w. ) . ». 5 Months (reckoning i ; Months to 1 Year) make up in all 1 & Years 
ic : t)i$2 : io 10 Month?; bow many Perfons are there ? Anfwer, 12. w's. The 

Number of rimes that 15 'Years, 3 Months, are contained in 182 Years, 




r:.' 77. 10 Months. 

g*efi. 3. What is the Va»ue of 1 Yard of Cloth- .* .4$ Yards coft 15 /. ior. 4//. 

Anfwer, 6s. , .* -f /. = »| Part of 15/. ior. 4^ 
/. s. d. f. For it's plain, the Value ot 1 Yard of 48 Yard*, 

„C61i5 : 10 : 4 : o moft be the 48th Part of the Value of the whole 

^ 2 : 11 : « : a4 4$ Yards, which directs us to Divifton, or taking a 

J : 6 : 5 : 24! or i 48th Pan of 15/. 10 f. 4^. And fo this 48, which 

in the nuVd Proportion is applied to Yards, is con- 
fidered abftractfy in the Operation ; which is merefbre not a Divifion of blooey by Yard;, 
which cannot be made in any Serrfe, but taking fuch a Part of the Money as 1 Yard u 
of 48 Yards, viz. a 48th Part. 



6ifinr 3 Had it been proposed, in the kit. Quefrjon, to find the Value of 1 Quarter of 
2 Yard, we may do it either by finding firftthe varoe Of 1 Yard, and then the 4th Part of 
this is the Value of 1 Quarter ; or, by reducing 48 Yards to Quarters, which make 1 92 ; 
and taking: the 192 4 Part cf the given Money. The Reafon for which is the krae as for 
the othef'Cafe. 

Tbefifto*ri*£ Queftion retires all tht jour Operations of Aritkmtick. 

g»?jf . A father left among 5 Sore an Eftare, -oonfifting -of 5 00 /. in Cain ; wim cBJfc, 
each of fS/. tot. 6 s. He ordered 20-L 10 be beftowed upon his Burial, and his Dcbrs 
k ot raid, amouridnz to i6±l. Then his free Eftate to be divided in thh 



manner, vu 



Son to have the 3 d Part> and the other 4 Sons to have < 
>f each Son? Arirwer 18$/. &.s. z*. to the eldeft ; and 



0: ~j+z re£L 



What b 

to each 



4 

d 0 : zc ■ 0 C aih. 
■42 . 12 : 6 rcKal- 



Oprat-.c-K. / 

.?/. : 12:. :6J. ao Scholium. As Queftions may be van- 

^BiQs, 164 oufly mix'd, fo the Solution will depend upon a 

1 : 12:6 "184 ^ ue Conlideration of the fevcrol Parts of the 

— Queftion, and what Opera- ion each may require, 

according to the Senfe and Effrct of rhc different 
' 2* ' XZ ° l £T~ »j Operations In Arithmetick. Bu: there are mix'd 

1 5x • co . o geducec. Applications of Multiplication and Division, 

3,<-cs : 12 : 6 Free Efface, which require other Rules and Directions, to 

ilC j j. : 2E ldgft Son. 4cnow when and how they are to be made j thefc 

4 i-z : i : 4 Remains. 'youll learn in Bock 4. and efpecialfy in 'Book 6. 

9; : 2 : 1 the bhare of under the Name of Proportion. What has been 

each cf me other 4. already done in this Book, being fufficient for 

explaining the 'Nature of the rundamental Ope- 
rations, and their more fen pie Applications in whole Numbers. For the Doctrine of 
Fia&onS you have it in the next 60c*. 

CHAP. 
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Containing the more particular Rules of tie Literal 
Arithmetic k, necejfary in the following Parts of 

this Work 
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L For Addition or Subtraction. 

ASE I. If the Numbers to be added or fubtracted are expreffed all by rhe fame 
Letter, multiplied by certain Numbers, as, 3 or 5 add or fubtract the Co- 
efficient* (/. e. the Numbers by which the Letters are multiplied) and multiply the 



;me Letter into the Sum or Difference, it is the Sum or Difference fought. 

Exalty. ^a^^a^Sa. Ex. zb -f- 3 b -^,b=z6b. Ex. 2*5=3?/; 

Bx. ^ab-^^ab^ry ab. Ex. ^ab — ab=z2ab. 

ScHot imf. In order to underftand the other Cafes, we muft premife this Obfir- 
vatioTi) viz. After the Addition or Subtraction of one Number to, or from another, we 
may fuppofe another added toy or fubtracted from the preceding Sum or Difference and 
another added to, or fubtracted from the laft Sam or Difference, andfo on : Then is this 
whole Work expreffed by fetting the Numbers, or Letters reprefeming them, in the fame 
order, with the proper' Signs of the fevetel Operations betwixt them. Thus, if b is added 
to a, and from the Sura c is fubtracted, and from this Difference d fubtracted, and to 
this laft Difference e added ; the Refuk of all this is exprefled thus, a-\*b~c — d-\-e. But 
igain, Obferve, That if the fame Numbers can be added or fubtracted in any other or^ 
dev, the final Refttic or Effect will ftili be the faciei which, in ail the potfible Orders 
wherein the Operations can be made, is plainly the Difference betwixt the Sum of all 
thefe Terms that ate added ia the feveral Steps, and the Sum of all thefe that arc fub- 
mcfed: Becaufe in whatever order any Numbers are added and fubtracted, ir/s evident 
there is fo much in whole added, .as the Sum of all thefe that are added in the feveral Steps* 
ifld as much- fubtracted in whole, as the Sum of all that are fubtracted in the feveral 
Steps: Wherefore, the final Refult is the Difference of thefe Sums. Whence, again, this 
follows, That 'tis no matter in what order wc place the feveral Terms of a mix ct Expre£ 
fori, if we always prefix the fame Signs to the fame tetters, and alfo take the Meaoing 
of the Expreifibn to be univerfally the fubtracting ail thefe Terms that have — pr enYd, 
out of the Sum of all thefe that have 4* prefix'd : So that when the Operations can be 
performed in a propofed Order, we may explain the Iixpretflon either according to that 
Order, or in the preceding general way, (If that is not the propofed Order.) And if they 



cannot be performed in the propofed Order, then- we explain it after the general way, 
the univerfat Meaning, of all fuch Expreflions j for tho* Conic may be explain'd another 
v.'ay, yet the final ReTult is always equal to this. 

For }Lxa7»j>k> If b is greater than a, then a — b-]~c can ? t be explained in the Order of 
tnefc Letters and Signs ; and if it is at all poflibie, it is' fo in this Order, *-fc— b\ yet ir 

fcty reprefent the fame thing Handing thus, a — b 4- c , while we do not fo much regard 

O 2 the 
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the' Order, as die general Meaning of the Sign£ which is as if it were in this "Order, 

*-j-c — b. 



Case EE- If any complex Expreflion [whether it is a Sum, having all- its Terms 
joined by the Sign -f- ? or a Difrerence, having its. Terms partly partly — ] is to be 
fubracred from another, (exprefled limply or complexly) the Difference fought may be 
exprefled two ways. 

Rule i . By drawing a Line over the whole Terms of the Subtracter, and joining it to 
the Subtrahend with a Mark Jof S ubtraction between them. . ' Thus, die Difierence of 

a and£ + e is exprefled a — fignifying mat b and/ both, or their Sum, is taken 
from which is- a quire different thing; from a — b -f. c 'without the Line, which would 
fignify the Difference betwixt a -]- c and b. Again-, if the Subtracter, .is the .Expxeffion 

of a Difierence, as b — c from a, the Difference fought is exprefled a — b — c, fignifying, 

mat the Difierence of b and c is taken, from a, i.e. That c is taken from b, andthe Re- 
mainder taken from a, which is a din%eiit"tiirng fkra a— b — ^whicbexprefles the Dif- 
ference of a and c both, e. That b and c are both taken from a. 

Now, tho' this Method is fbmetimes convenient, yet it would often prove too general 
and indefinite, which is fupplied by another Rule, whereby, from the fimple Terms of 
he given Subtracter and Subtrahend, another Expreffion is found equal to the DiflFerence 
fougat. Thus, .. .. 

Rule 2. Change the Signs of all the Terms of the Subtracter, and join them to the 
Subtrahend without a line over them} and this . exprefles . a Number equal to* the 
Difierence fought. Thus, if th e Subtracter is a Sum, as b*\>c, the Difierence of this 

and a is a — b — c ( = a — b-\-c.) 

The Re a fin is plain ; for the Sum is fubtracxed, when all the Parts are fubtracted one 
after another j fince the Parts are equal to the Whole. 

Again, If the Subtracter is a Difference, as if £ — e is to be taken from a, the Re- 
mainder is a — b-\-c (=a — b—c) which more directly . reprefents the Difference be- 
twixt a-\-c and b, yet is equal to the Difierence of M arid A ~<r. 

The Re a fin is plain ; for by adding the lefTer Term r, and ther* taking away the greater 

a, we take away as much as was before added, and alio all that * exceeds b : Or, if b 
does not exceed a, we may firft take b from a, and to the Difference add e ; for thus we 
reft ore all that was taken away, except Co much as b exceeds c : And Co both ways, the 
Thing really taken away is predfely what b exceeds e, or their Difference. If the Sub- 
tracter -is a more complex Expremon, or confifts of more than two Terms added and 
mbtra&d, the Reafbn of the Rule is ftill the fame, from what has been explained, «w. 
Thar fuch ExprefEons fignify no more in Effed, than the Difierence of the Sum of all 
that are added, and the Sum of all that are fubtxa&ed.- Wherefore, by what's now (hewn, 
all that are added in the Subtracter muft, in expreffing the Difference fo ught, be fub- 
tracted j and all that are fubtracted in it, muft be- added : Thus, a — b-\«c—d—i 

-=■ a — b — e-\-d-±e, or a-\-d-\-e — b — c. 

Scholium. The kft Cafe of this Rule may be confidered as a Theorem, and ex- 
prefled thus : If the Difierence of two Numbers ismbtracted from a third Number, the 
Remainder is the fame, as if we added the lefler of thefe two Numbers to the third, and 

rrom the Sum fubtracted the greater. So a — b — c == a ^ c — b. 

Cass HL If any complex Expreffion of a Difrerence is to be added to any other 
ExprefEon, join them without changing their Signs, or any Line over them. Examp. If 
to a we add theSumis a + b+e. Again, to a add b — c, the Sum is a + b — c , 

To a — bzddc~d-±e, the Sum is*— H-r— <f-f ' + 
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The Reafon of this Rule is evident, when the Expreflion added has all its Terms +, as 
in Examp i . And if they are fome Ibme — , as in Ex. 2: the Realbn is this j we are 
to add b — c- y but to acid b would be too much by c> therefore out of the Sum a -f- b> 

we muft take away c : which is the fame in Effect, as if the c had been firft taken from b y 
and the Difference added to a . And here objerve, that tho' a Line is drawn over the 
complex Expreflion added, it alters not the Effect : So a +b— c is the fame inEflfect as 

o^b— C 'y fince both ways the Difference of b and c is added to a, as has been ex- 
plained. 

Now, to fum up thefe Cafes and Rules in one General Rule, it is this : To ' ' 
the Expreflions without changing their Signs and to Subtratly join them, ch w . 
the Signs of the Subtracter ; or draw a Line over the Subtractor, without chang&g~the 
Signs, only join the whole Expreflion thus united (and, as it were, made one Expreflion 
By the Line) by the Sign — betwixt it and the Subtrahend. Laftfy, If the Numbers added 
or liibtracted are exprefled by the fame Letters with Coefficients,, or particular Numbers 

prefiYd, add or fubtract theie Numbers, and prefix the Sum or Difference to the com- 
mon Literal Part. 

11* lor Multiplication. 

. Case I. When two Numbers are exprefled by any Letters, with particular Numbers 
prefix'd, (or, multiplying them) then if two or more fuch are to be multiplied together, 
multiply all the Coefficients, and prefix the Product to the Product of the Literal Ex- 
preffions. Thus, 4*x 3$ = ia**i alfoj z a bx$ ac== ioa* be. 

The Reafqn is obvious j . for it is only a continual Multiplication, which may be done 
in any Order. 

C a s e II. If the Multiplier and Multiplicand*, one or both* are complex Ex- 
preffions, die Product may be exprefled by the general Rule, thus : Draw a Line 
over the complex Terms, and join them by the general Sign of Multiplication x. 

Example^ To multiply a-\-b by * + <^ the Product is«-|~^ x c-J~</; or, a-^b byc — d 
makes a + b x c — d. Which would be very different Expreffions, if any of the com- 
plex Terms wanted the Line (or Vinculum, as the Algebraifts c all it ; ) thus a + b X c + d 
would be the Sum of *, and the Product of b into c+d; and * + j X r— d> is the Dif- 
ference of a\ and the Product a -f- b X e . 

So that we are to underftand the Sign of Multiplication to refer only to the firfl: of the 
fimple Terms on either ' hand, unlels two or more of them are ' joined by a Vinculum. 
And here too obferve. That when feveral Letters ftand . together, with; or without the 
Sign of Multiplication, (whereby they alio exprefs the Product of thefe Letters) this is to 
be reckoned but one Term, with refpect to th e foll owing or preceding Sign, whether of 

Multiplication, Addition, &c. as ab^-d, or a -f-£ X cdi And mind alio, that all the 
Terms joined together by Multiplication or Divifion, upon the Right-hand of the S ign o f 

Addition or Subtraction, make but one Term to which that Sign re fers; as * + £ c x c -\-d 
which is not to be underftood as if a -j-bd were multiplied by c -±-a\ which t hen would- 

be made a -f- b c x e~\-d; but it is the Sum of a .and the Product o£ bebyc-^d. . 

Obferve, Tho' this general way of reprefenting the Products of complex Expreflions is- 
often convenient, yet there is another Rule more uleful, whereby the Froduct is not ex- 
prefled lb indefinitely, but all reduced to more fimple Terms without any Vinculum. 



Atiotker 



Particular Rule?*/ the Literal 'AHtiSmtiek. Bdok * % 



Anvtbtr 2cUX E for Complex ExprefSotts. 
Mutely each fimple Term of the Multiplier by each' fimple Term of the Multiplicand, 

(accordftre to the general Rule.) And if die Si^ns before each ofthe two fimple T erms, 
imilapHecT together, are die fame or like (*w*r, both -f- or both «*-) prefix- the Sign -f- to 
the- Product^ bur if they are unlike (viz.. the one- + and the other — *) prefix the Sign — . 
The following Examples fufficiendy £hew the Application. 



ac-^ad^bc-^bd 




Ex. 4. * -f b X r— d±**c—ad^bc—bj. 
f. a—b Xc~di=rac--ad~bc-l*bd. 



3. axb 



ab 



Demonstration. 



0 

1. Where all the Signs are-fj as in-ESr^. i.-and 2. the Reafon is plain, arid it has 

alfb been £hewn in Lemma 3. Chap. 5. Book 1. 

2. it one of the Terms is. fimpie, or aSums arxfcrhe other aDirrereocey as in Exi 3, 4. 

tteb for flx-. to multiply r by *s it is evident- that *b is too much ; tor we muft 
tafc& only- <*- rimes- the Bmtrence of b and c > or what b exceeds r; therefore if we 1 take 
c out of * the Remainder is a times me- Number by. which' b exceeds e. Or thus, 

Let b=c-\-d i then *x c^ d =: ac+a d (by the ift\Ex.) from which take 

mere remains ad. <viz.. the Product, of a into the Difference of b and c. ' Agaiiu If a 





Hi to. be nwltuAedlby a- Stmv^-r-*, d» Reafon- is, the 1 

Reason of each Term or - the Sum into me_X>ifiereace: As in Ex>$. 

3- I f both Mamptier-aod MsferpKeand are Dmereazes, as in Ex. 5* then 

tjplied e — by .{as- in Ex* 3.).thePfodact/is ** — *d> which is- a : rime s/ c — a$ . or 

"<f times <a: Bur, . if inftead of :c — times ^ we ought ta takeonty -c — d times.^— b$ 

reafonag as in JSx. 3. it's plain we have taken too much by,- c ^-di times by ot 
cb — ^ and mis being takes from the p receding Product ac — aa\ the Remak 

the true Product, wz. ac—ad—cb — db=zac—*tid~cb-+dbj (bytheRulesof Sufc* 
traction) which is according to the Rule. 

Or we may reafoa thus : Inft cad of t2knig a times c-~a\ which is a* —ad} we ought 
to take omy J— 2 times /— d y therefore we have taken too much by the Product 
T^dbj Jfy .which iscb—db. Or alio thus: hci*z= b'+ v 3 .thsn& Xc — d^b^nXc^d, 
bXc—4+nx c—a\ (by Artie 1. taking Q~d as one fmgleTena) And.» being the 



Difference of a- ami by thexe&ce, »x. c — d is the Pixxiaa > foughfi; eonfequentty 
y x^ZTd~\-*K<: — dj or its Equal axe- — exceeds it by bxc — d—b*-*bdi which. 
t2ken fromAf— c^'leaYes ad. — bc^bd* as before- 

Obferve, If any of the Terms are more complex, than thefe Examples, yet the Reafon 

is me feme in al!> becaufe they are nothing- die but a Sum or a Difference. 



IIL Fojp DiTi^i^ONi 

All the Ufe that is to be made of the Literal Drvilion in the following Work, re- 
quires only, mat to the General Rule I add thefe two Obfervations. 

1 1 
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1 . If the fame Letter, or Expreffion whatever, is multiplied into all' the Terms of both 
Divifor and Dividend,^ by putting it out of both, the Quote is thereby exprefied more 

imply. 33iui J^f^^ r^T5 ^ that iF one Term of the Divifor or Di- 
vidend is multiplied into all the reft, then, in putting out that Multiplier, fet I in the 



Place where it flood alone ; thuf, 




-,for 6=3 X 2 



. d ™ ■ be — " be 
The Reafon of this will appear in the 4 th Book. See Cbap.i, General Corollary 21. 
And if all the Letters reprefent Integers, Co that the Quote thus reprefented has the proper 
Form of a Fraction j the Reafon of th|s #*/<?-wi|l be feen in &Mk 2. Chap. 1. Lemma 

Cor. 3. 

2. If a Quote is exprefled by the Sign ~- or ) fet betwixt Divifor and Dividend, it's 
to be referred, only to .the .fimple Terms sm j^ch,hgncb or which have a Vinculum: So 
a b ~t" c is the Sum of a , and the Quote b r . But however, many fimple Terms (or 
fuch as become one Term by ^Vinculum) are continnoufly joined by Signs of Multi- 
plication and Divifion j we may explain- them all ibuordeV as they ftand, one after another. 
Thus axb-~cxa'-T-e 3 may be underftood thus> viz, a multiplied by i, and this Product 

divided bf h .an4 ithfe Quote .multiplied isv d> and this Product divided ty.e : Or thus, 

The Pfo'du& *% divideiFby the £roa\i6t r and -this QUtite divided % e : "Or, a multi- 
plied by the Quote b -r- c, and this Product multiplied by the Quote a e. All which 

are equivalent. The Reafon of which will appear, from the Rules .of Era&ions, when .we 
&prels the Quotes fraclionaily, thus, *x~x and this Method is generally molt con- 
venient, as it leaves ho Sign .but that of Multiplication. \ 

Tht Application of this univeraiTSFotarion, *hd ifs-Operations, mourR^oning about 
Number^ is made by means *>f-thefe few fimple and eaTy Principles, or 

A x <r © M s. 



*.#fo toy dumber another -beaded, -and /from the Sum be fubtra&ed the Number 
*Jded) me^ma^der'is'thellfft^uinber: (Of it is the (feme thing, tf-we<firft fubttacl: 
&a then add. "Thus, *4.fc*i**=jt; or, ,a*~x^cxs:a. 

2. The fame or equal Numbers added to the fame or equal Numbers, : mdk-e 'the Surns 
equal. So if we Tuppofe then a^d^-b^d^ if,*4tf»^rf, ih&adt^^v 
= c4-^-(-.»j if a—b — c, then a+c = b. (For b—c-J~e = b by fltE feft>) 

3. The fame or equal Numbers fubtratted from the fame or equal Numbers, make 
the Remainders equal. So if a^b 7 (then -a — b—"d$ if *-f-& = <• -|- then c ,* 
if *-j-£=c 5 then a=c — b; if a-\-bz^c — then a = c—zb. 

4. If a Number r is^ multiplied by another, an^ the Produ& divided by the feme .Num- 
ber, (or firft divide and then . multiply) the Quote (or .-fooduQ) is the ibift Number, 

So ax.p~nz=i.a> 

5. If the feme or equal Numbers are multiplied equally, theProdu&s are ' equal. So 
if a s=*k 9 then a nzs&bn \ if * c =s </» ^ c, then <rx * 4****- c==rx or 

ra + rb—re — rdn + re ; lr*j==?,'tiien a^bfctforf* b by the MJ And this 

Cafe is the feme asrthe Proof of iDivafitfi: . 

6. If the (feme or equal Numbers ^re divided equally, the Quotes are .equal. .So ^if 

a~b, then^-r-^A-f-4 or thus, ^=^^ and if a*=*-bf, men|-=^ (^or if**-* 
^f? by. the 4th.) 

Obfetve, The Ti^tb contained .in tWe Axioms are .univerfel, whether the -iqppofed 
Number's are Integers or Fractions. 

BOOK 
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Of Fractions 



CHAR I. 

Containing the General Principles and Theory. 

WHAT a Ft a 3 ion is, and the Notation of it, has been already explained. I 
have fhewn wherein die eflential Difference betwixt Integral and Fractional 
Numbers does confirr. ; and have obferved, that there cannot be any other 
Operations in Aritbmetick but thofe of Whole Numbers ; and that the Ground 
and Reafon of different Rules for the management of Fractions lies in their relative Na- 
ture and Value- But now more particularly obferve. That from mis relative Nature it 
follows, that the lame Quantity may be fractionally exprefled under a variety of different 
Forms, which in moft Cafes requires (bme preparatory Work for reducing the Numbers 
propofed into a like Form, before the common Operations of Addition, &c. can be per- 
formed. Th e firft thing therefore to be done, is to explain the feveral Diftin&ions of 

Fractions, with the general Theory of their Nature j and then the Reductions of them from 

one Expreflion to another. 

Obferve, For brevity I contract the word Numerator into Num r . and the word Vem* 

mtator into Den r . 



DEFINITIONS. 



lerally) 



From a Companion of the Num r r to the Den p , as a Part (taken more g< 
to the Whole j F ra&ions are diftinguifhed into Proper and Improper. 

x . A Proper PraBion is that of which the Num r is Ids than the Deri 1 ", as f ; and 



is called Proper with refpect to the relative Integer, becaufe it exprefles a Quantity 
Ids than it, (as has been already explained in a Corollary to the Definition of aFra£tion;) 



as if the true and proper 
lefler 'than another. 




cation of the word Fraction were, [a Part or Quantity 



2. An Improper PraBion is that of which the Num r is equal to, or greater than the 

Den r . as or |, and is called improper with refpect to the relative Integer, becaufe it 

jrefies a Quantity greater than it, and is therefore not a Part of it in any fenfe. But 

the word Pra3hon as I have defined it, there is no fiich Diftin&ion; for each Unit 

of the Num r is an Aliquot Pan of the Integer, and the Whole is a Number of fuch Parts: 

And iince the applying a relative Value or Denornination to any Number, makes it a 

fractional 
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fractional Number ,• therefore all fuch are equally true and proper, according to this larger 
Senfe : fo that wherever this dUHnction is applied, * * " '* " *" 



the meaning of the word Frattwn is 



re/trained j or, without minding that, we may take the Terms Proper and Improper > to 
ficmify no more tharra BifHndtion. of thefe different Circumitances> viz,, the numerator's 

being lels or not left than the Denominator.. - 

Fractions are alio diftmguiflied into Simple and Compound.. 

3. A .&>np/<? Fraction is one fingle Fraction,, referred immediately to fome Integer ; 
as |, or J of any thing. • : * , 

4,. A Compound Fraction is a Fraction of a Fraction, confuting of wo or more fimple 
Fractions referred to one another in order, and. the laft referred to fome Integer ; as 
~ of * of any thing j or f of % of J of any thing; the Particle, of, being the Mark of 
a Compound Fraction;- 

Schollu.m. One Fraction may be either an Aliquot or AHqtta?it Part of another, 
as well as one whole Number is of another 5 fo that a Fraction which is y of f , is an 
Aliquot Part of f ; but f of f is Aliquant. 

y . A PPhole Number with a Fraction annexed, is called a Mix'd Number^ and if the 
Fraction is referred to an Unit of fhe; .fame thing that the whole Number reprefents, then, 
they are fet together without any mark of' Addition, that being understood} for Example 
46^/. but if the Fraction is not referred to an Unit of the fame thing, they muft- befepa- 
rated, that the name , of each thing may be djfrinctiy apply'd, us i£ k were4d/.~[- T 7 j. 

Scholium/ In Abftract Nuniberi when there is no particular thing named, a Mix'd 
Nuwberis always undcrftood' in the fint.'fenfe, (t. e. the Fraction is fiippofed to relate to an 
Unit of the fame thing, ^ which the whole Number repreferits) and fo it's written without 
any mark of Addition', as 24 \. Obferve alfo, that if we fuppofe (as we fhali immediately 
proved mat two Fractions expre/s'd in different Numbers may be equivalent, then tbeiame 
integral Number* witkthe lame or equivalent Fraction, makes the fame or equivalent im- 
proper Fraction. . ' 



* * 



COROI LAK I E S. 

1. Every Improper Fraction is equal to fome whole or mix'd Number, and particularly, 
if the Kuvjerator and Denominator are equal, the Fraction is equal to 1 j for then, you take 
as many Parts as the. Integer contains, that is, the whole Integer or Unity, fo And 

whore the Num* is greater than the Denom*, the- fraction is- greater than Unityj 

(for the Integeb) But how to reduce it, or- find the equivalent whole or- mix'd Number, 
we (hall learn afterwards, : ) • ' :' .(-!•. 

z. Every compound Fraction is equal to fqme fimple Fraction, for that which is a Part of 
a Part, is certainly a- Part of the Whole, < and we fhali fee below how to find that fimple 

Fraction. . , . - . . 1 . 



then 1 



t T 



Iqual Qu; 



r . 1 



; that is,, if A=B 



to 



theothen 



a ~ 



then' 



and if alfo one of their fimilar Terms 
•d. 



t - 



Axioms 



4 r 
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The greater or letter the Num.* of a Fraction is with the fame Den*, the greater 
or leiTer is die Value of the Fraction. Or thus, 

Two Fractions with the lame Denom* and different Num rs , reprefent quantities 
or different Value; and the greareft Num* makes the greateft Fraction. Exa mp. f is 
greater than f (of the lame thing :) For the Num r being the direct Number of things ex- 
prefled, 2nd the Denon- r being the fame, the Value of each Unit of the Nurr. r is 
the lame, and therefore die greater Num r makes the greater Value in the whole. 

But more particularly, if the one Nurr.r is Multiple of the other, that Fraction is 
Equi-multiple of the other \ fo % is double of - becaufe 4 is double of 2 . For the Value of 



each Unit of the Num" being equal, the comparifon of them is the feme as if they 
were pure abftract Numbers. 

Coroll. A Fraction is multiplied or divided by any Integer, if we multiply or divide 
its Nun: 1 ", and this is a proper Multiplication or Divifion of the direct. Number of things 

repreienred : So * x z=t and | -f- 2=4 ; and univerially a x -7="— and y H-*— - or 

, I r ab b 

me - part of — = — . 

a r c c 

Obferve, That the Di/ifion is fuppofed here to be without a Remainder, for otherways 
a Fraction cannot be divided by dividing its Num r . Becaufe the compleat Quote being 
a mix'd Number, it cannot be the Num r of a Fraction in proper terms. Ohferw alio 
that when the Numr of a Fraction is i, it is multiplied by any Number, by placing that 

Number inilead of the 1 : thus n times ^ Part is ~ Parts ; the truth of which needs not 

this J-zvrma^ but is comprehended in the very Nature and Idea of a Fraction. So ^ , or 
9 jL th Part?, is an equivalent Expreflion for 3 times i Part, as every Number of any kind 
of things ugnines fo many Units of that kind. , 

LEMMA U. 

Any Fraction of any Number is equal to the Sum of the like Fractions of all the letter 
Numbers of which that Whole is compofed. For Examp. 20= 12 -f- 8. , therefore \ of 
20 (=5) is=i of 12 (=3) +| of 8( = 2.) Alfo}of2o( = i5)is = Jof i2(= 9 ) 

+ % of 8 ( = 6.) Or Unrverfally, If M=A + B-f C, &c. then £ of M is = ~ of 



A+ - of B-f - of C Or, - of M= " of A -f of B + ~ of C. ; [How ft- 



veral Fractions are added together in one fimple Fraction, we leam arret wards; dl 
that is defigned here, is a general Truth* concerning a number of Fractions - 7 for whatever 
way they are exprefled, the general Idea is the fame thing. 

The Reafon of this Truth is very plain j for the Whole being nothing elfe but all the 

Parts, when you have taken the J or J, (or generally, - Part, or - Parts) of each 

Member of the Whole, you have taken the like Part or Parts of the Whole. 

Schol. We may alfo exprefs this Truth in this manner, viz. If one Quantity is made 
up of a number of other Quantities, A+B+Q and another made up of as manv 
b + c> &e, which are reflectively ieifer than the former, and which are ,eac-h equal 
to the feme Fraction of rheir Correfpondents in the other, (/'. >. a of A, and £ of B,eW 
then is the Whole a + b -f- f, &c. equal to the lame Fraction of the Whole A + B + Q 
&c. that is, the Sum of tie like Fractions of any two or more Numbers, is the like 
Fraction of the Sum of thefe Numbers. 

CO- 
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COROLLARIES 1 , 



of I j for Examp. } of 2 is = 2 X f of 1 (^f of 1 CW. r .) Alfo 

5-x| of 1 ( = >- of 1.) Or Umverfally, * of * is * times Z of 1 ( 

Cor. Lem. 1.) For •£ of ^ the Sum of the * Parts of every letter Number, which 

make up a, i. e. of every Unit in a, which is ^ of 1, as often taken as there are Units 

in*, or * times £ of 1; that is, ^ multiplied by of 1. (Cor. Lw«; 1.) [And 

let it be always minded, that when the Fraction of a Number is propofed which has no 

fuch Fraction in pure Numbers, we muft have recourfe to applicate Numbers, fo tliat 
the Number propofed is conceived to reprefent a Quantity fubdivifible fo as to have the 
Part propofed.] • 

Schol. In this Corollary we have a- com pleat DemonftratiOn of what we have in pan 
fupDofedin Divifion of whole applicate Numbers, and refefr'd to this Place, w*. That any 
Part of any Number of Things is equal to that Number of Times the like Part of one of 

thefe Tilings. . Examp. That -J of 2/=-*- of 1/. or f of of 1. 

2. Any Fraction referred to any Number is equal to a Fraction whofe Num r is that 
given Number, and its Den r the given one, and which is referred to the given Numr 

as the Whole. Thus, x of 2 = | of 3: or generally, Z of £ Q f ^ For 
t of mis =~ of 1 ; and ~ of a = ~ of 1; (per the laft.) Confequently, t Q f m 
= 2 of*. 

n 

3 . From the two laft this follows again, That any Fraction of any Number is an 
Aliquot Fraction having the fame Den r , and referred to the Product of the Num r and the 

given Number, as the Whole : Thus, £ of 5 = I of J o- Vniverfally, " of b ^ o£ab. 
For * of b = b times " of 1 ; Or, ~ of 1, (by the firft,) and - of i is — i of**, 

n ft ft n ~ - n + 

(by the laft ;) therefore ~ of b = -i of a h. . 

4. The Sum of two or more Fractions having the fame Den r , is equal to a Fraction of 

the fame Den r , whofe Num r is the Sum of the -given Num rs . - Ex amp. - -L £ _j_ S. 

« 1 n ' h 

=rl±i±5- For^ of * + -of b + i of of buti of *=~ ofi. 
And fo of the reft: Therefore, 

y. Here now we have a further Demonfbration of that general Truth mentioned in ScboL 
ZferLem.z. for demonftrating DivHioa of Whole: Numbers; 'viz. That the Sum of the 
complete Quotes of any Numbers is^ equal to the complete Quote Of the Sum of thefe 

Numbers, being all divided by the" fame ftivifoh >F6r A + B T C == ^ + $ +£• and 

" ' • ft ft ft ft 

whatever thefe Quotes are, whether Whole Numbers or Mix'd, thefe Fractions exprcfi the 
Quotes of thefe Numbers by the Den r n. But again, we fee here this more generalTruth, viz. 
T^ar whatever Numbers, (Whole or Fractional) any Number (Whole or Fractional) is re- 
folved into, the Sum of the Quotes is equal to the Quote of the Sum, being divided by the fame 

P 2 Integral 



Numbers A AC are>itill 



of of C= - of A-j-B-j-C^ and the ^ of any Quantity is the.Quore of k 

divided by *. Afterwards when we learn what the meaning -of dividing by a Fraction is, 

we mall fee the Curie trurh hold in that Cafe alfo : So that it is Univerfal for all Cafes 
whatever the Dividend and Divifor is ; as you may eaftty make Examples of, when you 
have learned the Ope radons of F-racHons- 

6. Any Aiijaot Part of one Quantity or Number whatever, Whole Or Fraction, is the 
fame Fraction of the like Aliquot Part of another, as the one Whole is of the other : Or 
thus, any two Numbers or Quanritys are the lame Fractions one of another as their 
Equimultiples. Exxmp. If f of any Quantity is equal to * of the £ of another j then the 

firil Whole is £ of the other : Or if ~ of one Quantity is = t of I c f another, the 

firft Quantify is = j of the other : For each Whole being compofed of equal Parts, 

rhev are reprefenred. thus, A + A+A, &e, and a-{-a-j-a, &e. And the Number of 
Parts being equal, a and A are the like Aliqu ot Par ts of their Wholes ; and a is the like 

>f A, as the Sum a~\~a^ &c. is of A+ A,e£^- 




m 



ion < 

7. If we compare any Fraction, as ^ of anyQuantiry 3 or Number whatever A, a 

the like Fraction of another Number B j then is « of A equal to the -feme Fraction of 

of B, as A is of B; which is plain from the laft : for n x ^ of A, and n x ~ of B, are 

Equimultiples of i of A, and of B : And by the laft, Equimultiples, or like Aliquot 
Parts" of : any two Quanritys are the like Fractions -one of another as thele Quantities are; 
/. e. «x I of A (= " of A) is thefame Fra&ion of nx ~ ofB (= " of B,) as I 

IE x IB m T7l ' 7*i 

of Ais of 1 of B: AHb ^ of A, is the fame Fraction of ^ of B, as A is of B. Hence 
Jaffcly, — of A is the &me Fraction of ~ of B as A of B. 

I* jB M M A HI. 

The Difference betwixt the like Fractions of two Quantity^ or Numbers whatever, is 
equal to the like Fraclions of the Difference of taefe Numbers. Examp. * of 15 (=10; 

— Z of (=4) ^ =f of 15 — 6 (=6;) or generally, ■£ of A— £ of B= ^ of 



. Or thus, if a-i b are like Fractions of A,B, viz. ~ Parts, then <z— b = - of A— B. 
Demokst. LetA— Bbe = ^j then is A = -f B : Wherefore " of A^B=: - of 



m m 



d, and - of A= ~ of d-+-B; which is= of<*-f.~ of B, (by h&Lemma.) Con- 
fequently, - of A=~ of d -\ — ofB} out of each of thefe take — of B; then is 



* of A—" of B = " ofd. But Z of A — B= " of ^ (as above ;) therefore " of 



A—' of B= * of A— B- 



COROI. 



i r 
J - 
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Co.ro L. The Difference of two Fractions rofithe fame Den r is equal to a Fraction 
of that Den r , whofe Nun; r is the Difference of the given Numbers. Example^ 

.f — i = a ~ y for ~ of rf=~ of 1, and - of £ = of i, and ~ of # ~£ *~ 

n n n n ti ' n n J n n 

- • rt b a-b 

of 1 : Therefore - — = 

£ M M Ji IV. s • 

The more (equal) Parts any Number is divided into, the fmaller thcfc Parts are ; -and 
the fewer the Number of Parts, the greiter is the Part. For Exanip. f Part is gceat«er 
than \ Part ; and fo of others : For it is plain, you cannot divide the W hole into more 
Parts without breaking the former Parts into Pieces or fmaller Parts. But more parti- 
cularly, if the Den r of one Part is Multiple of the Den r of another, then this Part is 
Equimultiple of the firft. For Examp. \ of -any thing is doable of becaufe-tf is double 
of v And it is evident that the fame reafon -muft hold in all Cafes. 

Or we may exprefs it thus j If any Quantity is divided into any Number of equal Parts, 
and the fame (or an equal) Quantity is divided into 2, 3, 4, &e. times as many Parts 3 
then the Part of this laft Divifion is but 4, J, &c. of the Part of the former. For 




ding 
Part 



divided; and reciprocally if the laft Divifion is into •§•, of the Number of Pares 

of the firft, then is the Part of the laft Divifion 2, 3, fy&c. times as great as that of the 

firft. Univerfaffo ~ Part of any thing is equal to r. times ^ Part of that things and 

Reciprocally: ~ ^ art « but the ~ Part of ~ Part : So that if the Deif of tm J9Jiqwrt 
Fraction is the Product of two Numbers, that Fraction is equal to the Compound of two 

Aliquot Fractions whofe Den rS are thefe Numbers. Thus, if a = r then is ~ 

* a 

Of 

la E M M A V. 

If two Fractions have the fame Nuin r with different Den", they reprefent Quantities 
of different Values, and that which has thegreateft Den r is the leaft Fraction. For Ex amp. 




2 or 3 times the former ; fo £ is £ of (and \ is 2. times £; becaufe 3 "iff f of '6 ; 'and 
^ is I of 4, becaufe 7 is % of 28. V?iiverfally y ^ is 7 of ^, and ~ is r times ^> 

becaufe ?i is - of r v. *. ' 

r ... — 

The Reafon is plain: Thus, ~ of any thing is r. times ~ of that thing, (Lew. 4O /. * 
■i of tf=rx ~ of *: but ~ of of. i,' ^nd ~. of of T, 'toytbr. 2. 

lem.2.) therefore ~ of i=r times ~„ of 1. 

Or we may fee the Truth of -this fomewhat otherwue; thus^ and * m are the like 

Parts of f an d r„,;^. t*e 2 Part; '(for. 5 ^ f > f>,« 2 ok and 



Lent. 4.) There- 
fore 
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fore that Whole of which - is the * Part? I** 6 - rJ is alfo the 4 Part of that Whole, 

of which 4 is the 4 P^ 5 (™ s - 0 ' * 7„ is ^ 7 of ( C<,r J- 2 ) And 

RccTrrccoiIy 3 - is r limes — < 



COROLLiiaiBJ. 
i or divided bv anv Integer, 



in 




; So ;? c x '=4> and ^ -' = r B ' For £==7 of ^> ^ this 

the ^ Part of any Quantity multiplied by r, produces that Quantity; therefore 



a a ^ , * « 

— Xr=-. whence a^ain — — r- r — — . 




And rake notice, Tha: the Divifion is fuppofcd here to be without a Remainder ; for 
herwife the Fraction cannot be multiplied by Divifion of its Den 1 , becaufe the 
ir.pleic Quote is a mix d Number, and fo cannot be the Den r of a Fraction. 

Schol. As to t'r.is Corollary obferve, That by multiplying or dividing the Den r of a 

call properly the fractional N 




m f properly the fractional Number is not multiplied or divided, for 

that is the Nua. r bur the mixd Value or Quantity exprefled by the Fraction is multiplied 
or divided ; fo that it is frill proper to fey, the Fraction (/. e. the Quantity exprellcd by 
it) is multiplied or divided. Again, it is manifeftly the feme thing in eSe&, to increa'e 
or mminifh a Number of things, keeping the fame Value of each ; or to increafe or di- 
mrnifh rhe Vain* of each, keenino- the fame Number: for either way the Quantit\' or 



mix'd Value of the Whole is equally incrcafed 



If the Numr and Den r of a Fraction are equally multiplied or divided by any Num- 
ber, the Products or Quotes (where there is no Remainder) make an equal Fraction : 
Or thus; two Fractions are equal if the Num r and Den r of the one are Equimultiples, or 

like Aliquot Parts of the Num r and Den r of the other : So - = ~ . For by multi- 
plying or dmding the Number, the Fraction is multiplied or divided in the Number of 
things directly exprefled, [Cor. Lam. i.) and by multiplying or dividing the Den r by the 
feme Number, the Fraction is contrarily as much divided or multiplied in the Value of 
ihz things exprefled, (lift Cor.) Co that what the Fraction gains or lofes in the one Mem- 
ber, it contrarfly lofes or gains as much in the other; and confequendy it remains frill 
the feme Fraction, only in different Terms. 

3. If we find a Number which will exactly divide the Num' and Den 1 ' of a Fraction, 
we can thereby reduce it to lower Terms, (i. e. find another Expreflion in letter Num- 
bers, which is an equal Fraction,) vsst. by dividing the Numr and Denr of the given 
Fraction by that Number, and taking the Quotes in place of the former Nunc.' and Dev. 
Thus, \ t= *, by dividing 6 and 8 both by 2. 



•cn 



Schol. Such Divifoss will be eafily difcovered in many Cafes ; and from the 
turn of Numbers we have thefe particular Rules for finding a Number which will di 
two other Numbers, (i.e. the Nut/ and Den' of a Fraction) viz. 1. If both are « 
Numbers, or have in place of Units 2, 4, 6, 8, or o; then they are both divifible by 2; 
fo i| — T V And after one Divifion by 2, if they are frill even, divide again by 2, and 
fo on as long as they are even; thus, f J=^f = ^r=f . 

2. If any one or both of them have 5 or o in the firft Place, then will 5 divide them 
both ; or if they have both o's in the firft Places on the Right-hand, -cut away an equal 

7 1 Nuni- 
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Number of o's from both, (which is dividing them bodi equally by 10 or 100, &c. 
according to the Number of o's cut off,) and after thefe ar^ cut off, apply fome of the 
other Divifions, if the Cafe admit it. 



310 2J- 



Fx •? A-° g_ — _4_ — i rv _s 00 — —io 2 



When none of thefe Cafes occur, yet m fmall Numbers you will cafily difcover a Num- 
ber which will divide both, if there is any fuch; and tho' 2 will divide them, yet you'll fre- 
quently find, at firft, a greater Number which will divide them. 

Q n 7 1 !{ — * 24 _x ± J. 24 — I 

Definition i. Two Fractions are laid to be reverfi or reciprocal to one another, 
when the Num* and Den' of "the one is the Den*- and Numr of the other, as ~ and or 

generally \ and £ are Reciprocals \ and becaufe any integral Number is made an impro- 
per Fraction by making i the Den r : Therefore a whole Number has alfo its Reciprocal? 
viz. a Fraction, whole Den' is that whole Number, and its Numr i. So 2 and or 

*and ~ are Reciprocals. 
2. Two Fractions, whereof the Terms of the one are the 2 Num rs , and the Terms of 

the other the two Den" of other two Fractions, are called, The Alternate Fractions of thefe 

other two : Thus ~ and ~ are the Alternate Fractions of thefe two ^ and thefe 

Alternate of thofe. 

L E M MA VI. 

If two Fractions are equal, then thefe Truths follow. 

1. The Products made of the Numerator of each multiplied into the Denominator 
of the odier are equal. Thus, if = then is am = bn. 
~Exav:p. \ — therefore, 2 X 6 = 3 X 4, ( = 12. ) 

Demon st. Since = - multiply each by w 5 the Products muft be equal: But 

J Xw= j (by Cor. Le?». 1.) and — x m = ~ or », (Corol. 1. Lemma 4.) that is, 

™ ~?t. Again, multiply each of thefe by b, the Products arc alfo equal, viz. am^bny 

which alfo follows from the Proof of Divifion. 

Hence we have learned a certain Rule for trying the Equality or Inequality of two 
Fractions. 

The Reverfi of this Article is alfo true, viz,. That if the Products made of the Nu- 
merator of each Fraction, multiplied into the Denominator of the other, are equal, thefe 

Fractions are equal, ^hus, if aw=:b?/ 9 then For, divide a?»and hi both byb, 

die Quotes are equal, viz. a ~=- n \ and again dividing both by. the Quotes are equal 3 

_ • a n - am a \ 

m -7=Z (for r 

Corol. If -j^^i then are ?/, nr 9 both lefs or both greater, or both equal to their 
Correfpondents a, 6} for fince aw^fcr, if wis Ie(s than a, b muft be greater than m, elfe 

its plainly irnpoffible that £«fliould be = am , and if n is greater than a, b muft be lefs 

than m, Laftly, if n = a, then b 



4* * 
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a. The Reciprocal Ft odious are alto equal j that is, if t ^ ien is 7 = «• ^t—J 

then 15 | = |. 

Demonst. Becaufe 4 =^ therefore am = * £, (-<4rf . i .) Divide each by and the 

b m 

Quotes are equals ciz. = — : then divide each of thefe by n 7 the Quotes are equal, 



Becaufe 



Reciprocal of one of two equal Frad 
are - and — Reciprocals, alfo -? and 



diftinguim betwixt immediate and remote Recipi 

• Reciprocals, and ^ - are remote Reciprocals. 



Thus 



l we fpeak of Reciprocals 



in general, without dilhnguiming, then either of the kinds may be fuppofed. 
Corol. If the Numerator of two reciprocal Fractions are multiplied together, and 



»mmai 



So if i = are Re 



ClpTW 



— and 

b rr 



b-sh (Art. I-) hence \ 



am 

bn- 



The Alternate Fractions are alfo equal : Thai is* if r = -3 then 



IB 



then 



and 7 = J. Exansp. if f — y, 

a ~ then am— bn (Art. 



Quotes are equal, i-iz,. ~ = £ j again, divide both thefe by and the Quotes are 
equal, £ = ^ (ror ~ -=-J* = i ^d b-~m = - : ) And becaufe ~ = ~ therefore - 



* • By ^r*. 2. 

Corol I. If two Fractions are equivalent, as j 
like Fractions of the correfponding Terms of the other: Thus tw, are like Fractions of 
a, by or <>j like Fractions of *, m. For ?/= ~ of and az = ^ of b y but 7 = 7: 

■ 

Alio a = - of ^ and £ 



- the Terms 

my 



— 01 772 ' bUt " 



Terms 



If two Fractions are equivalent, as f = ^ th 

equal Drvifion of the correfpondent Terms of the other, by fome Number, e 
integral or fractional: For by Car. 2. Lem. 2. - or - of 1 is= ~ of a 7 and - is - 

J fl ft ft f71 

o: h . Suppofe then, that f = *4 then, whether is a whole Number or Fraction 
plain, that n times d is = and confequently ^ is contained in <z, w times, or a h-^=>'. 
Again, 1 = ^, therefore, ^ = </, and for the fame Reafbn as before, d is contained 

= ». In the lame manner, if we fuppofe, = d> then n -r- d 



vt tunes ei 



or b-±-d 



a j and becaufe — = ~ 5 therefore, and m-h-d—b. 
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Ohferve-, When we have learned afterwards, that the Quote of any Number (Whole, 
or Fra&idn,) divided by any other Number, is fiich a Fraction of tie Dividend, as the 

Reciprocal of the Divifor exprefles, (/. e. the Part, if the Divifor is a whole Number 
a or the * Parts? if the Divifor is the Fraction then it will be plain that the one of 

thefe two Corollaries is contained in the other, Co as either of them may be deduced from 

the other. 

L E M MA VII. 

If any Number A (whole or fractional) is equal to any Fraction (proper or improper) 
of another Number B, then is equal to die reciprocal Fraction of A. Examp. If A 

=j of B, then is B=s| of A* univerfally, if A== \ of B, then is B = £ of A. 

Demon st. If A = ~ of B, this fuppofes, that B being divided into m Parts, A 

contains n of thefe Parts ; which infers reciprocally, that A being divided into n Parts, 

B contains m of fuch Parts. 
Cor o l. Hence we have another Proof of the 2 a Article of the preceding Lemma y 

viz. That if two Fractions are equal, their Reciprocals are alfo equal j For if A i= £ of B, 
then is B = * of A; andif ~ = L therefore A = y of B, and B s=s £ of A. But 
fince alfo B as * of A, it follows that ~ elfe B would be equal to two different 

ft Ji G 

Fractions of A, which is impoffible. 



CHAP. It 

Reduction 0/* Fractions* 

problem l 

0 reduce an improper Pra&ion to its equivalent Whole or Mix' J Number .' 

Rule. Divide the Num* by the Den r , the Quote is the Anfwer. 

Examp. 1. % = 1. Ex. 2. ^=4$ (the Quote of 24 by 6.) 

Ex. 3. y = or 3 #, (becaule|=|, Cor. 2. X*em*%) 

Demon ST- The Den r reprefents the relative Integer or Unit, expreffing it by a 
Number of Parts ; therefore as oft as the Num r contains the Den*, it?s equal to fo many 
times that Integer, (or fo many Integral Units , ) and what's over in the Divifioflj makes 
a Fraction of tie given Denominator. 

PROBLEM II. 
To redace a ptix^d Nutober, to an equivalent improper Trafiion. 
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Rule. Multiply the integral Number by the Den r of the Fraction, and to the Product 
2dd the Num r j make the Sum a Num r to the given Den r , and that is the Frao 
rion fought. 

Examp. tff=V • thus, 6X3 = 183 then 18 + 2 = 20. 
DeMONst. This is plain from the kit, for ir/ s only the Reverfe of it. 

PROBLEM III. 
To reduce a Whole Number to an improper FracJion, having any given Denominator. 

Rule. Multiply the given Number by the given Den r , and the Product is the Num* 

of the Fraction fcu^ht. 

Examp. To reduce 8 to a Fraction, having 6 for its Den r , it is = V • 

Demonst. This is alfo plain from Probl. 2. being the Reverfe of it. 

Corol. Even 7 Whole Number is reduced to the Form of a Fraction, by making 1 

theDer*; thus, 4= f- 

Scholium. The iame or equivalent rnix'd Number, i. e. the lame integral Num- 
ber, with the lame or equivalent Fraction, will always make the lame or equivalent im- 
proper Fraction, cnly in different Terms, according as the fractional Part is. And Ke- 
^erfilj, The fame or equivalent improper Fraction will always reduce to the lame or 
equivalent mbc'd Number. 

Examp. 4 |— 4 -% and 4|=% 4 , and becaufcf =f, therefore 4 f = 4 confequently, 



U — ^ • and :' cm this ir tollows reverfely, that 4 £ (=V) = 4? (=\ 4 0 
* Hence we fee the Demonitrauon of a Truth propofed in Schol. 2. to Divifion of whole 
Numbers, viz.. That the lame Quote will always be exprefled by the fame " 
That if two Numbers are propofed to be divided by other two, if the intq 
the lame, when there is no Remainder ; and when there is a Remainder, 
Parts are alio equivalent, then the Quotes taken fractionally (/. e. by fetting the Dividend 
as Num r over the Divifor) will always be equal ; and if the integral or murM Quotes are 
unequal, fo will thefe fractional ones be: And, in 6ne, whatever Part or Parts the lefler 
mix'd Quote is of the greater, the lame will the equivalent fractional Quotes be. So that 
in the Comparifon of one Quote to another, it's the lame to all Intents and Purpofes to 
exprels them fractionally by the Dividends and Diviibrs, or to reduce (/. c. divide) and 
cxprds them directly and properly. But the Ufe and Conveniency of this way of exprcf- 

f in g Quotes, we fliall learn more particularly afterwards. 

PROBLEM IV. 
To reduce a compound Pr action to an equivalent Jrmple PraBion. 

Rule. Multiply all the Num" continually, the laft: Product is the Num* fought ; 
and multiply all the Den«, the laft Product is the Den* fought. 

Examp. 1. t of f = / r , (for 2X4=8, and 3 X 7 = 21.) 

Examp.2. f off off= 1 %, (for 2X5x8=80, ^5X7X9 = 315) =r£|. 

Demons T. 1. If the compound Fraction confifts of two Parts, as - of c ~ ; the 

Reafon of the Rule is this : Since £ Parts of any thing is = * times - Part, (Cor. lam. 1) 

or 
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or 



alio = ~* Part of a times that thing, (Cor. 2. Lem. 2.) Thence it's plain? that if we 



take fir ft /* times r which is = ~, and of this take - Part? which is = ~ . or firft 
take ~ Part of — , which is = ^ . and then * rimes this? which is ~ : We have either 

ft m * nm , «/» 

way taken J Parts of ^, wliich gives the fimple Fraction according to the Rule. 

2. The fame Reafoning holds if the compound Fraction has three or more Members ; 
for the two firft being reauced to one, that one and the third make the fame Cafe as that 
of two Numbers which being reduced, gives die fimple Fraction equivalent to the Com- 
pound of three given ones, (which will be plainly according to the Rule, viz. the con- 
tinual Product of Num« and Denrs ) and fo on for four or more Members. 

Scholiums. 

x. It's no matter whether the Members of a compound Fraction be Proper or Im- 
proper, the Reduction is done the fame way, and for the fame general Reafbn, wherein 
there is no Regard had to the DiAinction of Proper and Improper. 

But this is to be obferved, that if all the Members are Proper Fracliont, their equiva- 
lent fimple Fractions will neceflarily be Proper ; and if they are all Improper, it's Improper : 
But if fome of them are Proper and others Improper, the fimple ones will in fome Cafes be 
Proper and in fome Improper, according as the Value of the Proper and Improper Members 
happen to be. But it is not to be known what it will be, otherwife than by applying the 
Rule, and actually finding the fimple Fraction fought. So here, 

i of? of 5 = 44oh but. } of i of s a 

2. Fractions which are referred to a Number greater than Unity, as | of 3, may be 
alfo confidered as compound fractional Expreflions (by putting the whole Number in 
form of a Fraction, as f of f , reducible to a Fraction of an Unit (of the fame things) 
by the fame Rule, (and for the fame Reafbns as before j ) where it's plain we have no- 
thing to do but multiply the Num r of the Fraction by the given whole Number, and ap- 
ply that Product to the given Den' ; fo $ of 3 = f , and \ of 2 =^ (=$•)• But the more 
original Reafon for this Cafe, we have already learn'd in Cor. 2. Lem. 2. Obfirve alfb 
that here, as in the other kind, the fimple Fraction will in fome Cafes be Proper, and in 
fome improper, even tho' the given Fraction is Proper ; but muft always be hnproper, if 
the given Fraction is fo. Again, We may have a Fraction referred to a mix'd Number, 
as I of 5 j, and the Reduction to a fimple Form is plainly this ; Reduce the mix'd Num- 
ber by Problem 2, and then apply the prefent Problem, thus, 5 % *J, and then i of 

3. Some Authors propofe as a kind of compound Fractions, fuch Expreflions wherein 
the Num r and Den* are themfelves Fractions pure or mixed , as thefc, — i or 

3 

or ~ But, in my Opinion, we cannot call any of thefe a Fraction with any Propriety , 

lor they exprefs not a certain Number of determinate Parts, which is the true and pro- 
per Notion of a Fraction. They are, indeed, reducible to an equivalent Expreffion in 
the natural Form of a Fraction ', but that does not make them Fractions in the proper 
Notion, more than a Number of Shillings can be faid to be an Expreflion of Pence, be- 
caufe it's reducible to fuch an Expreffionj Q- e. becaule a Number of Pence can be a£ 

Q.2 figned 
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f --»asi eaual to the given Number of Shillings.) For this Reafon I would never confide 
tnefe ExpreiEons as Fractions, bur only as a manner of figniryinp; that the one is to be 
divided by the other ; or at moft, as an indefinite way of exprefling the Qjocc of the 
upper Number divided by the under: The finding of which Quote (or the Reduction, 
if you pleafe ro call it Co) rauft therefore be learn a from the Divifion of Fractions. And 
upon the Divifion of Fractions does alfo depend anorher Problem, which fome Authors 
brins; in among Redactions, viz. To find of what Number any one given Number (Whole, 
or Fraction, or MixM,) is anomer given Fradion. Examp. To find of what Number f 
is the £ ; or to find of what Number 6 is the | : But thefe we muft leave to the Rule of 
Division. 

4- The preceding Rule is general, and finds the true fimple Frac*Hon required in all 
Cafes, as has been demonftrated ; and that fimple Fraction may be again reduced to lower 
Terms, in the manner fhewn in Cor. 3. Lent. 5. But you may more eafily, in many 
Cafes, find the fimple Fraction required in lower Terms, at the firft, than the Genera! 
Rule gives by this Method : Firtt, fee if the given fimple Fractions can be expreffed 
lower by the Method of Cor. 2. Lem. 5. and ufe thefe new Expreffions in place of the 
former, which muft certainly give the true Fraction fought i becaufe equal Fractions are 
the fame Fractions, only differently expreffed. Examp. 1- j of | ( = |1) is the fame as -J 
off (=fr) becaufe $=f. But, When you cannot reduce the given Fractions, 
or after you have done it, proceed thus ; w*. Compare the feveral Num" and Den" to- 

i if the Num r of one Fraction and the Den r of another are drvifible by the 
Lber, (which may fomedmes be the leffer of thefe two Numbers themfelves) 
take the Quo-res and put in the Places of the Numbers divided j and do this with as many 
as you can ; and then apply the General Rule, which will give the Fraction fought in 
lower Terms. The "Reajbn of which is, that by this Method you have done the fame in 
effect, as if you had found the fimple Fraction by the General Rule, without fuch previous 

Work, and then divided bom Num r and Den> by thefe Numbers which were made 

Divifors in the previous Work. 

The following Examples will illuftrate this fufficiendy. I have made Examples only 
with two Members but you can eafily do the fame when there are more Mem- 
bers: And as for fuch Examples as thefe, where there are but two Members, there will 
be no need to fei down the Effect of the preparatory Work, but the Anfwer of the 
Queftion all at once, the intermediate Steps being eahly done without writing. The 
fin ding the fimple Fraction in the fmalleft Numbers poffible, depends upon the next 

Pr obtain which" you are to apply to the Fraction found by the preceding Rule. 





ip. 2. 



* n f 1 — - 1 of I — 1 rjf- 1 - — = 

jOI 7 — T Jr 7 — t Ul 7 — 7 
Fx * 1 of ** = 5 of 



Ex. V f of 4=i 



Ex. ? 



« of * = off 



1 2 



Ex. 6. * of t 



f off, 



7S 



Ex. 8. -| of ^ = | off 



Ex. j. f of- = |-of| = |. 
Ex. 9 . AofV=foff = 8: 



COROLLARIES. 

1 . In whatever Order the Members of a Compound Fraction are taken, it is ftill equal : 
So \ of f = ? of f ; and f of f of of f of f 

Or alfo exchanging the Nun." and Den** of any two of the Members, it is ftill equal: 
So ^ of f — I of * In n\ort,the fame Number of Simple Fractions make an equal Com- 
pound one, if the Nun " of the Simples in each, and alfo the Den" are the fame Numbers? 

dao' in fuch Order as not to make me fame fimple Fractions. The Reafon is, becaufe 

i the 
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the Simph Fraction to which each of thefe Compounds is reduced, will be the fame 
being produced by the fame Numbers. • * 

a.°Hence .we learn how to diflblve a Fraction (if poflble) into two or more compo- 
nent Parts; e. to reduce a Simple Fraction to a Compound one: Thus, if we can dip- 
cover two, or three, or more Numbers, which multiplied together will produce a Num- 
ber equal to theNum' of the given Fraction, and as many which will produce aNumber 
equal to the Den' ; then, of thefe Numbers we may make as many Simple Fraction?, 



pend upon the Simple Fractions being reducible to lower Terms; for this Fraction 
which is not reducible to lower Terms, is yet equal to $ of f . In ihort, as many Num- 
bers as there are which will produce the Den', the Fraction is reducible to a Compound 
having as many Members, whereof thefe Numbers are the Den rS i and tho' the Nutn' is 

the Product of no Numbers but i and icfelf, yet that will afford as many Num" for the 
Members of the Compound Fraction, as in Bxamp. 2, and 4. 

Definition. As one of two equivalent Fractions muft be in leffer Numbers than 
the other, (by Lem.6. Cor to Part 1.) So -that one which is expreffed by the leffer 
Numbers, is faid to be m lower Terms .xhztL the other: And a Fraction is faid to be in its 
leaft or fofweft Terms, when there cannot be another equal to it expreffed in fmaller Num- 
bers: So f=|> and f- is in the loweft Terms. , r . 

* 

P R O B L -E M 'Y. 

. , < 

To reduce a *r*ffbM to its Jo weft Terms j i. e . to find an equivalent Trattion expreffed 
in the leaft Numbers pojjible. 1 r * 

We have already in 1,^. 5. Cor 3. learnt how a Fraction may be reduced to lower 
Terms, by finding a Number , (if there is any mch) which wffl exactly divide both its 
Numr and Demon:*: But to reduce a Fraction to its loweft Terms, (or find if it is fo 
already) you muft take the following • • » " ' * . ■ 

Rule. Divide the greater Term by the leffer, and the Divifor by the Remainder, 
and the laft Remainder by the preceding one, continually till nothing remains-. "Then by 
die lafl : Remainder 'divide the Num r and alfo the Den*; (in whicn Divifiori there wiU 
be no Remainders,) the Quotes are the Terms of the Fraction fought. So that if the 
laft Remainder is 1, the Fraction is already in 'its leaft Terms. 

* .... * « 1 j. 1 . 

Ex amp. 1, I . Example. 

If I ^ *Y. * I 4f irreducible ; 



w 

Operation- I .for 

H4)5&>(3 I . 7 )27( 2 

128) 144 ( 1 I ~~6 ) 7 ( 1 



128 



16*) 128 ( 8 
128 



6 



000 



Then 144-=- 16=9, and 
560 — 16 = 35. 



De- 
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Demon ST. There are three things to be here demonftrated, viz,, r. That the hft 
Remainder will divide the Nuffi' and Den* exaclly, (or without a Remainder.) 2. 

That it is the greateft Number that will do fo. 3 . That the Quotes make the leaft equi- 
valent Fraction. 

For the firft, I muft premife thefe Truths, viz,. 1. If any Number does meafure (or 
divide without a Remainder) each of two or more Number s, it will alfo meafure their 
Sum j for it is contained in the Sum precifely as oft as the Sum of the times it is contained 
in each of the Pans, (Lem. 2. in Divifion of Whole Numbers.) Therefore the Number 
which meafures another, will aHb meafure all the Multiples of that other. 2. Every Di- 
vidend is the Sum of the Remainder, and mat Multiple of the Divifor produced by the 
Integral Quote, (by the Proof of Divifion.) Hence, 3. If the Remainder of any Divifion 
meafure the Divifor, it will alfo meafure the Dividend; for it meafures the two Parts of 
the Dividend, viz.. the Remainder itfeif, and that Multiple of the Divifor produced by 
the Integral Quote. 

From thefe Truths we have a clear Demonftrarion of the flrft thing propofed: For in 
tbe Operation, even" Divifor and Dividend (upward from the laft) is the Remainder and 
Diviibr of the laft Diviiion : Wherefore fince the laft Remainder exactly divides the laft 
Divifor, it will alfo meafure the laft Dividend ; but thefe being die Remainder and Di- 
vifor of the preceding Divifion, it muft alfo meafure the preceding Dividend ; and for the 
fame Reafon, the Dividend preceding that j and fo on it muft meafure every Divifor and 
Dividend to the flrft, which are the Terms of the given Fraction ; the thing to be proved. 

For the fecond Article. The laft Remainder is the greateft Number that will meafure 

the Nurrr and Der/. In order to prove this* confider, That if a Number meafures 
rhe Sum of two Numbers, and alfo any one of them, it muft meafure the other; for 
the Sum and one Part bein* Multiples of that Number, fo is the Other Part, (Carol. 2. 

L?77.\ 2. in Divifion of Ifkoie Numbers) and every Number meafures itfelf and its Mul- 
tiples. But that Number which meafures the Divifor, meafures any Multiple of it, viz. 

that Multiple produced by the Integral Quote, which is one Part of the Dividend ; and if 
the fame Number alfo meafure the Dividend, it muft meafure the Remainder, which is 
the other Part of the Dividend. Now then if the laft Remainder is not the greateft 
Number that meafures the Num r and Den r of the given Fraclion ; fuppofe another 
greater will do it: Then, by what is now fhewn, that other will alfo meafure the firft 
Remainder, (which is the fecond Divifor ;) and becaufe the flrft Divifor (which this fup- 
pofed Number meafures) is the fecond Dividend, it will alfo meafure the fecond Re- 
mainder j and fo on every focceeding Remainder : Confequently it will meafure the laft 
Remainder, which is abfurd j for this Number is fuppofed to be greater than the laft Re- 
mainder: Wherefore the laft Remainder is the greateft Number which meafures bo:h 
the Numerator and Denominator. 

For the laft Article^ viz. That tbe Quotes make the Equivalent Fraclion in lovejl 

Terms : Let the given Fraclion be exprefled • 5 > and any Fraclion in lowerTerms be j '■> 

Thefe Terms a and b are Quotes of an equal Divifion of A, B, (by Cor. 2. Lem. 6.) But 
the greater the Divifor is, the lefTer is the Quote. Therefore the greateft Number which 
meafures A and B, makes the leaft Quotes, and confequendy the leaft Terms of an Ecui- 

vaient Fraclion. j 

Corol. If a Fraction is not in its leaft Terms, the Terms of it are Equimultiples of 
its leaft Terms ; and thefe Hke Aliquot Paris of thofe. Hence again, All Equivalcn: 
Fractions in different Terms are different Multiples of the leaft Terms. 

1 PRO- 
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PROBLEM VI. 




valent FraftioM having all the fame Denominator. 

Rule. Multiply all the Den" continually into one another, the Product is the 
common Den* fought. Then multiply eacn of the given Num« into the Den" 
of all the other given Fractions continually ; the Product is the Num.* of the Fraction 
fought, equivalent to the Fraction whofe Num* was multiplied. 

SttMp. i. r> & = if- Thus > 3 X 7=2i) the common Den* : Then 2x7 

— 14, which makes *f = }. And 3x5 — 15 makes f £ =|. 
Exam*. 2. £,f£, t S =t£V> rff^fH?- Tn us> 9X15X13 = 1755, the common Den r . 



plain, that having reduced them firft according to the preceding Rule, if we can find 
thdgreateft Number that will meafure the common Denr and all the new Num% thefe 
being divided by it, the Quotes will make the Fractions fought. But the Demonftration 
of the Rule for rinding that greateft Number muft be referred to another Place. To 
which I mall therefore, refer this Part of the Problem y and here only obferve> that tho* 
the given Fractions are in their loweft Terms, yet being reduced to a common Denr by 
the prefent Problem, the new Fractions will not always be in their loweft Terms that ad- 
mit of a common Den*. Examp. X t if, are both in their loweft Terms; and beino- 
reduced, they are {■}!> which are again reducible to thefe, |J, JJj for 3 mcafures 

75 by ay, {i.e. 3x25 = 75) and 117 by 39, and 135 by 45. 

Corol. Hence we have another Demonftration of Article x. Lemma 5. viz,. That 
two Fractions are equal when the Products are eoual which are made of the Nutr.r of 
each multiplied into the other's Den*: So|s=£, becaufe 2X^=3X1). For when 
the two Fractions are reduced to one common Den*, by the preceding Rule, thele 
Products are the new N urn* ; and it is certain, that when two Fractions are reduced to a 
common Den', if the new Num« are alfo equal, thefe new Fractions are equal, and 
confequently fo are the Fractions to which they are equal ; fo in the preceding Example, 
7 I being reduced, are each = if ; therefore f and f , which are each equal to the 
fame, muft alfo be equal to one another. 




Demon st. The Numr and Den' of each Fraction is equally multiplied, viz. by 
the Den" of all the other Fractions; confequently the Fractions produced are equiva- 
lent, by Lem. 4. Cor. 2. 




PROBLEM VII. 



To reduce a Fraction to an Equivalent one of any other given Denr 
I e. to find a Nun" which with that given JJenomf will make an 
VraStwh . 




Rule. 
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u L £.* Multiply die given Denomr by the Num r of the Fraction, and divide the 
Product by its Der r ; the Quote (if there is no Remainder) is the Numr fought. 

Exarap. To reduce ! to an Equivalent Fra&ion, having for its Den* 12. It is T |. 
Thus, 3 X 12 = 36, and 36^4=9, the Nun* foughr. 

Dzmonst. This follows firom Coral, to the lair. For let the given Fraction be 
~ if thz Den*" to which it is to be reduced be d, fuppofe the Numr fought is o 

And beciuie - =^ by flmpofition, then *^=:£c; therefore dividing both by b 3 it Is 



0 i 



c, accords^ to the Rule. 



Scholiu M. If the DK-iSon has a Remainder, the Problem is plainly rtnpoffiblc; 
ve* the criven fraction is equal to the Sum of nvo Fractions, one of which has the given 
Der*, arid rs Numr is the Inregral Quote of fie Dividend directed, bvthe preceding Rule ; 
and the other has fcr its Nurr/ the Remainder of the Diviflon, and the Den r is the Pro- 
duct of the <nven Der. r and the Denr Q f the Fraction reduced. Yor Ex amp. if * is prc- 
poiedro be reduced to the Denr 5, 1 cake 4x5 ===20 i then 20 —-7 =2, and 6 remains. 

Whence I conclude, thai ± =f+?V ™***pMfr Let ic be P ro P° fed to reduc e ; 
to the Der. r And let n ) 4 w = and r remaining j then the Problem is impoflible. 

But Hay, that - = f- 



D e MO N ST. Since ™ = 2+^> then dividing both by m, it is £ = I + £, by 



2. For — expreiTing the Sum of 5- -f - the « Part of ~> which is the Sum, 



15 



me Sum of the m Parts of? and ^, e. -2 -f £; 



P R O B X. E M VIII. 
To rafrf a Vr action to av. Equivalent one> bating a given Nm r , (if pojpble.) 

R r 1 «• Multiply the gjven Numr by the Den r of the given Fraction, and divide the 
Product by its Numr, the Quote (if there is no Remainder) is the Correfpondent Den- 

^°~Ezsir,p. To reduce £ to a Fracoon having 1 8 for its Numr ; it is done thus, 1 8 x 6 

27: So theFra&on fought is if. Univ&fattji To reduce t to the 

Num r Cj take ctz-^t- a — m? then is ~ 

Demon-st.Bv rererfmg the given Fraction, and taking the given Numr as a Den', if 
becomes the fane Cafe with the preceding Problem ; and it has been mewn, that it r.vo 
Fractions are equal, they are fo when reverted. But we may argue for this the fame way 
23 in that Problem : Thus, if ^ =^then am = cn y (Lem. 6.) and** = ~. 

Scholiu m. If there is a Remainder, the Trahlem is impoflible ; , yet we can W 

rro Fractions, the one of which has the given Numr, and whofe Difference ^ cqu^o 
di- Tivcr. Fraction. For vAicb, this is the Rule; -viz. Having multiplied the given f<us 
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Into the Den' of the Fraction, and divided the Product by its Nutn', take the Integral 

Quote as a Den* to the given Num r . And if from this Fraction you fubtra& another, 
whofe Num' is the Remainder, and the Den* is the Product of the Den», [yi*. of the 
given Fra&ion and that laft found) this Difference is equal to the given Fraction. 

Escamp. If it's propofed to reduce £ to a Fraction whofe Num* is 9 j work thus, 
7X9 = <$3- Then 63 -=-5 = 12, and 3 remains. And then I fay, 5==i 9 » — ?V (84. 

being— 7 X 12.) Vniverfally, If it's propofed to reduce to the Num r and if ~ 
q y with r remaining, then -j is not reducible to fuch a Num r . But I lay, \ = «j — ^ 

Demon sT. Since = q-> and r remaining, then is bn ? + (by the Proof of 



Divifion.) Hence dividing equally by b, it is »s=llil' And again dividing by ? 




it is, * =^t r .^fi^JL. (J>«, a.) But r 2 ^, (Cflfo/. 2. 5.) Where- 

fore « =: -| + Vf Hence laftly, by equal SubtradUon, -j — ^ == -| . According to 
the Rule. 

Obferve, The preceding Problems relate all to Abftraft Fra&iovs, I. e. the Fraction 
reduced, and that to which it is reduced, are fuppofed to have the fame abfolute Deno- 
mination, or all to be applied to the fame Integer ; therefore there is none mentioned. 
-The following Problems concern Fractions as they are fpecially Applicate. ' 

V It O B L E M IX. 

To r * Vra&ion of an Vnit of a higher Value, to an 'Equivalent Vra&ion of an 
Unit of a lower Value, tbefe Units having a known Relation to one another, i. e. 
the lejfer being equal to a certain known' aliquot Part of the other. 

Rule. Take the Reciprocal of the Fra&ion which exprefles what Part or Parts the 
lower Unit is of the higher, and making that with the given Fraction (of the higher) the 
two Members of a Compound Fraction, reduce it to a Simple, [by Prob. 4.] i. e. multiply 
rhe two Num M together and the two Den r$ , the Products make the Fra&ion fought. 
And obferve, if the lower is an Aliquot Part of the higher, we have no more to do but 
multiply the Num r of the given Fraction of the higher by the Den' of that Part. 

Examp. 1. .To reduce £of 1/. toaFradton of ijb. it is V of 1 Jh. for 1 fi. is ^Part 
of ll. and j/. is 20/&. Therefore \ of 1 /. is| of 20/&. by the Rule. 

Examp. 2. To reduce $ of 1 /. to a Fraction of 1 Merk, it is { • Thus, 1 Merk 
is I of j. L Therefore 1 /. is \ of 1 Merk, {Lew. 7.) So that f of 1 /. is = « of 4 of 1 
Merk, which, according to the Rule, makes the Fraction fought. 

Bimon-st. In the preceding Examples, I have -made the Reafon obvious. But to 



(lemonftrate $ ,more- s yhiverfalfy ; let it be propofed to reducs of a higher Unit to a 
Fraction of a lower, which is 3 of the higher. I fay it is ~ of ~ of the lower: for 

of the higher, this muft be - of the other, (Lent. 7.) Therefore 
7 of the higher is = | of £ ( = ^) of the lower, according to the Rule. And if 

£ the 



m 
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the lower Unit is an Aliquot 
Numr of the given Fraction 

It IS 
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So 



r rnoL Tf a Compound Fraction, or a Fraction of a Number greater than Unity, is 
^ T r * __j £ „ c;mr.if> Fwi'Hnn. and then nroceed as above. 



and then proceed 

yi.'uiwj **♦ • 

PROBLEM X. 

To reduce a Fraction of a lover Unit to a higher, {the lover having a known Re- 
lation to the higher.) 

R ul* Make a Compound FraiKon of the given Fraction (of the lower,) and that 
, racoon which exprefTes what Part or Parts the lower is of the higher ; and reduce this 

Compound to a i>impie, you 

ri^T To reduce of i fb- to the Fraction of i /. it is ¥ «- /. = For i jZr. 

Rule. 

f i Merk is 







4 of i of i / = — J- according to the Rule. 

~~The of this Rule is obviouOy the fame in all Cafes, and needs not be farther 

inftfted on. 

S c h o l In either of the two laft Problems, if there are any intermediate Species be- 
-wixt the two eiven Units ; and if inftead of the Relation betwixt the higher and lower, 
there be given the feveral Relations betwixt the Extremes and the Intermediate Species, 
rhen reduce the aven Fraction to the firft intermediate Species, and from that to the next, 
Si you come to the Species required. Exam?. | of il reduced to the Fraction of i 
f^TThinp- is 1^-2 ; which is found either all at once by knowing that i Farthing is yf-of 
iLor% degrWs thus, ±1 = d=l2?L far things. By multiplying the Nu- 

merators gradually by 20, 3 

F R O B T. E M: XL 

To exprefs any Applicate Whole Number, fmple or mixed, by a Fraction t 
periovr Integer. 

C a s e 1 For a Simple Number, make it the Num r , and for Den' take th 
of the inferiour Species which is equal to i of the fuperiour ; and that is th< 

fought. So 8/ is A- of ijb or 5 | s of 1 A 

Case" For a mixed Number, reduce it to the loweft Species expreffed 
make that tie Num r ; and the Number of that lower Species which is equal t 
given fuperiour Species make the DenJ, and that is die FradHon fought 
g ExJp. Toexprds 12 fb. 8 d 3 /»* ** ^Fra&on of a L it is f££ I. for 
Number is^ii/ and if. is &>L therefore 6nf. is tfiiomes m i.*=&i L 

PROBLEM XII. 



mixed 



To find the Value of a FraB 'um of any Unit (or other Number) of a given Name, 
in Integers of lower Species, (where there are anyfah.) 

Rule. The given Fraction being (or made) a Simple Fraction, reduce it to a 
Fraction of the next lower Species, (by Prob. 9 . ) which being improper, reduce it 
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(by Vrob. i.) and the Integral Quote is the Anfwer in that Species, if there is no Re- 
mainder; but if there is a Remainder, it makes a Fraction ot that Species ; with which 
you are to proceed to the next Species, and reduce as before ; and fo on to the loweft : 
then the Integral Number found in each Species, with the Fraction of the lower, if there 
is a Remainder, make up the complete Anfwer. [And obferve^ if the Fraction of the 
firfl:, or any fucceeding lower Species is Proper^ it is plain you can have no Integer of 
that Species; and fo you muft proceed, and reduce it to the next continually till you have 
an Improper Fraction : And if you never find fuch a Fraction, then the given Fraction is 
not expreflible in Integers.] 

Examp. 1. I of 1 /. is = 4 d. which I find thus, |/=Y^ {Prob. 10.) =13^. 
4. } A {Prob. 1.) and fb = y d. [Prob. 10.) = 4 d, (Prob. 1.) 

1 The Reafon of this Rule is evident of itfelf. 



Scholiums. 



1. This Problem fuppofes the given Fraction a Proper one; but for an Improper, firlt 
reduce it, and the Integral Quote is the firft Part of the Value fought. Then proceed with 
the Remainder according to the Rule. 

2. This Rule is accommodated to all Cafes, whether the lower Units be Aliquot or 

Aliquant Parts of the higher. But becaufe in die Cafes which molt commonly occur, 
they are Aliquot Parts, therefore the Operation is the more Simple^ and the Rule may be 
exprefled thus, viz. Reduce the Num«" of the given Fraction (as an Integer) to the next 
lower Species, .till the Product be equal to, or greater than the Den*-; then divide by the 
Den r , the Integral Quote is the Part of the Anfwer in that Species : Reduce the Remainder 
to the next Species, and divide as before (by the Den r ) and fo on to the loweft Species ; 
and you have the Anfwer either in a Simple Whole Number of one Species, or Mixed of 
different. And if there is a Remainder upon the laft Species, it makes that Part of the 
Anfwer belonging to that Species a Mixed Number with a Fraction. And this in effect 
is the fame as tie preceding Rule. 

Examp. 2. To find the Value of it is 13./&. Zd. 2 if/. 

Operation 

1 

24/. 
20 



35)480^(13^.- • 

JL!_ . This way of ordering the Operation is diftinct and eafy ,* and it 

130 is exactly according to the General Rule of the Problem, which you 

1 of will readily perceive by comparing. For this Reduction of the 

25 Rem. Remainder, and then the Divifion of the Product, is exactly the 

I2 Operation whereby the Fraction made of that Remainder is re- 

— j t o j duced to the Fraction of the next Species, and that again reduced 



280 

20 Rem. 

4. 

308o/(2i° 
. jo 

10 Re 
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Addition of FraB 



Book 2. 




Whole Number, and men find the Value of the Remainders in inferiour Species. For 

the valuine the Fraction of a Mix'd Whole Number, as \ of 48 L i\(b. %d. it is to be 

done bymulnplying the IVhYd Number by the Num* ot the Fradhc 
- ' of onu tind nf Ouantitv is the feme a 



the Denr } for | of any kind or ^uanaty 
Quantity. Or Generally, ~ of any Quantity is y of «* times 
the Reafon of this Rule. 



f 



that 




A 



CHAR III. 

Addition ^Fractions, 

definition. 

ling a Fraction c 



DDITION of Fractions, is 

er. 






PROBLEM 



add poo or more 



Rule. Reduce all the given Fractions to fimple Fractions, of one Unit 3 and one I 
(if they are not fo already;) then the Sum of the Num« being made a Numr t( 

common Den*, makes the fractional Sum fought, (which may be further reduced a 

Cafe admits.) „ 

Scholium. In the following Examples, I thought it fuperflupus to write ( 
the Operations but I have fet down the Erred: of every Step in the Work, fepai 
them from each other by the Mark of Equality, fhewing that what follows is equh 
to what precedes being only the lame "Fractions reduced (where it was neceflary) 
different State, according to the Dire&ion of the Rule : Which therefore being 
pared with the Rule, all will be clear and manifeft. 




. 1 



7 ' 7 



5 



Ex.1. 4 + 



1 9 



•3- + 



Ex. 4. 4. 0 f> + |.of4^ T < T+ 




IO8 



+ t 4 o 



x + ff 



^ _e preceding Examples the Integer is fuppoCed to be the fame in all the given 
Fractions, therefore I have named none j but ia the following we (hall make diem ft 



Examp. 5 . *.l.+ i.fb. = 6 T °Jb.+ *fi.=: 6 T *Jb 



fi. d: J. 

8^.^=8 : 10 : i\ 



Ex. 6. il+if>. = VA+fA = WA+tT^ = WA=="^ 



Ex. r i i + 4 °f £j&. + H^/ = ¥ A- +HGr = " H° A +T* A f !, 



Aeain? when there are mix'd Fractions, as 4 f -4- 7^ we may either reduce thefe to 
improper Fractions, and proceed by the General Rule 5 or, add the fractional Parts by 
thernfelvesj and the integral, and then join both their Sums. Thus in the preceding 



Example? the Fractions added make J= 1-5, and the Integers make 11 ; fo the Total is 
12 •§. Again, take this Example to add 24 %l. and 16I. iof/2). The Sum of the two 
Fractions, viz. \l> and f^. will be found 15/^. 4^. 3!/. The Sum of the whole Numbers 
is 40/. 10A and the Total is 41 /. 4<* yjf. Obferve alfo, that if the relative In- 
tegers of two Fractions are not of one general Nature, fo as to have ibme relation, there 
can be no Addition. 

Demons t. It is already fhewn, in Cor. 2. Lem. 2.. that if feveral Fractions have 
one Den', the Sum of their Num" applied to that Den', is a Fraction equal to their Sum ,* 
but without that Lemma, this Truth will appear veiy limply and eafily thus : The given 
Fractions being fuch, or reduced to fuch a State, that all the Nutn« reprefent things of 
the fame Denomination, bom abfolute and relative, p. e. of the lame Species and Value 
in all refpectsj their Sum is therefore a Number of tilings of the fame kind, or a Num- 
ber of fuch Parts as the common Den' expreffes of the fame common Integer. 




CHAP. IV. 

Subtraction of Fractions, 

DEFINITION. 

UBTRACTlONisthe finding a fraction equal to the Difference of two given 
Fractions. - 



P * J ■ r 



PROBLEM. To fubtrtfTm Fraaion from another. 

'Rule ', lledaee -them both to fimple Fractions of one Unit, and one Den', (if they are 
not fo) then fubtract the one Num* out of the other j and make the Remainder a N urn* 

to the common Den', and you have the fractional -Difference fought. 

The Reafin of this Rule is founded upon the fame Principle as that of Addition which 
need not be repeated- Or toay alio be deduced from Lemma 3". "where itfs fliewn that 

^of A- ~pf B= £.o£A^& *a*is £«- £ becaHfe^of A= A, and 

~ofB=£> aad-tffX^B^^? {Cor. 2. Lem. 2.) I 



Vxamp.i. f=f Ex.2. f = 




jux. 4. — y r — , T x.— T7 j.— TT r. — O*. 



• - .-1 



When there is a Whole Number concerned, either in the Subtrafior or Subtrahend^ 

Or both, tie Difference may be found alfo by the General Rule ; after reducing Whole 

and 
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and Mixtt Numbers to Improper Fractions : But fuch Cafes may be fblved eafier, by 
reducing only the fractional Pans according to the Rule, and then fubtracting Fraction 
from Fraction, and Whole Number from Whole Number. See Ex. 6, 7. below. 
Obferving tins, mat where the abfolute Denomination is the fame, and the fractional Part of 
the Subtracter is greater than the Subtrahend, borrow Unity ; i. e. add the Den r (which 
reprefents the integral Unit) to the Num r , and then fubtract, and for that carry and add 1 
to the Whole Number of the Species to which the Fraction refers : And if there is no 
Fraction in the Subtrahend, fuppofe one, whofe Num r and Den r are equal each to the 
Den r in the Subtracter, and the Fraction therefore equal to 1 ; and fubtract from it 
(that is, fubtracl: the Num r of the Subtracter from its Den r J and for that add 1 to the 
Whole Number of that Species, (Ex. 8, 9.) And if there is no Whole Number of that 
Species in the Subtrahend, or 1 els than that to be fubtraded from it, (Ex. 12.) you muft 
fupply it as in Subtraction of Whole Numbers. And lafiljy mind that the Unity bor- 
rowed for the integral Part, muft be repaid to the Integrals of the next Species, (Ex. n .) 
and 2Kb the Unity which may happen to be borrowed for the Fraction of that next 
Species, (Ex. 13.) But the following Examples will make all clear. 



Examp. 6. Exatnp. j '. Examp. 2. 

Subtrahend. 7'-= 7^- 24* = 24*1 14 

SubrracTror. 4f = 4^ 1 * irj = it j| JSf 

3ts Diff. ^ DifF. 5 | 




Examp. 9 

4« 



Diff 
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7. 




d. 


28 : 




' 9 


6 : 




■ -1* 
* - 9 


DifF. 22 : 


4^7 





Examp. 10. 
DifF. of 



DifF 



DifF. 



Examp. ix.* 

/. Jb. d. 
32 : 12 : 2 

* ■ "A 



I Jb. 

82 : 09^ : 
60 : -14 j : o£| 



Examp. 13.* 

</. /. 7&. </. 

00 = 82 : o9 5 *V : 00 



60 : ij-IJ : o.?| 



Such Examples as the 12 th and 13 th np 
frnHs, yet they are an ufeful Exercue 




SubtraBion afTraBions is proved by Additions thelame Way, and forthe fame Reafooi 
as in Whole Numbers. • 



CHAP 
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CHAP. V. 

Multiplication ^/Fractions. 

definition. 

TO multiply any Number or Quantity by a Fra&ion, is no other thing than taking 
fuch a Part or Parts of it as that Fra&ion exprefies. 

PROBLEM. Td multiply one FraSiion by another. 

Rate, Reduce both to fimple Fractions (if they are nor fo) . and then multiply the two 
Num" together, and the two Den" ; their Produces make a Fraction, which is the Pro- 
duct fought. 

Jt***.!. fxf=±- Ex.2. 4of^_x 7 V = |ii(= T VV-) 



9 

When either of the two Factors is a Whole Number, and the other a Fraction or 
Mix'd, or both being Mix'dj thefe Cafes come alfo under the preceding Rule, if the 
Whole or Mix'd Numbers are firft reduced to the Form of fimple Fractions, (as in the 
following Examples.) So that when there is a Whole Number to be multiplied into a 
Fraction, it's plain we have no more to do but multiply the Num r by that whole Num* 
ber; fo 4 .by ±= **. And the Reafon of this we have alfo learn'd before, Cor. Urn. i. 

tfeSfcr- 4 * 4 dmes « = " > fo *■* ies no mat ^ er which of you call the.Mul- 

Examp.i. 2 4 Xj.= y (=14^). 

Ex. 5. d 4 x 8 *o7f = tf 4 x 8 ±i= V x Vt 8 = f -^± (5<?7 ^ 0 

to WerTerm?' B^m" W*- iS ? Und * ^ General Rule > * ma 7 be reduced 
poun^r^^^^^ than ^ Red^on of acorn- 

take fuch a Pm or Par« L l^ 3 . Jf 1 ^ °° more ^ * e Definition, than to 

Ae given Fraftiom %M£tTc t>Kad " ?"* Fra6lion ex P' efles i taking 
^TdoS^pjjWS^f r mp vf d Fradl f n > deducing it toT Stag? 
to multipW i bv * fno Xr Pre< ^ ely / c< ?> rdin P, to *e. Rul? here given : So 

And because' it's M^riSfvS? ft * f ?= ^' ( b 7 ^ 4- and "this Rule.) 

itfelfi b« f£ f ™ cannot have any which is a more fimple or eafier than 

to it. ■ a counter 0 P« r atton in Divifion, as we lhaU explain when we come 
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Far AVVLICATE NUMBERS. 

Any abfolute Denomination may "be applied to one t>f the Tei m« ; but -the-other rrmft 
be abftraci by the Definition ; for it can fignify only what Part or Parts of the other 
are to be takec , an d the Product is Applic" ate to the feme Things, which is to be further 
reduced as the Cafe requires. For Example, J 7. X \ === -J /. = 12 ]h. 6d. 

If the Multiplicand is a Mix'd, Applicare, Whole Number, and the Multiplier a Frac- 
tion, then reduce the former to the lower Species } and if there is in that Term a Frac- 
tion, make the whole an improper Fraction, and then apply the Rule. 

Examp. 6. To multiply 24/. 12.fi. 8|.<J. by 4^.. By Reduction they are equal to 

But here if the Multiplier is a Whole Number, and a finall one, fo that the Multipli- 
cation can eafily be performed without previous Reduction, let it be. done that way; be- 
ginning with the Fraction in the loweft Species- Examp. 7. 14'/. 12/. 10 \d. by 4, 
= 58/. \\s.^\d\ Thus f X 4= « = i|</. which 1 is carried to -the Product of Pence. 
Examp. 8. 78/. i^s.6d. by -J: Multiply the Mix'd Number by 5, then divide the Pro- 
duel by 9 ; and this is a Queltion of that feme kind which we have feen already in 

Scbol. 3. Vtcbl. 12. Reduftiov. 

General Scholium. 

The word Multiplication, more properly and ftridtiy taken, Cgnifies the encreaung of a 
Number by Repetition ; whereas to multiply by a proper Fraction (according to the 
preceding Rule) does plainly find a Number lels than the Multiplicand ; which apes there- 
fore rather divide than multiply it. But more particularly, when the Multiplier is an Ali- 
quot Fraction, as f, the Effect of this Operation is plainly nothing elfe but Divifion, 
viz, of the MulripUcand by .3, which finds f of it. Agmny If the Multiplier is a Fraction 
of any other kind, proper or improper, as -f or J, the Operation is mixM, whereby tie 
Multiplicand is firft multiplied and the Producer divided; for we* take a certain Part of a 
certain Mulrinle of it. But this Difference is remarkable, <b*s. That if the Multiplier is 
a proper Fraction, the Divifion prevails, and the Number laid to be multiplied is really 
letfened : But if ir/s-an Improper Fraction, the Multiplication prevails, and the Multipli- 
cand is encreafed. The firft is therefore in fome fehfe more properly a Divifion, and 
the laft a A lulriplicarion ; tbo', according to the Definition, ihey are both called Multi- 
plication j (nor dees the firft sgree to the Definition in Divifion, as we ftiall fee in the 
next Chapter.) Again? Take notice, that if a Whole Number and a Proper Fraction 
are multiplied together, the Fraction is, in a ftrict, and proper Senfe, multiplied j but 
the Whole Number is kflened, and is only multiplied in that Senfe in which Muhiplia- 
tion by a Fraction is here defined. And now at kit if you enquire. How the Name or 
Multiplication comes to be applied to a Work which really dimrnilhes ? it feeros ro Ik 
from this Confideration, viz. That whether the Multiplier, is a Fraction or Whole Number, 
the Number found has the fame relation to the one Factor asthe other has to 1 ; i. e , it 
contains it as oft, or as many Parts of it, -as the other exprefles, or as it contains Unity 
or Pans of Unity; which is plain from the Definition. So in Whole Numbers, 
(or the Product of a by b) contains-*, b times, and Co does b contain i, b times, h 

Fractions the Product of a by ~ r is £ Parts of as ~ exprefles £■* Parts of 1 : And 

'■mm m * m 

became of mis general Likenefs in the Effect, iboth are called Multiplication ; which is 
alio defined in this general manner, viz. Finding a Number which inall have the fame 
relation ( above explained) to one of the two given Numbers, as the other has to Unity: 
rho' the Erred: of this is in fome Gafes really -Divifion, and in all others, is mixM of Mi* 
replication and Divifion, taking thefe in their more ftriffc and proper Senfe. 

CHAP- 
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CHAP. VI. 

Division of Fractions. 

d e f i nx now. 




IVlSIONis taken here in the fame Senfe as already explained in Whole Num- 
bers, viz. finding how oft one Fraction is contained in another. 



General Scholium. 

We fee now by comparing the General Nature of Multiplication and Divifion by Frac- 
tions, as it appears in their Definitions, that they are the fame way oppofite in their Effects, 
as in Whole Numbers. For, let any Number A (Whole or Fraction) be multiplied by 
any Number B, (Whole or Fraction) and let the Product be reprefented by D j then D 
contains A, B times, or fuch a Fraction of A as B exprefTes, (according to the Nature 
of Multiplication by Fractions ;) confequently, if we divide D by A, /. e. enquire how oft 
A (or what Fraction of it, if it's greater than D) is contained in D, the Quote mull be 
B : And reverfoly, if any Number (Whole or Fraction) is contained fo oft (or fuch a 
Fraction of it) in D, as B exprefTes, then muft fo many times (or fuch a Part of ) A, as 
B e\'prefles, be equal to D. Therefore, whatever be the Rule for finding how oft any 

Fraction is contained in another Number, this is certain, that the Quote multiplied into 
the Divifor (according to the Rules of Fractions) muft produce the Dividend, or its 

quivalent ; for it may arife in different Terms, as we lhall prefently fee. 

PROBLEM. To divide one Frattion by another. 

t 

Rule. Reduce both to fimple Fractions, then take the Dividend and the Reciprocal 
of the Divifor, as Members of a Compound Fraction, and multiply them together j the 
Simple Fraction produced is the Quote fought^ /'. e. the Quote is equal to fuch a Frac- 
tion of the Dividend as the Reciprocal of the Divifor exprefies : Or thus, (which is the 
fame thing) Multiply the Num* of the Dividend into the Den* of the Divilor, then the 
Denr of the Dividend into the Nun\ r of the Divifor ; make the firft Product the Nun:*, 
and the other Den' of a Fraction, and it's the Quote fought ; which is to be further re- 
duced according to the Circumftances and Senfe of the Queftion. 

Ex amp. i. T V)tV( VV 4= =*' Ex.2. « (^=1^ = ^. 

If there is a Fraction any way concerned in either of the Terms, e. if either of them 
is a whole Number, and die other a Fraction or mix'd, or both mix'd Numbers, they 
come both under the preceding Rule, if the Whole or Mix'd Number is firft reduced to 
the Form of a Simple Fraction, (as in the following Examples.) So that when either of 
tjem is a Whole Number, we have no more to do but multiply the Num* or Den r or 
the other by it, according as that whole Number is the Dividend or Divifor. 

S Ex amp. 



13° 
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Examp. 5. ^+ ) 3 68 f or V ) 



aits 
1 4 + 



Ex. 6. 3 ) -jy C "3~TT 



1 3 



rv ^ „ 3 )6± 0 r U ) 4 - 7 ( L?J 



"77 



Obferue The preceding Examples are all in abftract Numbers j and for the Manage- 
ment orippiic^e Numbers, where Fractions arc concerned, I mail confider them by 
themfehW becaufe of fome things that require to be particularly explained as to the 
Senfe and Meaning of Divifion applied in fome Cafes ; but I mall firft demonftrate the 
preceding General Rule. 

Demonst. The Reafon of chi> Rule may be varioufly deduced thus: (i.) That is the true 
Quote, which, multiplied by the Divifor, produces the Dividend, (by what's (hewn in the 

preceding Gen.Scboi) Now if j is divided by ~, the Quote according to the Rule is £ 
V ;hich multiplied by the Divifor ~ ( i. e. take 



be 



cbc 
hi' 



this being reduced to lower Terms, viz. by dividing I 

becomes equal to 7 the given Dividend 3 therefore 



be 



Or, 2. We may prove it ti 
times ; wherefore ^ times 



contained 



y: But - of £=f of ~, which is 

c « bom 




and hence (by -Lew. 7.) ~ = r °f ~) which, according 



is 



- r 



the Quote 

Now, tho' either of thefe two is a ftridl Demonnration of the Rule, yet b 
onlv from the Oppofition betwixt Multiplication and Divifion, it will be ufc 
Reafon and Invention of it more dire&ly and immediately from the Natur< 
irfelf. Thus, 

3. Let it be required to divide ~ by £ If we firft enquire how oftis a 

the Quote is £ (by Cor. 1. Lem- 5. Chap, i.J But becaufe we ought to 
d r a a- of ^ is contained ; and this muft be b times as oft, therefore 



eb 



ding 



Ml Quote T*^** w ^ ^ ^ v 

a. We have yet a more fimpleView of it, thus: Suppofe the Divifor and Davidend have 

(orare reduced to) one common Den r , then it's evident that the Dividend contains the 
Divifor as oft, or as many Parts of it, as its Num r does the other ; for having one Den r , 
they are in the fame State with rdpeft to one another, as Whole Numbers : Sn rhar the 
Num r of the Dividend, fet fractionally over theNum' of the Dwifor, expreffi 



luote. 



that — contains — as oft as a contains 



exveSs Units of the fame Value. Now, tho' there is no word in the Rule of reducing to 
oneDen*, vet the fractional Quote, found by the Rule, is plainly the feme as that now men- 
tioned ; for the Operation is the (ame as that by which the Num" are found, when they 

are reduced to a common Den r . Thus, if £ and 3 are reduced to a common Den 1 , 



they 



I 
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times 



*£ is contained in is truly expreficd by ^, which is the Quote of £ divided by 
according to the Rule. 

Corollaries. 

If the Divifor and Dividend, being Ample Fractions, (or reduced to that State) have a 
common Der their Quote is the Quote of the Num." taken by the Rule of Divifion of 
whole Numbers. So f ) f ( * and * ) | ( * = 2: 

II. From the General Rule this plainly follows : That the Reciprocal of any Quote 
will be the Quote when the Divifor and Dividend are changed. For Example, £ ~- ~ 

= £ and£-f = £ Orthus,iff-I=£,thenis£of £ = f , and £ 

- of " ; therefore 4 h- £ = ~ And the fame thing being true in whole Numbers 

n b * don- 

alfoj we learn this general Truth, w*. That if any two Numbers are divided, either by 
the other, the Quote of the one by the other, is die Reciprocal of the Quote of tfcat 
other by the former. 

\ Scholium. When the Quote is found, it may be reduced to lower Terms,* but 

if you confide^ the Dividend and the Reciprocal of the Divifor, as Members of a com- 
pound Fraction, (according to the Rule) then you may apply the Directions given in 
SchoL 4. Probl. 4. Redu8ion> for rinding the Quote in lower Terms. But the Rules for 
the more ufeful of thefe Cafes, applied to Divifion, may be exprefled in this manner, 

viz. 

(1.) If the Num r and Den r of the Dividend are Multiples of the Numr and Den r of 
the Divifor, divide them, and make the firft Quote Num r and the other Denr, and that 
Fraction is the Quote fought. 

Examp. ^) T V=f 

(2.) If the Numr of the Dividend is Multiple of the Num* of the Divifor, but not 
the. Dftirs, then take the Quote of the Num" and multiply it into the Fraction made bv 



Examp. £) f (2Xf = f. 

(3.) If the Den' of the Dividend is Multiple of the Den r of the Divifor, but not the 
Num" , then take the Fraction made by fetting the Num* of the Dividend over the Numr 

of che Divifor, and divide it by the Quote of the Den" j i. e. multiply its Denr by that 

Quote. 

Examp. |0 1,(4-2=^1^ 

(4.) If the Num»* 0 f the Dividend is Multiple of the Numr 0 f the Divifor, and the 
Denr of the Divifor Multiple of the Denr of tie Dividend, divide the Num." one by the 
other, alfo the Den", the Product of thofe Quotes is the Qjuote fought. 

Examp. ^=:^ for 6-r-3 = 2, and 39-^13=3. 

The He afin of all thefe Rules is contained in what is explained in die place above re- 
ferred to; and were fuperfluous to repeat. 

S 2 For 
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Book 2. 



ForAPPLICATE NUMBERS. 



There is the lame Variety in Divifion of Applicate Numbers where Fractions are con- 
fidered, as when all are Whole Numbers. But before we make any Examples of this 
kind, it will be proper that we firft reflect upon the four different Senfes explained in 
Diviiion of Whole Numbers, and confider how they are to be applied with Fractions. 

Firft, If the Divifor is a Whole Number, the Dividend being a Fraction either pure 
or mixed, the different Senfes are Applicable the fame way as if the Dividend were alfo 
a Whole Number. For we may enquire, i. How oft the Divifor is contained in the 
Dividend, z. What Part it is of the Dividend. Or, y What Number (Whole or 
Fraction) is contained in the Dividend as oft as the Divifor exprefles. Or, 4. What is 
that Number which is fuch a Part of the Dividend as the Divifor denominates. In all 
which there is no matter what the Dividend is j for the Anfwer of the Queftion in the 
firft Senfe will anfwer it in them all \ except in the fecond, when the Divifor is not an 
Aliquot Part of the Dividend j as has been already explained. 

In the next Place, let the Divifor be a Fraction pure or mixed; whatever the Dividend 
is, the firft two Senfes are applicable without any Variation : for we may reafonably ask 
1. How oft a Fraction is contained in any Number. Or, 2. What Part it is of any 
Number. Obfervtng this, That whether the Divifor is an Integer or Fraction, if it is 
not an Aliquot Part, yet we may ask what Fraction it is of the other. 3 . We may enquire 
what is thai Number which is contained in the Dividend fuch a Fraction of a time (/. e. 
of which the Dividend contains, or is equal to fuch a Fraction) as the Divifor exprefles. 
It is plain, the Quote taken in the firft Senfe will anfwer this alfo ; becaufe k the Quote 



7 be 



- , which in the firft Senfe 

m 1 



But 



n 



and Divifor produce the Dividend. For let -5 

%ni£es that «j is contained in ^ , Parts of a time j i. e. that 3 = ^ of ~ - 
of ~ =~ of (by Cor. 1. of Reduction.) Therefore -3 = of 

4 contains - , 4 Parts of a time. Wherefore " is the Quote in this third Senfe alfo, 

i\nd this Queftion applied to a fractional Divifor, is parallel to the third Senfe applied to an 
Inregral Divifor. And to comprehend both without diftinguifhing, we may ask what is 
the Number which is contained in the Dividend fo many times, or fuch a Fraction of a 
time as the Divifor exprefles. 

^ The fourth Senfe in Whole Numbers is finding a Number which is fuch' a Part of 
the Dividend as the Divifor denominates j which is in effect multiplying by its reciprocal 
Fraction j for ifs plainly taking fuch a Fraction of the Dividend as the Reciprocal of the 
Divifor exprefles- So to divide by 4, in this Senfe, is to take J. And to make* Queftion 
like this with a fractional Divifor, we muft feek a Number whicfi is fuch a Fraction 0) 
the Dividend as the Reciprocal of the Divifor exprefles ; which is the immediate efTeit 
of the Rule given for finding the Quote in the firft Senfe : So that it is plain, the Quote 
which anfwers the Queftion in the firft Senfe, does fo in this Senfe alfo ; *. e. is a Num- 
ber which is fuch a Fraction of the Dividend as the Reciprocal of the Divifor expreftc?. 
This therefore is a general Truth, that whatever the Divifor and Diyidend be, the Quo:e 
found by the general Rule, is fuch a Fraction of the Dividend as the Reciprocal of the 
Divifor exprefles. ^ 

But laftry obferve, That if a Queftion is thus propofed, viz. to find ~ Parts of ^> it 

is directly in the Form of Multiplication, and fo does not appear as a Queftion of Divi- 
fion; nor is it fo in any other Senfe than as the Anfwer 0 f it is equal to the Numbed 

3 " tunes 
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times that its Reciprocal ^ is contained in ^ : Or, ask is theAnfwerof a Queftion 

of Divifion made with the Divifor -| in the third Senfe. 

Now then, as in Divifion of Applicate Whole Numbers, fo here in Fractions there are 
but W> Cafes : For either, 

j The Divifor and Dividend are both Applicate to the fame kind of thing ; and the 
Oueftion is always in the firft and fecond Senfe: Therefore the Quote is an Abftradfc 
Number. And to find it, you muft reduce the given Numbers to one abfolute Denomi- 
nation or Integer, and then apply the preceding general Rule. See Exam?. 8, 9, 10. 

^r^The Dividend is Applicate, and the Divifor AbftracT: ; then the Queftion can be 
T>rot>ofed only in the third and fourth Senfe. Minding that the fourth Senfe is to be 
called Divifion only as it is the Anfwer of the Queftion propofed in the third Senfe, with 
the Reciprocal of the Divifor, See Examp. 14, 15, 16. below. 

Examples of CASE I. 

E*. 8. £/. ) • I ( £ = iy- Ex. I0 . 3* /. ) 18 f Jb. Or, y /. 
Ex. 9 . sfl. ) i L Or ; ) lSX.fi. ( HO- 



Ex. 11. l\jb.)*L Or, \jfi.) '-r^t^-ip*? 



By Reduction. 



Whole Number of different Spec 



be reduced to one Integer, and that the fame to which the I 
ed. But this will be beft done by reducing to an Improper 
this to the Integer required. 




Ex.i2. 48/. i8f. ^ By Reduction, a\±11A±j( s±t_*s 

ex. 13. 3/. 4 f/&. ) 38/. 84. </. 

By Reduction. 

64^)9272^. Or, p.) ±±jLL * Or, 



11 Tfr^v 



Examples of CASE II, 



Where the Dividend is Applicate^ and the Divifor AbftraB^ 1. e. wherein is fought 
a Number ', <?f <uab/A& j&f £ * Eraftion ot Multiple as the Divifor exprejfes^ is equal 
to the Dividend. 

Bxamp, 14. *. ) « /. ( ♦ /. = 1 £/.= !/. 8./. 



ir. 4 3 ) 24/. Or, V ) ^f 1 * < ^ 



5 I 7>."fH 




* 
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If the Divifor is a Whole Number, you need not always reduce the Dividend when it 
is a mised Number, but carry on the Divifion by degrees to the loweft Species, where 
the Fraction is ; and what is Remainder upon dividing the Integral Part of that Species 
annex to the Fraction, and reduce them to an Improper Fraction, and then divide as is 
done in the following Example- 

Ex**?. 16. A.) 18 /- 11 Jb. 5; j /. (4/. 1 37$. 5 -f* ^ 

General Scholium. 

As we obferved before upon the multiplying by a proper Fraction, that it diminiuScs the 
Number multiplied by it, contrary to the effect of an Inteeral Multiplier, and to the more 
limired Senfe of the word Multiplication j fo here, to divide by a proper Fraction does al- 
ways quote a Number greater than the Dividend, contrary to what is done with an Inte- 
gral Divifor; and contrary alfo to the more ftrict Senfe of the word Divifion, which im- 
ports the leiiening of a thing : and fo the Quote will in fome Cafes be a Whole or Mix'd 
N umber, tho' the Dividend is a Fraction ; becaufe one Fraction may be equal to another 
taken once, twice, or any Number of Times, or Parts over. Now, that the Quote 
muft be always greater than the Dividend, is plain from the Rule. For the Divifor being 
a Proper Fraction, its Reciprocal is an Improper Fraction greater than Unity, by which 
the Dividend is multiplied, which is theretore taken more than once to make the Quote. 
Again more particularly, if the Divifor is an Aliquot Fraction, the Operation is in effect 
a proper Multiplication $ fo to divide by ^, is no other thing than multiplying by 4. And 
the Divifor being a Fraction of any other kind, the Operation is mixM of a proper Mul- 
tiplication and Divifion, in which the Multiplication prevails, if the Divifor is a proper 

Fraction ; but the Divifion prevails, if the Divifor is an improper Fraction. Now, becaufe 
the Quote may be in fome Cafes greater than the Dividend, we may enquire, How the 
name Di'dfion came to be applied to an Operation which really increales a Number: 
And the Reafon of this is probably, (as before we alledged in Multiplication,) the general 
likenefs in the effect of dividing by a Whole Number and by a Fraction, viz. That the 

Quote has the fame Relation to the Dividend that Unity has to the Divifor, r. e. that the 
Quote contains the lame Part or Parrs of the Dividend as Unity does of the Divifor. This 

is manifeft in Whole Numbers 5 for if B is divided by A, the Quote is £ of B, and 1 
is ~ of A. In Fractions the feme truth will exactly appear ; Thus, let the Dividend beD, 
(either a Whole Number, or Fraction, ) and the Divifor j "> by the Rule, the Quote is 

= i of D; but 1 is alfo = - of 4 i O^efe being Reciprocals, Cor. Levi. 5.) And 

from hence fome define Divifion in this manner, viz. Finding a Number which /ball have 

the fame Relation (as before explained) to the Dividend, as Unity has to the Divifor; 

But we have alfo this Difference to obferve, in the Definitions which I have applied to 
Multiplication and Divifion : That in Divifion, the Definition is the lame for Fractions and 
Whole Numbers without changing one Word, w'a. finding how oft the Divifor is con- 
tained in the Dividend, But in Multiplication there is Variety \ for in Whole Numbers it 
is repeating the Multiplicand, and taking the Whole of it a Number of Times ; but with 
2 Fractal it is only taking a Part, or certain Parts of it. Yet this is fHl true, That the 
Operations of Multiplication and Divifion- are reverie to one another ; fo that the one 

undoes what the other did, whereby they prove one another. And hence we have this 

GJ5- 
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GENEK-dL C O R 0 L L A R T, To the Rules of Multiplication and Divifon, 

both by Whole Numbers and FraSiions ; viz. 

To multiply by any Number, Whole, or Fraction, and to divide by its Reciprocal, 
have always the fame effect, or brings out the fame Number ; fo 8X 3 = 8-r- j*- or 

generally, Axw=A~-~, each being ( by their proper Rules) =Aw; or, ~ * m 

each being == ~. And Ax £ = A -r- for each is = Alfo £ 

— % fit ' a B m n m B 

^^each being f£. 

The laft thing I have to obferve, is, That fome may ask, Why the finding, for Ex- 
ample, \ of a thing is not called Divifion, fince | is found by dividing, (viz. with 3.) 
The Aniwer is plainly this, Dividing by 3 is the fame as multiplying by f . So that to 
find v we do multiply according to the Rules of Fractions, which makes the Product a 
Fraction ; and when this happens to be an Improper Fraction, (as it is always when the 
Dividend is a Whole Number greater than 3) the Divifion by 3 is only the Reduction of 
that Improper Fraction. And for the fame Reafon to find f will alfo require a Divifion, 
if the Fraction produced be Improper: But to make the Comparifon aright, let them 

confider the Difference betwixt dividing by 3 and by f $ thefe cannot have the fame Effect. 
And if dividing by finds f of the Dividend ; dividing by f does not alfo find f of it. 

Indeed, the finding f is in fome fenfe Divifion; but it is not Divifion by -f, but by 3. 
Or it is not finding how oft f , but how oft 3 is contained in the Dividend. In the iame 
manner, finding {is in a fenie Divifion, but it is not Divifion by f , but by I its Reciprocal; 
in the fame manner as f is found by dividing by 3, the Reciprocal of f . In fliort, we 
muft take Multiplication and Divifion according to their eftablifhed Definitions ; about which 
I have faid all that is neceuarv to make them be clearly underftood. 



CHAR VII. 



Of the more fpecial Application of Fra&ions. 

I Have in the preceding Chapter not only explained the general Principles and Opera- 
tions in Fractions, but alfo made Application to particular things by Examples in all 
the Operations. Thefe Examples are indeed Simple, and but pure Suppositions : 
And if we confider that Fractions require more Operation than abfolute Numbers, it is 
unreafonable to bring them into Buunefs without nece/Ety. It remains then that I make 
a few further Reflections, and fhew you how they neceftarily occur in Bufineis. In the 
firft place obferve, that in what we call mix'd. Whole Numbers, the inferiour Species are 
indeed Fractions, but fuch as we may call tacite ones ; becaufe their Denominations are 
never exprefs'd, it being thought more convenient to diftinguifli them by common 
Names than by numeral Denominations-; yet thefe are always underftood, and really ap- 
plied in all Operations : And the Rules given about them in the firft Book, are either the 
very fame, or deduced from the general Rules of Fractions explained in this Hook ; and 

fo have the fame effect : For fince each of thefe Rules is demonilrated to be true and 

3 right, 
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right, the Effect of each muft be the fame, when applied to the fame things. But I ftiall 
afib ftiew it by a lhort Companion, thus : 

In Addition of mix'd Whole Numbers, we add the Numbers of each Species by 
themfelves without any further preparation, becaufe they are Fra&ions of the fame In- 
teger, wz. the nest higher Species, having all one common Denominator, (or numeral 
Relation to the next Species,) which is exactly the Rule of Addition of Fractions j and 
then if the Sum is greater than that Den r , it's an Improper Fraction; and accordingly 
we do in efsecfc reduce it to an Integral Number of that Species, in the very Addition, 
( which is equivalent to dividing it by the common Der. r j leaving the Remainder in the 
loweft Species to which it belongs. So Pence are 12 th Parts of a Shilling, and therefore 
we carry the Number oi" 12's contained in the Sum of Pence to the Shillings , and 
fo on. 

In SubtraSion we do the fame in effect as the Rule for Fractions requires ,• for the like 

Species are Fractions having the fame Der.r, (with reflect to the next above,) and when 
the Number in the Subtrahend is leaft, we borrow Unity from the next Species, e. 
the Den r , (as in Examp. 7, 8, 9. Subtratlio?* of Frail ions.) 

In Multiplication^ which is bur a reiterated Addition, the Companion is the {ame as in 
Addition, it the Work is performed by beginning at the lower Species, and multiplying 
upwards j and if we reduce nrft the Mix'd Number to a Simple Number of the loweft 
Species, then it is a Fraction of the higheft, whofe Den r is the Relation betwixt the 
loweft Species and higheft. And this Fraction is multiplied by multiplying its Num r , 
(i. e. the Number produced by the Reduction,) and the Product makes an Improper 
Fraction ; the Reduction of it being nothing elfe but finding its equivalent Mix'd Num- 
ber, and again reducing the Integral Part to the higher Species. 

inJhvifoTi, if the Dividend is a Mix'd Whole N umber, and the Divifor a Ample Ab- 
ftract Number, the Comparifon is the lame as in Multiplication, if we take the Method 
of reducing the mix'd Number to the loweft: Species j and if we divide from the higheft 
Species gradually, then it is the feme as if we exprefs'd each Species as a Fraction of die 
next above it, and divided each Member by itfelr. Again, if the Divifor and Dividend 
are. both Applicate, whether both are mix'd, or only one, the Reduction of both to the 
lame loweft Species, is making them both Fractions of the higheft Species and of one 
Den r , (-viz. the Relation betwixt the higheft and loweft,) and then dividing their Num", 
which is according to the Rule of Fractions. 

But again, as in Whole Mix'd Numbers each Species has a Relation to all the reft, 
fo the feveral Members of a Mix'd Whole Number may be exprefTed as Fractions of the 
higheft Species ; and then if thefe are all added together, they will make with the Number 
of the higheft Species, a Mix'd Fractional Number. For Example, 8 /. 6J/j. ^.d. is ecual 
to /. 8 -j- I : -\- /. and this reduced, is equal to /-S^V A"d when feveral Mix'd 
N umbers of one Kind are thus exprefsM, the Addition or Subtraction by the Rules oi 
Fractions, will bring out for the Sum or Remainder, a Number equal to what will ariie 
from expreffing the Sum or Remainder got by the common Rules, in the feme fractional 
manner with refpect to the higheft. And the feme thing will hold for the Products and 
Quotes in Multiplication and Divijzon; for if this were not true, either the Rules given for 
fractional Operations, or thofe for Whole Mix'd Numbers muft be falfe. But each of 
thefe are demonftrated to be true. 

But again, Obfirve, that the common Rules for Mix'd Whole Numbers do make eafier 
and diftincter Work than what would happen by that way of expreffing the inferiour Spe- 
cies, except upon certain Suppoiitions of their mutual Relations, as we mall immediately 
explain. But keeping to the common Subdivifions at prefent inftituted, it is better to 
exprefi rhem as Xhxd Whole Numbers, and ufe the Rules given about thefe in the firft 
Bceky and never bring; in Fractions when they can be avoided : But this cannot always 

be done j for face Fractions neceflarily arhe from Imperfect Divifion, therefore thev 
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will unavoidably happen upon the Di vifion of Numbers of any loweft Species, or of things 
for which no inferiour Species are inftiruted. 

Now, tho' the Operations with Mix'd Whole Numbers, according to ±e prefent Sub- 
divifions, are eafier thafi what would be" if the Numbers of their inferiour Species were 
exprefe'd fractionally, and the general Method of Fractions applied ; yet there is a Sup- 
pofition in the Subdivifion of Quantitys, i. e % a certaih Species of Fractions, according to 
which the Divifion being made, it would be more eafy and convenient to exprefe the 
Ieffer always as Fractions of the greater : and that Species is the Decimal Fraction already 
mentioned ; whofe Principles and Operations I fhall firft explain, and then more particularly 
their Ufe and Application. 



CHAR VIII. 
Of Decimal Fractions. 

§.u 'DEFINITION. 

IF we fuppofe any Integer divided into 10 Parts, and each of thefe again" into 1© Parts, 
making of the Whole 100 Parts,* arid each of the laft Parts again into 10 Parts, ma- 
king of the Whole 1000, and fd on : thefe Parts are called Decimal Parts and any 
Number of them is called a Decimal Fraction : Whofe Definition is therefore this, viz. 
a Fraction whofe Den f is 10, or 10 x 10, or 10 X 10 x io> &c i. e. 10, or 100, or 
1060, &c. 



It is plain therefore that the Den* of any Decimal FraSlion is t, with one or more o*s 
on the Right-hartd of it. And in this lies the eflential Difference betwixt Decimal 
Fractions and all others. But there is alfo another Difference, which is in the Notation 
of them : For tho* they may be written in the Vulgar Form, yet from this Property of 
the Den*, we have a Method of Notation different from and eafier than the General or 
Common Way ufed in the preceding Chapters. Arid hence alfo we have Operations as 
Simple and Eafy as thofe of Whole Numbers. 

§. 2. Notation Decimals. 

*p H E Numerator and Denominator of a Decimal Fraffion, whether Proper or Impro- 
* per, being known, write firft down the Num r , then confidef how many Cyphers, 
or o's belong to the Den-? ; and begmningat die Right-hand or Place of Units of the 
Num 1 , reckon towards the Left-hand one Figure or Place for every o in the Den*. And 
if there are not as many, fupply the Defect with o's, fet on the Left-hand and fet before 
them a Point, freprefenting the i belonging to the Den r ) called the Decimal Point j whicti 
is therefore the Mark of a Decimal Fraction : As in the following Examples, written both 

in the Vulvar and Decimal Form. 



T 
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1. is .3 Examp. 2. -L*-. is .24 3. t444cT * .04^ 

£x»s^. 4. — 0 S 0 V ? is .0028 Examp.^. *4 is 4.5 Examp. 6. *-£nr * 34- 6 7 

This Notation is arbitrary, and requires no Demonftration, but only to ftiew that the 
Num* and Da.* are thus cmHnctiy marked, tho' nor altogether feparated from one another: 
And this is very obvious ; for the Num* is completely exprefled, (what Cyphers are in 

frme Cafes, fee on the Left-hand of it, changing nothing of its Value,) and becaufe the 

Den* conufb of a Number of o's on the Right-hand of 1, we want only to know how 
many are of thefe os : and this we know by numbering the Places that fland on the Right- 
hand of the Point. Therefore 

To read a Decimal vsbicb is witter, in its proper Form ; 

Take the whole Rank of Figures, which together make one Number, (/'. e. the whole 
Rank excluding the o's that ftand on the left of all) for the Num* ; and for the Der.*, rec- 
kon as many o's as there are Figures before the Point on the Right-hand. So .057 is 

2nd .00-LD07 is 



00000 * 



Schol. The fame Problems and Rules of ReduBion belong to Decimals as to any other 
Fractions, which need not be repeated. There are only thefe few • particular things to be 
remarked, which are conlequences of the Nature and Notation of Decimals, and the 
general Rules of Redu&ion of Frafiiovs already explained; and which will ferve as Prin- 
ciples for the Demonftration of the following Rules of Operation. 



COROLLARIES. 



1. A proper Fraction in Decimals can have no Figures ftanding on the Left-hand of 
tfr* Point, but all upon the Right ; for the Dei * muft necefTarily have more Places than 
the Nurr*, and fo the Point muft fall without them on the Left-hand: And an Improper 
one muft have Figures on both hands of the Point ; for becaufe the Den* cannot have 
more Places than the Nurr.*, therefore the Point cannot fail without. Examp. .046, is 

Proper; and 4-62, is Improper. 

■* Amix'd Decimal Number and its equivalent Improper Fraction have the fame No- 
tation in Decimal Form, and therefore require no Operation to reduce them ; and fo the 
Diftin&ion can only be made in the reading them. For Example, VsV = 34+ vis • hr;o 
the fame Decimal Notation, via. 34.67. For this is the Reduction of the Improper 
Fraction, by the General Rule; and it is plain the mixM Number can have no ether 
Notation, except that a Mark of Addition may be put betwixt .the Integers and Fraction 
thtjs 34+ .67. But this Mark is fuperfluous.* Hence any Decimal Exprefuon, where 
there are Figures ftanding on the Left-hand of the Point, may be read either as an Impro- 
per Fraction, or a MixM Number; thus, as an Improper Fraction, taking the whole 
Rank as it ftands (without minding the Point) for the Num*, and for the Den* reckona; 
many Cyphers as ftand on the right of the Point; or as a MixM Number, by taking all 
the Figure nn the left of the Point as a Whole Number, and thofe on the riaftt as a 



decimal Fraction. So this other Example, 234.08, is either 5f£-, or 234+Tss 

* It is manifeft, that all Expreflions wherein there are no Figures, but o's after die 
pomr are pure Whole Numbers compofed of the Figures ftanding before the Point. 
So 34.00 is ==34. Yet fuch Expreffions are equal to, and may be read as an improper 
t\,JW™i Proton, whereof the Num* is all the Rank of Figures on each fide rhe Point) 



Decimal Fraction, whereof the Numr is all the Rank 

and the Den* has as many o's as ftand after the Point ; fo tie preceding is which) 

2C* 
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according to the Decimal Notation is 34.00. Wherefore a Whole Number is exprefled 
in Decimal Form by fetting any Number of o's after it, and a Point between ; which is 
to be read as a Fraction in the manner explained. 

4. Cyphers ftanding in Places next the Right-hand of a Decimal, make the Fraction 
ihe fame as if they were not there j fo .3400 = .34. Becaufe thefe Cyphers being rec- 
koned both to the Nutr.r and Den*", if they are taken away, do equally divide both; fo 
.04.00 being J4S£?> divide both Terms by 160, (or take two Cyphers from each) it 
is T J ^, or .34 

5. Two Decimal Fractions having the fame Number of Figures oh the right of the 
Point, have the fame common Den r ; fo .34 and .06 have the fame Den', vik. 100. 
Hence two or more Decimals are reduced to oneDen 1 " by adding as many Cyphers on the 
right of thofe that have fewer Places, till they have all an equal Number of Places. So 
thefe, .4, .25, .067, are equal to, .400, .250, .067; having a common Denr 1000. 

6. Every proper Decimal Fradtion is equal to the Sum of fo many lefler ones, whofe 
Num« are the feveral fignificant Figures of the given Num r , their Den" having as many 
o's as there are Places from the Point to that Figure. For Examp. 1. .34.== .3 + 04, 
for .3 =.30, which has the fame Denr with .04; and therefore that Sum is .34. Ex.z. 
.04(508= .04 + .006 -J- .00008 

§. 3. Additions/Decimals. 

RULE. 

WHether the Numbers given are pure or mix'd Decimals, or fome of them Whole 
Numbers, Write them down under one another in fuch order that the Decimal 
Points ftand all in a Column, and the Figures all in diftincl: Columns, in order as they 
are removed from the Point either on the Right or Left-hand ; then beginning at the 
Column on the Right-hand, add the Figures in every Column together, and carry forward 
1 for every 10 in the Sum, as in Whole Numbers j placing a Point in the Sum under 
the Points of the given Numbers. 

Ex amp. 1. Ex amp. 2. Ex amp. %. 

.24 .004 36.24 

.378 .9 450.058 

.057 .4067 378.62 

.9356 .08 8923.9 

.6827 .23^ 42.007 

^^^^h^^^^^W ^^^^^^^^^^^ 

2.2933 1.6257 . 9^0.825 

. If fome of the Numbers given are Whole Numbers without a Fra&ion, the Work is 
the lame, fetting .thefe Whole Numbers on the left of the Column of Points ; and if the 
Sum of the firft Column in the decimal Part is a Number of io's, the o need not be 
written down, but proceed ; and do the fame, if the Figure to be fet down in the next 
Column happens alfo to be o. But mind that after a fignificant Figure comes in the Sum, 
fuch o's belonging to the following Columns mud not be neglected. 

*f 2 - Examp. 
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2. 







46S. 


456 




.08 


48.724 


37.604 


2370. 


478.26 


84 


.8 


£919^4 


517.2 



Examp. 6, 

67.004 
8.206 
.018 

.28 
75.908 



Demons T. If you conceive as many o's to be fet on the Right-hand of the De- 
cimal Point in. each of the Numbers added, till they have all an equal Number of Figure] 
after the Point, they are thereby reduced to Fractions (Proper or Improper) ha™ 3 
common Den r , (Cow/. 5 .} and the Sum of the Num« is the Num.* of the Sum fought to 
be applied to that common Den r ; but thefe o's adding nothing to the Sum, need not be 
filled up, and therefore the Sum of the Nmr » is truly found by the Rule , and by fettino 
a Point in the Sum under the Column of Points in the Numbers added, the common 
Den r is right applied, therefore the Rule is good. 

Or we may deduce the Reafon of this Rule thus : All the Figures of the fractional 
Parts ftanding in one Column, are Num« of Fractions having the fame common Den*, 
(by Carol. 6.) and from the nature of a Decimal Den*, each 10 in the Sum of any Co- 
lumn is equal to a Fraction whole Num r is 1, the Den r having one o lets than the Den" 
of the Column added; i.e. .010=. 01. Therefore it is plain, that adding and carrying 
of every ia from the feveral Columns according to the Rule, gives the true Sum. 



Schql. In Apphcau Numbers, the Decimals thus added muft all refer to one In- 
teger, or be reduced to that fiate *, and in doing this, reduce always the higher Species 
to die lower, by multiplying the Numerator, or the lower to a higher by dividing the 
Num r , if it can be done,* and either way the Fraction found will be a Decimal. §ut if 
you reduce any other way, the Fraction wiH not always be a Decimal. Examp. .6 Yards 
+ .08 Quarters, are, by RedadHon, .24 qr -f- .08 qr. Or, .6 y d -f- .02 y d . But if 
inftead of .08 qr, you put .07 qr. then if you reduce this to a Fraction of a Yard, it will 
cor be a Decimal j for it can only be made 4 |- Yards. And therefore reducing the Higher 
Denomination to the Lower is the General Rule that will keep the Expreffion! in Decimal*. 
But fuch Examples feldom occur i as we mail fee afterwards in explaining the Ufe of Decimab. 

* 

§. 4* Subtraction ^Decimals. 

rule. 



ORder me Subtrahend and Subtra&or the {ame way as directed in Addition, then fob- 
trad as in Whole Numbers, every Figure of the Subtra&or from what ftands over it 
in die Subtrahend, (fuppofing o to ft and where- there is no Figure in that Place of the 
Subtrahend ;) and fet a Point in the Remainder in the fame Gslumn with the Points of 
the given Numbers y and when o's fall next the Right-hand of the Remainder, they need 
not be fet down. 

Ex. 1. ^84 Ex.l. 68.28 JEx.3. 48. 

.3a 24.057 9.86 

.52 44232 3«.i+ 



Ex. 4. 478. 



.017 



4.7 7. 96 
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Examp. 5.' 82.0642 Ex. 6. 234.075 Ex. 7. 

8?.Q4 j 

150.1^5 12.24 





The Devtonftrafion of this Rule fhnds upon the fame Principles as that for Addition. 
The fame Scholium is alfo applicable here, which was made after Addition. 

§.5. Multiplication ^/Decimals. 

RULE. 

TAKE the Numbers propofed (s. e. the Rank of Figures in each) as Whole Num- 
bers, and multiply them one by the other as fuch> neglecting the o's that ftand next 
the Left-hand, as ufelefs in the Multiplication ; then take the Number of Places or Fi- 
gures, whatever they are, that ftand. after the Point, both in the Multiplier and Multipli- 
cand, and numbering as many Places from the Right-hand of the Product, fet a Point 
before them ,* and if there are not as many, fupply the Defect with Cyphers, and you have 
the Product duly ejqprefled ; which, according: to the Circumftances of the Factors, may 
be either a Pure Fraction, (Examp. i, 2, 3 J or a MixM one, {Ex amp. 4, 5, 6.) or a 
Whole Number, {Examp. 7.) 

Examp. t. Ex. 2.' Ex. 3. 

.45 42. 78 .000486" 

.3* .00094 .024 

15*44 
97* 








0402132 .000011664 



Ex.6. 

2 169-73$ 2313 28 

S785 968 H6992 
28020 84 37012.48 

7,^.7 I 7.07^22^ 12^4-00 

Demo N ST. The Reafon of this Rule is obvious ; for if you conceive the two given 
Numbers as Fractions,, Proper or Improper* the Work of the Rule is plainly multiplying 
their Nurn** together, [which are the Rank of Figures propofeoV taken as- whole Num- 
bers;] and applying to tie Product a Decimal Den r , equal to the Product of the given 
Den" : [Which is done by taking as many Places from the Product: of the Num r for 
Decima Places, as there are in the Den rt of both the Factors ; for the Sum of thefe is 
the Number of Places in the Product.] And this Fraction is the Product fought, by the 
general Rule of multiplying Fractions, (Chop. 5.) 

Scho l. To multiply any Decimal (Pure or Mix'd) by 10, or ioo, &c. (i. t. any 
Number cxprelTed by i> with o'S| after it,) it is plain we rave no more to do* but re- 
move the Point as many Places towards the Right-hand, as there are o's in the Multi- 
plier ' 7 and then, if all happen to be o s on the Lett, they are ufel&s and to be neglected. 

Examp. 
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Bxavip. i. 46 X 10=4 6 Ex. 2. .C04X 100 = 4 Ex. 3. 82.0375' X 100= 8203.75 

It is plain that this has the fame Effect as the preceding Rule; according to which we 
fhould fet as many o's after the Multiplicand as there are in the Multiplier; and then 
taking from the Product as many Decimal Places as are in the Multiplicand, (for we now 
fuppofe none in the Multiplier) the Point will be removed as many Places to the Right, 
2/ the Number of c*s annex tU and thefc being fupcrnuous cn the Right of a Decimal, 
need no: be fet down. But if there are not as many Places after the Point, the Defect 
ir.uft be fuioivd with o'?, and the Product will be a Whole Number. So 4.6 X 100 = 460. 
Cr the Rc2ib"n of this Practice is alio clear by confidering, that by fctting the Point a 
Phce nearer the Right, every Figure is thereby 10 times the Value it was ; and confe- 
cuenrly, fo is die whole. 

He w- to Contract Multiplication. 

When, betwixt the Multiplicand and Multiplier, there are more decimal Places than 
we incline to have in the Product, then we may find the Product true to as many deci- 
mal Paces as we pleafe, (or very nearly true) without producing all the reft of the Figures, 

which will in many Cafes make a great Abridgement ot the Work. For which take this 

Rule. Confider how many decimal Places you would have in the Product ; fef the Figure 
in Unit's Place (viz. of Integers) of the Multiplier, under that decimal Figure of the 
Multiplicand, whofe Den r is what you would have in the Product, (/. e. under the i ff , 
i* } or % d , &c. Place after the Point, if you would have only one, two, or three decimal 
Places in the Product.) Then fet the other Figures of the Multiplier in the reverfe Order 
from that ; and multiply by every Figure in the Multiplier : In doing which, begin only 
at the Figure of the Klultiplicand, under which the multiplying Figure Itands, neglectinz 
ail towarcis the Right. But at the fame rime confider what would have been carried from 
the Product of the preceding Figures on The Right, (which will be found in moft Cafe; 
by multiplying the two next preceding Figures) that it may be added to -die Product 
which is firft written down. A$aiu^ Let all the partial Products be fet tinder on< 
thcr, fo as the nrft Figures in each (land in one Column, and the reft in the fame ( 
Lafify, In adding thefe partial Products together, you tnuft judge as near as yc 
what would have been carried from the preceding Columns, if we had neglected n( 
rhe Figures of the Multiplicand j fo as to add that to the firft Column Written dowi 

the following Examples. 



ano- 



Exarrp. To 

Product. 



three -Places 



Operation at large. Abridged. 

--.32685 47-52 685 As the Allowance for 

* r/ "8..163 364.8 what may be carried from 

~ * — R/w a the Columns neglected is a!- 

a*t#x" i4lt " together a Guefs, we rnay 

»r«™° , « , R „ very often make the Prr> 

. -lE! at il 1 duct lefs than it ought to 

37«gi4 gg !£L* b e, by 1 or 2 in the laft 

zLco.^a- m 155 400.52 7 . Place; which can fcarcdy 

fee help'd otherwife than by making one or two more Columns than the Number of De- 
cimal Places you would have in the Product, and then you may cut off the two last 
Places from tie Product- 
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Examp. 2. To multiply 463.25639 by 67.864, fo as two 1 Places of Decimals fliall be 
true in the Product 

Operation at large. Abridged. In this Example I 

463.25 639 463.2 5 639 have fee die 7 which is 

67.864 46 8.76 in the Unit's Place of 

mm r <> «-> tnc Multiplier under the 

} d decimal Place of the 
^060? Multiplicand, tho' I 

7 al wanted only two Places 

j g ~ - in the Producl, that 

5 by that other Place, the 

3H3jHj two firft Places may be 

true. 

Obferve 7 If there be not as many decimal Places in the Multiplicand as are wanted in 
the Product, you muft. fupply them with Vs. As if in the preceding Example the Mul- 
tiplicand were 463256.39 and I wanted four decimal Places in the Product, then I write 
the Multiplicand thus: 463256.3900 (or with one o more) and fet the 7 of the Multi- 
plier under the lail o. 

Agate) If the Multiplier is all a decimal Fraction, imagine a o in the Unit's Place, 
and fet the other Figures in order from that on the Left. 

For the Reafon of this Practice it is (een in the Comparifon of the Work at large and 
abridged, which you fee is but the former reverfed. 

t 

§.6. Division ^Decimals, 



I 853 02 


55* 


27 795 38 


34 


370 605 II 




324279473 




27795 4 




^i4.;8.+3i65 


096 



RULE. 

* 

'"pAKE the Numbers propofed as Whole Numbers, /. e. fuch a Whole Number as 
1 the Rank of Figures would make, without regard to the Point; (in which View o's 
next the Left-hand will be. altogether ufelefs) and as fuch, divide the one by the other. 
If there is a Remainder, which is neceflarily lefs than the Divifor, fet a Cypher after it, 
and then divide again : But when the Remainder, with one o added, makes a Number 
lels than the Divifor, fet o in die Quote, and add another o ; and fo on, till the Re- 
mainder, with the os added, make a Number greater than, (or equal to} the Divifor. 
And thus continue, adding Cyphers to the Remainder, and dividing, till there be no Re- 
mainder. But as this will not happen in every Cafe, the DiviGon is to be thus carried on 
to a greater or lefler Number of Figures, according as the Circumftances of the Queftion 
require, as mall be further explained in the ufe of Decimals. Obferve alfo, that if at the 
beginning of the Work, the Dryidend makes a lefler Number than the Divifor, when 
both are confidered as Whole Numbers, then fet as many o's after it, till it be greater 
than (or equal to) the Divifor , and then begin the Divifion, proceeding with the Re- 
mainders, as before directed. 

When the Divifion is finilhed, or carried on as far as you think fit, the Quote muft be 
qualiryM in this manner j m. Confider how many Decimal Places (or Figures after the Point 
on the Right-hand) there are in the Divifor, and alfo in the Dividend j (among which laft are 
to be reckoned all the o's added to die Dividend, and to the Remainders : and if the Dividend 
is a Whole Number, the o's added are reckoned the Decimal Places of it.) Then, 1. If the 
Number is equal in both, the Quote is a Whole Number, (E*. 1.) 2. If the Number in the 

Dividend-is greateft, take the Difference, and feparate as many for Decimal Places from 

&e Right of the Quote, (fupplying the Defeft with o's) by a Point fet before them ; and 

then 
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the Quote becomes either 




h & c -) 3 • If> NTumber 1x1 1116 EH^ 01 " * greateft, t& 
many Vs after the Quote, *H for a Whole Number. 



ooo 




Rem. 48 



'.amp. 1. 
12 


Ex. 2. 
.32) .152 (.47? 


Ex. 3. 

■.64) .8+7* (1. 3*4? 
64. 


Ex. 4. 

2.7) 109.3? (+0.$ 
108 


008 
8_ 


224. 


207 
192 




0 


l6o 


128 


000 



Ex. 5. 

8) 2-04 (2-55 
16 




Ex. 6. 

+.6) .028 ( 
or 

4.6) .0280 (6o8£ 

•z-6 True Quote, 
" 400 ^o6o%6 
368 



Ex. 7. 

■024)^( 




' Ex. 8. 

.567) 2721.8(4800 

220*8 



Rei 




Of Valuing the Remahuier, and compkatbtg the Quotf. 

There remain yet, as a Part of this Rule, fome further Confiderations about the Re- 
mainder and Complearing of the Quote. For tho' in the Application and Ufe of Deci- 
mals, as we fhall afterwards learn, the Remainder is neglected, yet what I am now to 
add, is not only fit to be known as a Part of the Theory, but neceflary for our judging 
aright how far me Divifibn ought to be carried on in different Cafes, that the DefeS of 
the Quote, anting from the Neglect of the Remainder, may riot be too great. For this 
is certain, that where there is a Remainder die Dmfion is not perfect ; fo that theQuote 
found, and quaHfy'd by the preceding Rule, will be deficient of the compleat Quote J 
and this Deficiency depending on the true Value of the Remainder, we fhall firft fee how 
that is to be found, and then what is to be added to the Quote already found, to make 
the compleat Quote. 

1. The Remainder is to be valued thus: Make it the Nun/ of a Fraction, whofeDen" 
is that of the Dividend, (taking in all the Cyphers added in the Operation.) So in 
Ex. 2. the Remainder in its true Value is .000048; in Ex. 6*. it is .00000+4, and in 
Ex. "8. iris .2. 

2. If you demand the compleat Quote, (when there is a Remainder) i. e. which mul- 
tiplied by the Drvifor will produce the Dividend (rejecting their true Values) you may 
find it by the general Rule in Chop. 6. But if you would keep the Quote already found 
as one diftmcf Part, and would know what is to be added to it that the Sum may be the 
•ompleat Quote ; then take the Remainder in its true Value (as above,) and divide it by 

1 



the 
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the Divifor taken alfo in its true Value, by the Rule of Chap. 6. and that Quote is the 
thing fought. Or thus : Firft make a Fraction of the Remainder and Divifor (as Whole 
Numbers, without refpe&ing their true Value) and then fet as many o's after the Den* as 
the Decimal Places of the Dividend exceed in number thofe of the Divifor ; or if thofe 
in the Divifor be moft, fet as many Cyphers as the Difference after the Num r : But if 
they are equal in Number, you have nothing more to do. And thus you have the thing 
fought, which will be the fame as that found by the Rule of Chap. 6. only in lower 
Terms, as will eafily appear by comparing them. 

Thus in' Ex. 3. the compleat Quote is 1.3243 + in Ex. 6. it is .606686 -f 

4«ot ?ooS> m Ex - 8 - ic is 4 8 °° + !§?•• See atfo the following Examples, where I have 

only written down the Quotes without the Operation. 

Obferve again, that this additional Member 
Examp. 9. .23) 4.6.8 (187'+ s-V- to die Quote will always be a proper Fraction, 

when the Number of Decimal Places in the 
Ex. 10. .0432) 342.8 (7900+ Dividend is equal to, or greater than that in 

the Divifor j for the Remainder which. is the 
Ex. 11. .008)2.68(330 + ^. Num r , is lefs than the Divifor which , is the 

Den P , and the o's are added to the t>cn v : But 
Ex. 12. .68) 2742 (34200 + - fi f 2 . if it's left, then it will be an improper Fraction 

in fbme Cafes, (Ex. 10, 1 1, 12.) which fliews, 

that the Divifion being carried further on, the integral Number of the Quote would be- 
come greater j and particularly if you reduce that improper Fraction,- then, as many Fi- 
gures as its equivalent Whole Number contains, after fo many more Steps in the Divi- 
fion, the Quote would have in it all the whole Number that can poflibly belong to it, fo 

that the additional Member will be after that a proper Fraction: So in Ex. 10. the com- 

pleat Quote being 7900 + *| j#% and this Fraction being = 35/3? , makes the compleat 
Quote 7935 Again, if the additional Member is an improper Fraction, equal tofome 
whole Number, it fhews, that after fo many more Steps as that Whole Number has Fi- 
gures, the Divifion would have been perfect without a Remainder. So in Ex. n. the 
additional Number of the Quote fey = 5, and the compleat Quote is 3 3 5 ; and in Ex. 12. 
the additional Member is 400 as 85, making the compleat Quote 34275. 

Wherefore, that the additional Member of the Quote may be always a proper Fraction, 
(and lb the firft Part never want an Unit of the compleat Quote) carry on the Divifion 
till the Number of Decimal Places in the Dividend are equal to, or greater than that in 

the Divifor j unlefs the Divifion is finiuYd without a Remainder before you come to 
that j for then the Quote found, and qualify'd according to the Rule, is compleat. 

Demonstration of the preceding Rule. 

The Divifor and Dividend being confidered as Whole'Numbers in the Operation, and 
the o's added to the Dividend and Remainder as belonging to the Dividend $ then the 
Quote being found by the Rule of Whole Numbers, all we have to account for, is the 
qualifying of the Quote and Remainder, and the additional Member for compleating the 
Quote. TheiReafon of which will eafily appear, by comparing it with Multiplication. 

We fliall firft fuppofe there is no Remainder, and then the Product of the Quote and 
Divifor is equal to the Dividend; but the decimal Places of any Product are equal to the. 
Sum of the decimal Places in the Multiplier and Multiplicand : So the Number of decimal 
Places of the' one . Factor is the Difference of the Number in the Product, and in the 
other Factor,-*, e. the Number of decimal Places in the Quote, muft be equal to the 
Difference of the Numbers in the Dividend and Divifor, when the Number in the Di- 
vidend is greater, or equal to the Number in the Divifor, (which accounts for thefe two 

* U Cafes, 
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s, £x JZxsnap. i, 2, 3.) Agam^ When the Number of decimal Places in the Divifor 
is greater man in the Dividend, then the Quote found (without any Qualification) bein» 
multiplied into the Divifor, there would be more decimal Places in the Product than in 
the Dividend ; wherefore that is not the true Quote : But now let as many integral Places 
of o's as the Difference of the Number of Places in the Divifor and Dividend, be an- 
nex 5 d to the Quote , and this multiplied into the Divifor, there will be the fame Number 
of decimal Places in the Product as before. But as many of thefe Places next the Right, 
as the forefaid Difference of decimal Places in the Divifor and Dividend, being o's, be- 
caufe of the o's annex'd to the Quote, they don't increafe the decimal Part j and there- 
fore being cut away from the Product, they leave no more decimal Places in the Product 
man in tie Dividend, the Product being the very fame Rank of Figures : therefore the 
Quote is truly qualifyd. So if 48 is divided by 24, the Quote is 2,* but if the given 
Numbers are .024 and .4.8, the Quote mull be 20, for .024X2= .048, which makes 
one more decimal Place in the Product than in the Dividend ; therefore that is not the 
true Quote j but reckoning this 20, the Product is .480 = .48 

In the next place, fuppofe mere is a Re ma inder y then, that the Quote and Remainder 
are duly qualify^ by the Rule, will eafily appear thus : The Product of the Quote and 
Divifor is equal to the Dividend, after the Remainder is fubtra&ed out of it, (taking them 
all as Whole Numbers j ) therefore the Remainder added to that Product, makes the Di- 
vidend. But now the Quote being qualify d, as in the Rule, (/. e. with regard to the 
number of decimal Places in the Dividend and Divifor) the Product muft neceflarily 
have as marry decimal Places as the Dividend, otherways the Quote (which is qualify'd 
with a Regard to the decimal Places of the Dividend) would not be tie true Quote out 
of that Product j which fhews the Reafon of the Rule for qualifying the Quote in this 
Cafe. Then for the Value of the Remainder, it's plain its Figures muft be of the fame 
Value with the Places of the Dividend of which it's tie Renaainder,which are the laft Places 
on the Right-hand : Or alfo thus ; That the Remainder added to the Product of the Di- 
vifor and Quote (in their true Values) may make up the Dividend, it's evident it muft be 
of the fame Value with the Places of the Dividend to which ir?s added j and thefe are the 
laft Places on the Right-hand, which make the Num r of a Fraction, whofe Den r is that 
of the Dividend ; wherefore the Remainder muft be fo alfo, (which, according to dif- 
ferent, Circumftances, will be a Whole Number, or a Fraction^ or Mix'd.) 

Another Demonstration. 

The Demmftration of all that relates to th'sRule, {viz. for both Members of the com- 
gleat Quote when there is a Remainder) may alfo be eafily deduced from the General 
Rule in Chap. 6. and fhewn to be the lame. Thus, When the Divifion is finifhed, or 
you have put a Stop to ir, confider the Dividend and Divifor as Fractions, Proper or 

Improper, as they happen (reckoning always the o's, added to the Dividend and Remain- 
ders, to belong both to the Num r - and Den r of the Dividend.) And let ~ be the Divifor 

and - the Dividend, (wherein the n and m are both decimal Den n , or the one of them 



fuch, and the other i, as happens when there is no decimal Place in that Term, but all 



a Whole Number.) Then by the General Rule, the compleat Quote of ~ divided by 

a b h b ** 

^3 is ^_ equal to ~ a. -* Now - is the Quote of the two Num", which if it's a Whole 
Number 'thereb eing no Remainder) call it and if there is a Remainder, let it ber. 

then is ~ = ? - (the very thing found by the Rule of Divifion of Decimals : ) But 

this 



Chap. 8. Of Decimal FraEiions. * 1 4 7 

■ 

this Qpurt be multiplied by ^, /. e. both Parts, f , and £ if there is a Remainder; which 
is the fame very thing in effed that this Rule directs to be done, for qualifying the Quote 

firft found, and then complearing it. For it's plain, if n — m (/. e. if the decimal Place$ 

in the Divifor and- Dividend are equal in number) the Quote found is not thereby aL 

ter > d> and therefore q -f~ ~ is the compleat Quote. 

Aytin-y Suppofe n and m unequal, then by cutting away an equal Number of 6*s from 
7; and w, they are equally divided. Now therefore if m (the Denr of the Dividend) ha 5 

more o's than u (the Den r of the Divifor) the Fraction * is equal to a Fraction whofe 
Num r is 1, and its Den r a decimal one, having as many o's as the Difference of the Num." 
ber of o's in n and m. For Examp. ~ = T ~= But to multiply by fuch 21 Frac- 
tion,! s to divide by its Dcn r j that is, plainly to divide q + « (the Number found by 

the Operation) by a decimal Den', having as many o's as the decimal Pkces of the Di- 
vidend exceed in Number thofe of the Divifor. And this Divifion is done by fetring 

off fo many decimal Places in the Part $ j and in the Part £ ? byfetting as many o's after 
the Den r which is the id Cafe in the Rule- 
Again) let n be greater than m 9 then is ~ equal to a Whole Number confuting of r 5 

and after it as many o's as thoic in 71 exceed thofe in m. Examp. ~ sss as 10a 

But q -f ~, is to be multiplied by this,* which is done by fetting as many integral 

Places of o's both after q> and after r, as there are in ~ Co reduced; i. e. as the decimal 

Places of the Divifor exceed in Number thofe of the Dividend. Which is the lalt Cafe 
of the Rule. 

We have here demorutrated the Reafon for qualifying the Quote, and compleating it ; 
but have not confidered the true Value of the Remainder by itfelf, which is that in which 
it muft be added to the Product of the Divifor and Qaote, taken in their true Values to 
make up the Dividend, (according to its true Value.) But this ia done in the former 
Dcmonitration. 



Of the Ufe and Application ^/Decimal Fractions. 

WE have already obferved, that the great Benefit propofed by Decimal Fractions, is 
a morefimple and eafy Operation than what Vulgar Fractions, taken either in their 
proper Form, or as mix'd Integers, do require. We (hall confider how the Application 
is made for anfwering that End, and how far it's a real Advantage, 

In the firft place, this is very evident, that if inftead of the Subdiviiion of Coins, 
Weights and Meafures, (and other kind of Quantities ufeful in Society) which now obtain, 
there were one ftandard fuperior Species, and all the Subdivifions were Decimals, whe- 
ther the feveral Parts were alfo diftinguifhed by Names, or only by their decimal Deno- 
minations, it were the fame tiling to the purpofe j then the Common Operations would 
be as fimple and eafy a$ Whole Numbers. The Rules and Reafons of which are, I hope 
comnleatly explained in the preceding Part. But fuppofing this were fo, yet either we 
could not entirely avoid the Confideration of Vulgar Fractions, or we mint admit of fome 

* u 2 In, 
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Inaccuracies in Ok illations, which are unavoidable with Decimals ; and which will be of 
more or ids Confequence in different Circumftances. . For we have feen that Decimals 
will have Remainders (becaufe every Number is not an Aliquot Part of every other) 
an i Then the Quote is nor compieat without bringing in a Vulgar Fraction > and therefore 
if -re tike the Quote without this Correction, it's lefs than juft according to the Value of 
the Remainder, or rather the Value of the Vulgar Fraction that's neceflary to complear 
i:. Now, if the Number found by this Divifion is the final Anfwer of a Queftion, which 
is to be applied in no runner Calculation, then if it is brought fo low as to be lefs than 
any Quantity of that kind that is ufed, (for Example, the finalleit real Coin or Weight, &c . 
tha: has any Name or diftincfc Being in Society) then the Defe<3: is not to be complained 
of ; becaufe if you do compieat die Quote, the additional Part is of no ufe : But if a 
Quore is to be further employ'd in Calculation, especially if it's to be multiplied, the De- 
fect: may become confiderable ; and it will be the more fo, as the Multiplier is greater, 
and alfo according to the Value of the Integer. Now the only Remedy for this, while 
we ufe none but decimal Fractions, is to bring the Divifion very low ; i. e. carry it on till the 
Den* be very large, and confequenriy what is deficient be very little : and this is to be 
regulated according to the Circumftances above-mentioned j for which you'll find more 
particular Rules afterwards. But then this Inconveniency will frequently happen, That 
by this means we fhall have very large Numbers to work with, which will prove more 
troublefome than the Method of Vulgar FracHons. Thefe things we fhall find more par- 
ticularly exemplifV'd afterwards- 

Ataan^ Tho' decimal Subdivifions are not in common ufe, yet they may be applied 
by a Reduction of the common Species to Decimals, and thefe back again to the other: 
I fhall therefore explain this Reduction, and then by particular Examples mew the Ap- 
plication, with fuch Remarks as may give a general View of the Conveniences and In- 
conveniences of Decimals, and consequently help to judge where they are preferable or 
not to the common Method. 



PROBLEM I. 
To reduce a Vulgar FracJion to a Decimal. 

Rule. To the Num r of the given Fraction add one or more o's, as Decimal Places, 

rill it be greater than (or equal to) its Den r j then divide by the Den', adding o's to the 
Remainders, and carrying on the Divifion (as directed in Divifion of Decimals,) rill o re- 
main, or as far as you pleafe : then make the Quote a Num r , and apply to it a Decimal 
Den r , with as many o's as the Number of o's added to the Dividend and Remainders. 
This Decimal is exactly equal to the given Vulgar Fraction, if there is no Remainder in 
the Divifion ; but if there is frill a Remainder, that Decimal is deficient by a Compound 
Fraction, the one Member of which is a Simple Fraction whofe Num r is the Remainder, 
and its Den' the Drvifor; and the other Member is a Fraction whofe Num r is i, and 

is that of the Decimal already found. Or it is a Simple Fraction whole Num 1 is 

Decimal Fraction 

_ wherefore the more 

Places the Decimal found has, tie leis is the Defedt. 

The Reafin of this Rule you have in the Divifion of Decimals > for the Dividend with 
the o's added is an Improper Decimal. Oj you may take it from Prob. 7. Chap. 2. for 
the o's added to the Num r and Remainder belong to the Decimal Denominator of the 
Fraction fought, by which the Num* of the given Fraction is multiplied, and the Divifion 
made finds the correfpondent Num* according to that Rule, to which the Dent is aj> 

3 P ied 




the Remainder;, and its Denr the Dmfor multiplied by the Den r of the 
found ; i. e. having as many o's prefix* d to it as belong to the Den r y w) 



Chap.. 8. Decimal FraSiiom. ^149 

plied according to the Notation of Decimals ; and what this Decimal Fraction is deficient, 

is alfo found according to the fame Rule. 

* 

Ex. 1. Ex.%.%=s.J1 Ex. 3. J r =.o^ £#.4. ^ = ^384,^. 

Operation. Oper. Oper. Oper. 

2 ) to ( 5 4 ) 30 ( 7? . 16) 100 (625- 13) 70 ( 5384 

28 96 6> 

40 

.2 





80 
80 




In the4»Bx<H#. there is a Remainder 8 ; and fo the Quote wants ^„ of the com- 
ae Value of the given Fraction* i. e. .53*4 + n&si this being the true Va- 



plet- 

lue of the Remainder. 



the Divifion 



in the Place of the Quote ; then if one o does not make the Num p - equal to the Den p , 
fet 0 after the Point ; and if another o makes it ftill lefs than the Den', fet another o in 
the Quote, and fo on : That it, fet as many o's after the Point in the Quote as the N um- 
ber of o's, which being fet on the Right-hand of the Num.*, leaves it ftill lefs than the 
Den r ; and then after thefe o's comes the Nunv of the Decimal* found by fetting one o 
more on the Right-hand of theNum* which gives the firft fignificant Figure of the Quote, 
and by o's gradually annexed to the Remainders, the Work is carried on, and theNum' 
and Den* of the Decimal fought are thus both together formed ; the Reafon of which ts 
manifeft from the way of rinding and applying the Den* to the Num.*. See this Example. 

Esc. ^ = .0078125 Corollary i. In dividing any Whole Number by 

another, when there is a Remainder, inftead of making a 

_ r „_ Vulgar Fraction of it, we may turn it into a Decimal equal or 

128) 3000 ( .0078125 nearly equal to it, by carrying on the DiviGon with o'sadded 
896 to the Remainders, (in the manner taught in Divifion of De- 

cimals, or in the preceding Vroblew,) till o remain ; then the 
Decimal is equal to the Vulgar Fra&ion : or till there be 
many Decimal Places, and then it is nearly equal to it. But 
how far it ought to be carried on, depends upon Circum- 
ftances of the Application (See the following Scholium 2.) 
And after the Integral Quote found, fet a Point fo that all 

the Figures that come after; are Decimal Places : As in the 
following Example. 



Operation. 



1040 
I02A 
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28 ) 7^45 ( 273.0357 

<r6 




196 

Rem. 4 whofe 

true Value is .0004. 



Corol.s. When of a fimple applicate Whole Kum- 

ber it is proposed to find a certain Parr, inftead of redu- 
cing the Remainder in the Divifion to lower known Spe- 
cie, we may carry on the Divifion decimally; and Co all 
the Numbers of inferiour Species that would arife by re- 
ducing and dividing are thus turned into a decimal Frac- 
tion, (the Defign and Ufe of which you will hear of more 
particularly afterwards. ) If the Divifion does not fbon come 
to an end, carry it on as Circumftances make it neceftary. 
See the Rule in Sc hoi. 2- following. 



Scholium I. 



That every Vulgar Fraction is not reducible to a determinate Decimal, (/. e. where 
there is no Remainder in the Divifion,) we know in fad by Examples ; in which we 
find this certain Mark That the Divifion will never come to an end, viz. that there hap» 
pens a Remainder which is the fame with a former Remainder ; in which Cafe it is nor. 
only certain that the Divifion will never have an end, but this we know alfo that the re- 
maining Figures of tie Quote mull: neceflarily be a continual Repetition of die fame Fi- 
gures fin the fame order) that ftand already in the Quote from that one which pro- 
ceeded from mat former Remainder , as in thefe Examples. 




3 ) 20 ( 66, &e. To reduce \ to a Decimal, it is .666, & c. (the 6 being always 

*3 repeated,) for it is manifeft the fame Figure 6 will always arife in 

™ the Quote, becaufe it is the fame Dividend 20. 



18 

2, efr. 



Bxantp. 2. To reduce it is .42626, &e. the 26 being (till repeated j for the Re- 
mainder at which the Operadon is ftop!d being the lame as a former which was the very 
firft Remainder, it is plain that carrying on the Work, we mould have for the . next two 
Figures in the Quote 26, and fo onftill 26 in infinitum. Therefore whenever this happens 
in any Cafe, we need proceed no further, but obferving what Figures in the Quote would 
be repeated, take as many of them, or the whole of them, as many times as we think fit. 

Such Decimals are very properly called Circulating Deci- 
mals, becaufe of the continual Return of the fame Figures j 
and may be called Indeterminate or Infinite Decimals, be- 
cause they can never come to an end : as we alfo call thofe 
which are the EffecT: of a Redu<Etion which has no Remain- 
der, Finite or Determinare Decimals. Obfervedfoy that 
thefe Infinite Decimals may be reckon'd as complete, becaufe 
mo' they are compofed of an infinite Series of Fractions, yet 
there is a certain and known Order in the Progreffion of the 
Series, from the conftant Repetition of the fame Figures, 

whdreby 



Operation of Ex. 2. 
495) 21 10 (.426, drc 
1080 

1300 
000 

3100 
29-0 

Rem. 130 
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whereby they are capable of being managed in Operations fo as nothing fliall be wanting. 
But the Demonftration of the Theory and Rules of Operation with men Fractions re- 
quires other Principles than have yet been explained, and muft therefore be referred to ano- 
ther place: (See Book^. Chap. 4.) wherein you'll find it demonftrated> that every Vulgar 
Fraction will reduce to a Decimal, either finite or circulating. 

Scholium II. 

Tho' fome Vulgar Fractions will become finite Decimals, yet if the/e have a great 
many Places, the Ufe of them will become very inconvenient and tedious in Practice. 
AHb, tho* we have Rules for managing Circulating Decimals without any Defect, yet 
the fame Inconveniency will arife in tnefe, when they circulate upon many Figures, or 
when the Circulation begins at a great diftance from the Point 3 therefore it is fufficient 
for common Ufe to carry the Reduction fo far only, as that the Defect be inconflderable ; 
(tor the further the Reduction is carried, the Defect is the lefs :) in order to which, I 
M here mew you how 

PROBLEM IL 

To carry theReduclion of a Vulgar FraSi "ton fefar, that the Decimal found Jb all want 
lefs than any ajftgned Fraction . 

m 

Rule. Let the afligned Fraction be reprefented by ^, if a Decimal is carried to fo 
many Places after the Point, as are exprefied by the defect of that Decimal cannot b e 



equal to -? : For it cannot want a Fraction whofe Num r is 1, and its Den* that of the 

decimal Quote already found, which we may exprefe ^ the Den r having as many 

o's as b has Figures. Since in that Cafe the Figure in the laft Place found would necefla- 
rily be greater than it is by 1 or, becaufe by the preceding Rule of this Problem the 

defect is only a compound Fraction, whereof one Member is this Fraction — 



which Defect is therefore lefs than * OQ&c and this is evidently lefs than ~ j fince 
joo, &c. having as many o's as b has Figures, muft be a greater Number , and a is not 

Icfc than 1 : Wherefore * Qof j^ muft be lels than ~ • 

To apply this more particularly : Confider to what Integer any Decimal refers j reduce 
that Integer to the loweft known Denomination ; if the Decimal has as many Places after 
the Point, as that Number of the loweft Denomination which is equal to. the Unit to 
which the Decimal refers, then the Decimal does not want the Value of an Unit of that 
loweft Denomination. And if the propoicd Decimal were again to be multiplied by any 
Number, then to make it fo that the Product ftiall not be deficient by an Unit of the 
loweft Denomination, make it have as many Places after the Point, as the Sum of the 
Number of Figures in the propofed Multiplier, and in the Number of Units of the 
loweft Denomination which makes an Unit of the Denomination to which the Decimal 

refers. 

For Examp. If a Decimal of 1 /. has 3 Places after the Point, it does not want 
Ts» of it, therefore does not want 1 Farthing, which is of it. And if the Decimal 
j again to be multiplied by a Number of 7 Places, let the Decimal have 8 (==5 + 3 ) 
Places, and the Product Ihall not want 1 /. For being carried to 8 Places, it cannot 



want Too-oWOT of lL which is ■ * o Q ' Q 5 o of t^tW But ToW islefsthan 1 f. and 

2 ' hence 
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hence 10 / 0 „ rfWW^^^ vooo 'oo of r /' Confequently if the Decimal car^ 
ried to 8 Places is multiplied by a Number of 5 Places, (which is lels than 1 00000) 
the Product cannot want if The Univeriality or this Reafbn for all Cafes is manifejft. 

PROBLEM III. 

* 

To reduce Integral Numbers of inferiour Denominations to the Decimal of a higher. 

G A s E I. To reduce a Simple Number. 

Rule- Expre£> it firft: as a Vulgar Fra£Hon of the higher, by making itfelf the Num r , 
and fairing for the Den r the Number of the inferiour Denomination that is eoual to 1 of 
the higher. Then reduce this Vulgar to a Decimal Fraction, b y the laft Problem. 

Examp. 1. To exprefs %fi. in the Decimal of a Pound: Firft, it is 4^ I. and this a- 
gain is reduced to .25 /. 

Operation. Examp. 2. 3 ifc Aver -dupoife Weight the greater, to the 

^00 ( .0267857 Decimal of a hundred Weight. It is yiy C. and this is again 

.02678 C. Here xheDivifion'is imperfect, and we are to carry 
it on Ids or more as Ckcumlfances require, according to the 
preceding Directions. 



112) 300 ( .0267857 

2-1* 




Another Method. 
ft. 
4J3.00 
7 .7500000 
4 .1071428 
.0267857 




It will be in moft Cafes eafier to divide gradually from one Species 
to another, as in the Margin ; where 3 ft is divided by 28, (at two 
Steps, viz. by 4 and 7.) to bring it to the Decimal of 1 qr. and 
this again by 4, which brings it to the Decimal of 1 C. 



Case H. To reduce a Msx^d Number. 



Rule. Reduce each of die Numbers by the firft Cafe, and then add their Deci- 
mals together : Or reduce the mjfd Number to a fimple Number of the loweft Specie* 
and then turn mat into a Decimal. 

Examp. To reduce yfb. 6 d. to a Decimal of 1 /. it is .475 /. by adding .45, ( the 
Decimal equal to 9 fb.) and .025, (that equal to 6 d.) or by reducing y]h. 6 d. viz- 
ii+d. equal to ^±l. = .^l. * 

Another Method to find the 'Decimal of a mix'd Number. Reduce the Number of the 
loweft Species to the Decimal of the next above; (whether there be any Number of that 
Species in the Queftion, or not,) add to it the Number of that Specres ia the QuelKofo 
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(if there is any) and reduce the Sum to the next higher Species ; adding to the Number 
found, the Number of that Species given in the Queftion ,• and go on fo till you come 
to the propofed Integer. 



Examp. 



4 

n 

20 



4- 



23229IO; 




Scholium. 



toncmihig the Confiruftion and Vfe of Decimal Tables. 

In order to the Application of Decimals, we ought to have ready calculated the Deci- 
mal of any Integer of Money , Weight, Meafure, &c. anfwering to every Number, Simple 
or Mix'd,' of inferiour Denomination, and of left Value than that Integer ; which Deci- 
mals being orderly collected and difpofed, make what we call DecimalTables, by which 
any Decimal required may be readily found, or alfo the Value of any given Decimal in, 
known inferiour Species. 

As to the Contraction of thefe Tables, it would certainly be a very tedious Work to 
find every Decimal by a feparate Application of this Problem, [tho' this is a complete 
general Rule.] There are other Methods to fliorten and make that Conftrudion eafier - y 
which I iliall here explain as far as the Principles already taught do permit. 

Rule. Find the Decimal equal to an Unit of the loweft Species $ and if that is a 
determinate Decimal, then from it, as the Root, the Decimals of all the reft may be 
found accurately by Addition. Thus, double the Root, that gives the decimal Fraction 
for 2 of that loweft Species ; then add the Decimal of 1 and 2, the Sum is the Decimal of 
3, and fo on by adding ftill the laft Decimal to the firft, rill you come to a Number of 
that Species equal to an Unit of the next Species above; then make that theFirftor Root 
of all the Decimals of that Species, making them up the fame way as the laft, /. e. doubling 
the firft for the Decimal of 2 (of that Species,) add the Decimal of 1 and 2 for 3, and fo 
on in this manner go through all the Species till you come to die Integer itfelf; and if 
you add the Decimal of the Number next left than the Integer to the Root, the Sum will 
be Unity in the Place of Integers. 

If the Root, carried to a certain Number of Places, is not detenninate, then is it a de- 
ficient Decimal; and if we make up the Table from that Root, all the other Decimals in 
the Table are alfo deficient, wanting gradually more and more from the Root upwards, 
jo that the Number that comes againft the Integer will be a Decimal. But the more 
Places the Root is carried to, the lefs is the defect in that and every other Part of the 
Table. And that there may not be wanting in any of thefe Decimals an Unit of the 

loweft Species, or any Part you pleafe of fuch an Unit, follow the Directions already 

given. 

Obferve again, That as all Vulgar Fractions become Decimals, which are either de- 
terminate or circulate, fo there is an eafy way of making up the Tables by Addition from a 
Koot which has one or more circulating Figures, (and that by ufing only the firft Period 
of them) io as all thefe Decimals which would be found determinate by a feparate Re- 
duction, ihall come out fo in the Table, and all the reft circulate upon the fame Num- 
ber of figures in the lame Places as the Root does. But as the Reafon of this Method 

?X de- 



1 
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depends upon the particular Doctrine of circulating Decimals, and both the Method and 
Reaion will be eiily underftood when you learn that Doctrine in Books. Chap.^ r 
£hall fay no more of it heie. And only obferve thefe few things. 



I. That to brin 

4 

will be fuch a long 
ber of Places. 



lating, 
num- 



n. As to the following Tables otjerve, That the Roots of fome of them are determi- 
nate ; whence all the other Decimals of fuch Tables are alfo determinate ; and are known 
by their -x-inting this Sign -f- after them. In others the Root circulates, and fo the 
Table rr.ideup not by the Method of Addition (imply, butwidi a due regard to that Cir- 
culation; to that the Decimals in the Table are thefe which would be found by calculating 
each fepararely, and carrying it to the lame Number of Places. 

3. But again obferve y That the Roots of fome of the Tables circulating upon a finglc 
gure, that' Decimal is taken as far as the firft: . Figure of the Grcularion; and what Deci- 
mals in fuch Tables do circulate, are marked by the Sign + after the circulating Figure; 
thofe \s hich want it being deter mina te. 

4. In thelaft place obfirve, That for the Tables of Averdupoife Weight the greater, and 

of Ttme^ the Root was carried on to a Circulation, and the Table made up with a regard 
to that : But thefe Decimals running to many Places, you have here only the firft (even 
Places, which are enow for common Ufe. And for Money, I have made two different 

Tables • the Manner aad Defign of which I have explained with the Table. 
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DECIMAL TABLES of Money, Weights, ^Measures. 



TABLE I. Money. 
The Integer i Pound. 



Farth. 



Penny 



i 

2 
1 



I 
2 

3 
4 

9 
io 

ii 



.0010416 

.002083 
.00312* 




Farth 



.00416 

.0083 

.0125 

.016 

.02083 

.025 

.02916 
.03 

•0375T 
.04.16 




Penny 




Shilling 1 


•0? 


2 


.i 


3 




4 


.2 


5 


•*5 


6 






•35 




•4 




-45 


10 I 




11 




12 1 




* 1 




14 


•7 












'.8y 


18 


•9, 


J 9 1 


•9Ji 



Shilling 



1 
2 

1 i 
•I 

3! 
4 

i 

7 
8 

9 
10 

11 

2 

3 
4 

I 



I 



9 
10 

11 
12 

13 
14 

18 
20 



BLE rfhiom 

.00104166 
.0020833332 

•007124.9993 

.00416 06664 

.008333.3-328 
.0124999992 
.0166666656 

.0208333320 
•0249999984J 
• 029 1 6 66648 
•°3333'333ia 

•937499997* 
.04166 666410 

;-Q4^8,3^q 

^4999999*' 
.099999993 

1*4999999* . 
,1999999872 

.24999998^ 
.2999999808 

349999977 
•39999997 

44999997" 
.4999999680 

5499999648 

1649999958^, 
^999999^2 

74999995 
7999999488 

•H9999945& 

*9999994Z 
99999392 

9?99r 



OMrw, Thisiecond rWe o/.M>wy I have made for no &nei- end ?«itlt6 ffcew, that 
>f the Root Df;any. Table is pot determinate, yet being take^ to many PfaS/ aTew 
v.U b e very Jittle^ for the Table being here carried 5 zoMis idUTfto^S 

to 11. (as it: would be had the Root been determinate, or the I 

a due TC gaid rd tot, as in tije firft Table,] it is a Decimal cjfii /. bar whrc^wa^ts'l^ 

^ s^ssv Pate; the reft j wanting Ids as they ftand nearer tb! i/. RdM^ 
n-om 1/. to 1/, 
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TABLE II. Troy Weight, 



Grains 



.02083 
-0229 16 
.025 
.027083 
.029 16 
.03125 

17 * .035416 



Weighi 

The Table for Penny 
Weights is the lame as that 

for Shillings with rdpecfc t 
1 Pound. 



*E V. Of Uynd 

Meafu 



The Integer 


l gall. 


q r of a Pint 1 


.03125 


2 


.0625 


3 


-09375 



Pint 1 I .125 

2 I -25 

3 375 

4 I -5 

5 62 5 

7 1 ,875 



TABLE III. Averdupoife 
Weight the Lejfer. 
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TABLE IV. Averdupift 
Weight the Greater, 



The Iztezer 
q r of a 
Dram 



Dram 



Ounce 



1 
2 

3 

4 

5 
6 

7 

8 

9 
10 

ii 

12 

*3 
*4 
15 



1 ft. 
.00097656 

1206 



.001 
.002 



0625 

1875 

2 5 
3125 

375 

4375 

5 

5625 

625 

6875 

75 

8125 

875 
9375 



The Integer 
. 1 .of ot an 
if I Ounce 

+ 




1 j .00390625 

2 I .0075125 

3 .01171875 

4 I .015625 

5 .01953125 

6 0234375 

7 -° 2 734375 

8 I .03125 

9 .03515625 

10 I .0390625 

11 I .04296875 

12 .046875 

13 j .05078115 

14 .0546875 

15 j .o"S~9-7^ 



Ounce 



Poui 



I Ctut ► 
0001395 

.0002790 
•000418 

1 j .0005580 

2 I -001 I 160 

3 I -0016741 

4 I 1OO22321 

5 j .OO279.OI 

6 I .0033482 

7 I .0039062 

8 I .0044642 

9 I .0050223 

10 I .0055803 

11 I .0061383 

12 .0066964 

13 .0072544 

14 I .0078125 

15 I .0083705 

1 .0059255 

2 .0178571 

3 .0267857 

4 .0357142 

5 .0446428 

<> -05357H 

7 .0625, Exact 

8 .0714285 

9 .0803571 

10 .0892857 

11 .0982142 

12 I .1071428 

13 I .1160714 

14 .125, Exa& 

15 .1339^85 

16 [ .1428571 

17 .1517857 

18 I .1607142 

19 I .1696428 

20 I .1785714 

21 I .1875, Exafr 

22 I .1964285 

23 .2053571 

24 I .2142857 

25 I .2232142 

26 I .2321428 
27. 1 .2410714 



TABLE 



f 



TABLE VI. 

jHeafire. 



The Integer 
Pint 
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Peck 



of a 



I 


.001953 




.003906 




.005859 


r 


.0078125 




.015625 


5 


.0234375 



For Pecks and Buftiels, 
they have the fame Decimals 
as q* of Pints, and Pints in 

Liquid Meafure with refpect 

to 1 Gaiion. 



TABLE VII. 

Meafure. 



Of Long 



The Integn 


1 J* 


q' of Nails 1 


r .015625: 


a 


.03125 




| .046875 


Nails 1 


.0625 


2 


.125 




.1875 


qr of Yarn 1 j 




2 


1 -5 


3 1 


•75 



MLE VHI. Of Long 

Meafure. 

The Integer 



q»of an 
Inch 



Inches 



3 



1 foot. 



83 + 



.0416 
.062* 



+ 



The Integer 

Days 



1 

2, 

3 

4 

5 
6 

7 
8 



9 

10 



.25 

.416 

.5.83, 

.(J 

•75 
.83 

.916 




1 

2 

3 
4 

5 
6 



Weeks 



I Tear. 
,0027397 
.0054794 
.0082191 
.0109589 
.0136986 
■01643 83 



I 
2 

3 
4 

5 

6 



In this Table of Time, the 

Decimal for 1 Day is taken by 
the 36y h Part of a Year j and 
fo the Table is carried on to 
12 Weeks, or 84 Days. Then 
as I reckon 13 Weeks to r 
Quarter of a Year, fo after 12 
Weeks comes next 1 Quarrer. 
But that Decimal and the fol- 
lowing are taken accurately,, 
which would not. happen if 
they were continued from {he 
preceding. So that as the De- 
cimals from 1 Day to 84, or 12 
Weeks, are true to 7 Places ; 
thefe for Quarters are accu- 
rate, tho' a Quarter is not a 
precife Number of Days, bue 
91 Days and ^ of a Day i rec- 
koning 365 Days to a Year: 
So that in applying this Table 
to the Calculations of Interefr, 
for which chiefly it is dengned, 

you mult reckon 91 Days to a Quarter,- by which means 
the Decimal will be a litde greater than what correfponds 
to 9 1 Days. But if we continue the Table, then the Deci- 
mals for 13 Weeks,2dW. 39 W.52 W. (which are lefs than. 

1 Year by x Day,) are as in the 
Margin. And if we reckon 13 
Weeks a Quarter, then, thefe are 
the Decimals for 1, 2, 3, 4 Qnar- " 
tersi but deficient for the exa<5t 
Quarter of a Year, &c. And per- 
ufe thefe Numbers. So that if 



9 
10 

11 
12 



Quarter 



.0191780 
,0383561 
.0575342 
.0767123 
.0958904 
.1150684 
.1342465 
.1534246 
. 1 726027 
.1917808 
.2109589 
.2301369 




•*5 
5 

7T 



1 3 Weeks 
20 

39 
5 2 



2493150 
4986301 
.7479452 
9972602 



■4- 
+ 

+ 
+ 



haps it may be beft to 

the time is within 13 Weets, or 91 Days, take the Deci- 
mals in the 2 upper Parts of the Table ; and if it exceeds 
91 Days, take for 91 Days (= 13 W.) or 182 Days 
(= 26 W.) or 273 Days (= 39 W.) the Decimals in this 

laft Part j taking Decimals for what Days are over any of 
thefe. Numbers, and leis than 91, in the former Partj 
and add all together. In (hort, Reduce the Number of 

Days to Quarters) Weeks, and Days, (at 91 Days to a 

Quarter,) and take their correironding Decimals and add 
together. You lhall fee the Application particularly af- 
terwards.. 
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USE of the preceding TABLES. 

L To find the Decimal of any Integer (which is in the Tables) anfwering to anyNumi 
ber, fimple or mi^d, lefs than that Integer. 

Rule. ( i .) If it is a limple Number, feek it in the Left Column of the Table relating 
to mat Integer, and againft it you have the Decimal fought ; So for 7 s. (in the Table of 
Money) we find .35/. 

(a.) If it is a Mixd Number, feek the Decimals anfwering to the feveral Members j 
their Sum is the Decimal fought. Examp. The Decimal for 9/. %d. is 48 ^ (the 1 cir- 
ajhrjng for ever) which is the Sum of .45 and .03 53/. the Decimals of 9 s. and of %d. 

Obftrve. Decimal Tables would be more compleat, if they were made up for every 
Number, Mix'd as well as fimple, Ids than the Integer } but as this would fwell them to 
a great Bulk, fo thefe for the fimple Numbers are fufheient; becaufefrom them the others 
can be got eafily as there is occafion. Or if any body wants fuch Tables, they are-eafiiy 
made, either by adding their Parts, or by the Method of Cafe 2. Probl. 3. 

II. Having the Decimal of any Integer to find the corresponding Number, fimple or 

miVd, of known inferior Species. 

Pjde. (1.) Seek the given Decimal in the Table ; if you find it there, againft it ftands 
the Number fought : So againft .75 in the Table of Money ftands 15 s. 

(2.) If the given Decimal is not-exacrly found in the Table, take the next lefler found 
^there, the Number againft it is Part of the Anfwer then take the Difference betwixt 
that Decimal and the given one 9 and feek it or the next lefler in the Table, and againft 
ir you have another part of the Anfwer in a' lower Species than the preceding part. Go 
on thus as long as you can, and youll find the Anfwer as near as poflible in known 
Species. 

Ex*?*?. 1. To find the Value of -6875 /. I feek mis in the Table, but the neareft to 
it (lefler) which I can find is .65, to which anfwers 1 3 s. then the -Difference of .6875 
and .65 is .0375, which I find in the Table, againft yd. thereforertrie Anfwerisi 3 s, y d. 

Exemp. 2. For .4768 /. the neareft lefler Decimal is .4.5 againft 9/. then .4.768 Ids 
.4.5 is .0268, and the next Ids than this is .025 againft 6 d. then .0268 lefs .025 is .0018, 
the next Ids than which is .00104, &c. againft 1 forth. So the Anfwer is 9/. 6d. if, 
with a Fraction of a Farthing. 

But obfertoe^ That if any Decimal given is not found exa&Iy in the Tables, the Value 
of ir may be had in moft cafes as eafily, by Reduction (as in Probl. Reduction of 
Vulgar Fractions-) And for any Integer in the preceding Tables, it will be iufficient to 
rake the firft three Places after the Point. But the eafieft way to fohre the Problem is 
by fuch compleat Tables as are already mentioned. 

. As the Decimals of Money are of the greateft ufe, fo attb there is an eafy way of finding 

me Value of any Decimal of a Pound j or finding the Decimal for any Number Ids than 
1 /. without Tables. Thus : - - 

T- Tofnd the Value of any Decimal of 1 7, tiithout' Tables Or Pen. 

Rule. Take the firft three Figures after the Poifat, neglecting the reft ; then double 
that Number which ftands in the firft Place (after the Point) it is fo many ^Shillings of 
the Anfwer. And if the Figure in the fecond Place is 5 or igreater, add 1 to the Shillings 
il ready found ; then take what the Figure in the fecond Place exceeds 5, with the Figure 
in the third Place, (and if there is no Figure in the third Pkce, fuppofe o) confider thefe 
rrv*o Figures, in order as they ftand, as one Number. If thejr make a Number 'not exceed- 
ing 2.3, take fb many Farmings (and reduce them to Pence) for the rernaining-Part of the 

1 . Anfwer: 
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Anfwer: But if that Number- exceeds 23;, take 1 from- it, arid the Remainder is fo many 
farthings in the Anfwer. Thus you mall have the Anfwer exad in all its Value of known 
Species ; or fo, that the Error fliall not be 1 Farthing. 

JLxamp. 1. .4/.=: 8s*. Examp .089/.== is. yd. 2/. 

a. .^L = 7s. 6. .6jl. = i^s. ^d. 

3. .248/. = 4r. nd. 3/. 7 . .038/.= 9,/. jf, 

4. .317/. = ^. 4^. 8. .04/.= 9 d. 3/ 

If you compare thele Examples with the Rule, the manner of finding the Value will be 
plain, without any further Explication. 

The Reafon of this Rule is thus : 

1. Since 1 Shilling is the ^ Part of a Pound, and double any Number of 10 th Parts, 
makes fo many 20 th Parts ; (fo -3 = 4s) therefore double the Figure in the 1ft Place 
(whofe Den r is 10 th Parts) is equal to fo many 20 th Parts, or Shillings. Again, 

2. Since therefore 5 in the 2 d Place (whofe Den r is 100 th Parts) is 1 Shil- 
ling. Then, 

3. The Figure in the 3 d Place has iooo* 11 Parts for its Den r , and this with the Num- 
ber over 5 in the** Place* makes fo many 1000 th Parts j which is little lefs than fo many 
Farthings ; becaufe 1 Farthing is Part of a Pound. But when we make up a Decimal 
Table for Farthings from 1 to 47, (which is 11 d. 3/) we find this true in Fa&, That 
from 1 to 23 Farthings the Figures in the 2 d and 3 d Places of the Decimal are the fame 
with- the Number of Farthings: But from 24 to 47, the Figures in the 2 d and 3 d * Places 
make a Number 1 more than the Number of Farthings. And tho ? in all thefe Decimals 
(except that for 6d. or 24 f.) there are Figures after the 3 d Place, yet their Value is not 
1 Farthing, becaufe they do not make .001, which is lefs than 1 Farthing. 

II. To find the Decimal of a Found, anpwering to any Number of Shillings, Pence, and- 

Varthiftgs, lefs- than a Pound, without Tables or Pen. 

Rule 1. If the Number of Shillings is even, take its Half and fet in the firft Place after 
the Point, (JEx.i.) If it's odd, fet the Half of the next lefler even Number in the firftPlacc, 
and 5 in the 2 d , (Ex. 2.) then reduce the d. and / to f and if they are fewer than 24 
(/. e. the d. fev/er than 6 = 24/.) fet that Number in the 2 d and. 3 d Places (i. e. in the 
} d Place if it's but one Figure, (Ex-. 3.) and if.it has two, add that which is in the Place 
of Tens to the Figure Handing already in the a d Place, if there is any, and fct the other 
in the 3 d Place, Ex. 4.) But if thcfeFarthings exceed 23 (i. e. if the d. exceed 5; add 1 to 
them, and fet that Number in the 2 d and 3 d Places as before, (Ex. 5 , 6.) Thus you have 
the Decimal fought, true to three Places, which is mfKcient for common ufe. But, 

2. If you would compleat the Decimal, then if the Number of/, to which the d. and 
/. in the Queftion are equal, do not exceed 23, take that Number of / or, if they ex- 
ceed 23, take the Remainder after 24 is fubtracted from them, and divide that Number 
or Remainder decimally, (viz. by prefixing o's to it) by 24 (which is eafily and readily 
done by 4 and 6) the Quote, which will either be determinate, or circulate on 6 or 3, 

being fet after the Figures already found, the Decimal is compleated. 



Exany. 1 . 4 s. = . 8 /. Examp. 6. 9 s . 9 d. = .487^ 

2. 13 *■ = .65 7. 7 d. 3/! =s .0322916 &c. 

3. 6s. 2/.= .3o* 8. 4*. %d. 3/. = .23^4583 &c. 

4. 8*. 3 ^. = .4125 9. f f# 4*. if. =5 .2677083 &c. 



The 
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The Reafin of this Rstie is this : 

1. For the Shillings : The half of any Number of 2c th Parts (/. e. of any Number of 
Shilling5) mokes fo many ic th Parts; and if there is an odd Shilling, it is equal to 5 in 
the 2 d Piace, or r^r P*£% becaufe 7^5^^. 

2. For the Pence and Farmings: If we make a Table of Decimals for any Number of 
Farthings from 1 to 47 (equal to 11 d. 3/) then for any Number left that 24 (or 61) 
the Decimal has that Number in the 3 d , or 2 d and 3 d Places, (/. e. it will have fo many 
1000 th Parts. And if thefe Farthings exceed 23, the Decimal has 1 more 1000 th Parts. 
Again, For any Number of Farthings leis than 24 (or 6 d.) confidcr, that becaufe 1 Far- 
thing is Parr of a Pound, which is greater than ^L-Part; therefore betides fo many 
1000 th Parts, there muft be added fiich a Decimal as is equal to the Difference of fo many 
960 th Parts and iooo t!l Parts. Now,if we fubtract. " om ?io me Remainder is ? 4 ^; 
wherefore any Number leis than 24, of 24000 th farts, wiii make a Decimal, wnole 
firfr. Place will fail in the fourth Place after the Point : Confequently this Decimal which 
remains to com pi eat the Decimal fought, falls after the 3 Places already found. 

Laftlv, If the Number of Farthings exceeds 23, it is either 24 $ and then there is nothing 

to be added to the Number of 1000 th Parts already fet down : Or it's more than 24. 
And whats more, being lels than 23; the Decimal to be added for that, comes under 
the lame Rule as the lalt Article. 

QU E S T I O N S, firming the Application of Decimals in Multiplication and Divifon. 

gueft. 1. There is 14/ : Sr : 6d in each of 6 Bags: How much is in the whole? 
Aafizer 9 86/ : nr. Thus, 14/ : 8r : 6d is 14425 A which multiplied by 6 produceth 

86.55 equal to 86 / : nr. 

;fi. 2. If 1 Yard of Cloth coft 14* : %d. what is the Value of 24 yds : 3 qr : ma 
18/: %s : 2/. neareft. Thus, 14* : %d is .7233 &>c. L and 24yds : %ar : 1 nd 
is 24.7625 yds: Which multiplied by .7333 produces 18.158 &c. I. which is 18/ : 3 s : if 

nearly. ' • " ' 

gzefi.y If 30/. buy 124 yds : 1 qr : zna. of Cloth, How much will 1 /. buy? 

Anfia. 4 yds : 2 na. anJ .32 nearly. Thus, 124 yds : 1 «r : 2 is 124.375, which 
divided by 30, quotes 4.145 &c. which is ± yds : 2 and .32 nearly. 

geeft. 4. If 8 / : <j (h : a d. buy 3 hundred Weight : 1 q^: and 18 Pound of Sugar, 
What may be bought for 1 /? Avfcj. 1 qr : 17 ft and .1 nearly. Thus, 8 / : yfi : 4^ 
is 8^666 cjv. and 3 C : 1 ?r. 18 ft. is 3.J.10714, which divided by the other, quotes 

.4028 <£t- which is 1 qr : 17 ft and .1 nearly. 

Oh/er-ve, The Uic and Application of Decimals will more folly appear in the remain- 
ing Parts of this Work ; efpecially by applying them in Book 6. As to which Application, 
tins in general only needs to be further laid here, That any Integer being confider'd as 
the hirfieft E>enorninarion, all Numbers or Quantirys le(s than mat are to be exprefled 
decimally by raVing the Decimal of thatlnteger anfwering to that lefler Quantity j and in; 
the feme QuefHon nfing Decimals of the feme Integer for all Numbers of the lame kind, 

(i. e. for all Numbers of Money, ufe the fame Integer as 1 /.) - Then multiply and divide 
by thefe Numbers according "to the Rules of Decimals. And in Multiplication you 
may ufe the manner of Contraction explained in Cb. 8. §. 5. 

I muft ob fertx in the laft place, that moft QuefHons in common Bufinefi are fooner 
done without Decimals, by the common Methods of Reduction j but when to ufe De- 
cimals, or the common Methods, muft be left to every body's own choice : and indeed 
rood deal of Practice will be neceflary to enable one to chufe judicioufly. And par- 



ticularly as to the preceding Examples, obferve, That the firft is eafier done by 
mrm Method - becaufe it can be done without Reduction, the Multiplier be 



The fecond and fourth j cannot be done by any Method "hitherto explain'd, (except by 
Decimals ;) becaufe by the Method of Reduction they require both Multiplication and 
Divifion} as you will afterwards underftand in the Rule of Three, (Book 6.) The third 
xazy be eafily done, the common way. BOON 
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BOOK III. 

Of the Powers and Roots of Numbers 




CHAP. I. 

Containing theTwEo a y, 



Definitions. 

I. A Power is a Number, which is the Product of a certain Number of equal Factors, 
f\ i.e. of the fame Number multiply^ into itfelf continually a certain Number of 
X X Times. 

II. A Root is a Number, by whofe continual Multiplication into itfelf another Num-J 
bcr (which is called the Power,) is produced. 

Example. Let any Number 2 be multiplied into itfelf, the Produces are 4 (— 2x2) 
8 (=4x2) 16 (=8x 2) &c. Then is 2 called the Root of thefe Products, which are 
called the Powers of that Root. 

Hence it is plain, that Power and Root are relative things. Every Power is the Power 
of fome Root, and every Root is the Root of fome Power: So that by calling one Num- 
ber the Power or Root of another, we mean that it is the Number produced, or the Num- 
ber producing that other by continual Multiplication. 

But the fcveral Powers, and the Root in relation to thefe, are alfo diftinguifhed by parti- 
cular Names, which mall next be explained. 

III. The firft Product (viz. that of the Root multiplied by itfelfj is called the Square 
of the Number multiplied ; which in refpect of the other is called the Square Root. So 
4^the Square of 2, and 2 the Square Root of 4, becaufe 2X2=4. 
( The fecond Product (viz. of the Square by the Root; is called the Cube,' and the Root 
m refpect of it is called the Cube Root: So 8 is the Cube of 2, and 2 is the Cube Root 
w S; for 2X2X2, or 4X2 = 8. 

Others of the Powers had alio particular Names among the Ancients; but they are very 
complex and burthenlbme to the Memory, and tend no way to the Improvement or Ea- 
rns of the Science : Whereas it is obvious that we have no more to do, but diftingutfli 
tnem by their Order in the Series of Products, calling the firft Product the firft Power, 
we fecond Product the fecond Power, and fo on ; whereby thefe Names do of themfelves 
ln a very fimple and eafy manner diftingutfh the feveral Powers, in confluence of the 
general Definition- of a Power : for they exprefc the Number of Multiplications of the 

T * Root 
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Root in the Produ&ion of each Power; which the ancient Names do not.^ For the 
Names Square and Cube, of which the reft were compounded, are Names of geometri- 
cal Quantities applied to Number?, only from this Confutation, that the Meafures of thei'c 
Qumdaes are found by fuch an Application of Numbers, as do produce the Numbers, 
which are hence called Square and Cube. 

Bur obferve again, that tho' in confequence of the preceding Definitions of Power and 
Root, thefe Terms ous;hr always to be contradiiiinguimed, fo that the Products only an 
be called Powers ^ ye-^for the fake of a particular Conveniency, which we mall prefer^/ 
underfknd, the Root is called the firft Power, and the Produces in order are called the 
fecond, third, &c. Power, as here : 



2X2. 


4X2. 


8x2. 


16x2. 


&c. 


4 


8 


16 










1 Power. 






Hi 


c 5 

CJ O 


i 

0 

S3 




CO rt 











Io which Method the Root is the fame with the firft Power, and contradiftinguifiied 
only from the tuperior Powers, with refpe£t to which we call it the fecond or third, dr. 

Roo; • tho' more commonly we ufe the Names Square and Cube, aod Square Root, Cube 
■p ru-.r nfina rV»e Names fourth, fifth, &c . Power and Root, for the degrees above the Cube 



third 



T 



Of the unherfal Notatioyi of Powers and Roots. 

I. Of Powers. 

AKE any Number A for a Root, and the Series of its Powers according to the 
Defmiaon will be thus : 

AAAA. &c. 

S 

o 
•5 



A. 


AA- 


AAA. 




* 


Power. 


c % 

* 0 

0^ 


0 
Ph 


C 




c<1 



Each of thefe Terms expreffing the continual Produft of A, taken fo ofi as its placed* 
each of tbem, which being once more at every Step gradually from the Root, we taw 
alfo this more convenient Method of exprelT.ng them, *». by writing only the Root w* 
a Kjmber over it, to Ggnify how oft the Root is to be taken, or placed as a Fattoi a 
S^dSnTthir Power. ^Thus the ¥ b Power of A is AAAA, to be written, accord** to 
K^Method, thus, A*; and lb of others, the whole Series of the Powers being «• 
prefented thus: ^ ^ ^ ^ ^ ^ ^ 

When a Kumber A has no Figure or Mark of Power, it's fuppofed to be the firft, tit 

A '-ncft r™£ wfcail !«*«. or**f« of the Powers ; becaufe by mewing J 
NuXr o&rs, they (hew what Power is fignified by that gP^"^^ 
in order of the Series ; for the Numbers of Factors increafe gradually in the *"* 
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Root (tending alone in the 17? Term, twice in the id, and fo on." And fince the Deno- 
minations of the Powers are taken from their Places in the Series, they do alfo exprefs the 
Number of equal Factors, or the Number of times the Root is placed by Multiplication 
in every Power, and confequemly the Index is the Denomination ; fo if A=2 then A 3 ^= 

A°ain: By this Method any Power indefinitely may be expreflcd by a general or inde- 
finite 0 Index thus, A"; which is any Power of A, according to the Value we put upon the 
Index n . 

Hence any Scries of Powers dccreafing from a given one down to the Root may be ex- 
preflcd thus : 

A„, A n_ A n— x 9 AT—h A n — + , &c. 

Still fubftracling one more from the Index till k become equal to 1, and. then you have 
the Root. 



II. For Roots. 



The Root of any Number confidcred as a Power may alfo be conveniently exprelTed 

by that Number with an Index, thu?, over tjie Number which is the Denomination of 

the Root, fet in form of a Fraction ; this is the Index of the Root : For Example ; The 

1 j 1 

Square Root of A is A ! , the Cube Root A'?, the 4th Root A*, and fo on; fo that if 

f JL JL 

A=4, then A* =2: Or if A=8, then A*~2; And an indefinite Root thus, A n . 

There is alfo another way of marking Roots by this Mark \/ } fetting the Power before 

it, and the Index above it : Thus the Square Root of A is \/A, the n Root is / A. % 

And now, to underftand the Conveniency of diftinguifhing the Powers by their Order 
in the Series, /. <?. by the Number of Factors or Indexes, Confider that the various Powers of 

1 the fame Root differ only by thefe Indexes, or Numbers of Factors ; and the Rules for their mu- 
tual Application to one another by Multiplication and Divifion, (by which chiefly their different 

, Properties are difcovercdj depending upon the Confideration of thefe different Numbers 

i of Factors, it is a more fimple and cafy Method to make the fame Number exprefs both 
, the Number of Factors* and give a Denomination to the Power; which would not be, if 

we mould begin the Numeration of -the Powers at the firft Product, calling A A, or A* 
the Firft Power. It is true indeed, that by this Method the Denomination would always 
be one lefs than the Index or Number of Factors, and fo would be a certain regular Me- 
1 thodof mewing that Number; but ftill the other is more fimple and cafy: Which the Ap- 
plications to be made afterwards will make appear more evidently. 

There is one thing more you may obferve upon this Method of denominating Powers, 
viz. That tho' the Root is not a Product of itfelf multiplied into itfelf, and foisnot a Power 
according to the general Definition ; yet we may always contra-diftingui/h Root and Power, 
underftanding them according to the general Definition, and at the fame time take the De- 
nominations of Powers from the Indexes or Numbers of Factors; provided we underftand 
thefe Denominations or Indexes to exprefs no other thing but the Number of Factors, /. e. 
a Power compofed of fo many Factors as the Index exprefles, and not as fignifying the 
Degree and Order of the feveral Powers from the firft Product, which, according to the 
general Definition, is the firft Power, tho' the Index is 2 ; fo for Example, A 4 is called the 
Fourth Power, not as being the fourth Term in the order of Products, for it is only the 3d 

Product, but as being compofed of four Factors ; viz. the Root ftated as a Factor four 
times; fo A*— Ax Ax Ax A. 

But now after all, it's to the fame Purpofe in which of thefe Views you take the Deno- 
mination ; for the whole Conveniency lies in having the Number of Factors expreffed, 
Wnich is done either way. Others again confider 1 as a Factor in every Power, and then 

T 2 they 
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they make the Index exprefs the Number of Multiplications by which a Power is produced: 
Thus A*— IX Ax A j in which are two Multiplications, ift ixA, 2d ixA by A. 

Defix. IV. Parsers or Roots are called Like or Similar to one another, whofe Deno- 
minitions or Iidexes are the fame; fo A s , E*, or A 71 , B\ are fimilar Powers, and theic ii- 

mihr Root?, A r , E>°. Such are alfo faid to be Powers or Roots of the fame Degree cr 
Order. 

And when the Indexes are different or unequal, they are called unlike or of a different 
Order: As A 3 , alfo A*,B» 

V. The finding any Power of a Number is called Raijing that Number to fuch a Power; 
as finding the 4th Power of A is called Raifing A to the 4th Power : And this is alfo call'd 
in general, Involving, or the Involution of that Number, according to the Index of the 

Power. 

VI. The finding any propofed Root of a Number, is called the ExtraBing of fuch a 
Root from that Number } as finding the Cub:: Root of A is call'd the extracting the Cube 
Root of A j and this we call in general Evolving, or the Evolution of that Number, ac- 
cording to the Index of the Root. 

VII. As any Number may be made a Root, and involved to any Power, fo if a Number 
Cis a Power of another B, which is again a Power of another A, then may C be called: 
CoTxfour.d Power of A, i.e. a Power of a Power of A, ( as with refpect to B it's a Grr> 

pie Power,) and may be generally expreffed thus: A°X that is, the n Power of A m . Ex- 
amp'e: 64 is the Square of the Cube of 2, for it is the Square of 8, which is the Cube of 
2. The Com^ofidon may alfo confilt of more than two Members, as the _ n Power of the 
* Power of A°. 

VIII. If any Number A is a certain Root of another B, which is alfo a certain Ron: 
of anozher C, then may A be called a compound Root of C ( as with refpeit to B it u 

a fimple Root) and may be expretted thus,C^ that is, the n Root of CP. Example: 2 

is the Cube Root of the Square Root of 64. 

^^^^^^^A m. M V ^^^^^ 




explained 

IX. A Number which is firft confidered as a certain Root of another, as the a Roo:> 
may be irfcif involved according to fome other Index m , and this Power being referred to 
the fame Number to which the preceeding Root was referred, may be called a mixi 

Power of that Number , fc if B=a\ then the - Power of B, that is, the ™ Power of 
the a Root ofA is a mix d Power of A ( which referred to B is a fimple Power ) and may 

be cxprcflcd At B . Example: 9 is the Square of the Cube Root of 27, for it is the 

Square of whofe Cube is 27. . _ r D/Mfl , f 

In the fame manner, a Number being confidered as a certain Root of a certain Vcwx 
(whofe Index is different from that of the Root } of a Number, it may be called a 

Root, as the = Root of the * Power of A, reprefented thus : A^. Example : 0 * * 

Cube Root of the Square of 27, for the Square of 27 is 729, which is alfo uj^ 

Of 0. 3 •* 



2 
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Qbfifve* F° r either of thefe Kinds, viz. a mix'd Power, or mix'd Root, we may infti- 

mre ihii tr.anncr of Reprefcntation A" , which may fignify either the m Root of A n , or 

the a Power of A w . But then obferve, that we can't make it reprefent either of thefe in- 
differently, till we have firft demonftrated that they are equal ; which fhall be afterwards 
done ; and till then, I ihall only ufe it for the m Root of the n Power. 

Scholium. Every Number is a Root of any Order whatever, becaufe it may be 
involved to any Power; but every Number is not a Power of any Order; Come being 
Powers of no Order but the firft, which is only being a Root; i. e. there are fome Num- 
bers which cannot be produced by the continual Multiplication of any Number whatever; 
nd fuch are 3, 5, 6, 7, and an infinite Number of others. Some again are Powers of 
one particular Order only; as 4, which is only a Square; and 8, which is only a Cube. 
Some, in the la ft place, are Powers of more than one Order, but limited to a certain 
Number of different Orders; as 64 is both a Square and a Cube; its Square Root being 
g, ann the Cube Rcoc 4; for 8x8 = 4x4x4 = 64: The Demonftration of thefe things 
you'll learn afterwards; ro mention them in general is enough here, which was only necef- 
ftry for the lake of the following Definition. 

De ft m. X. When a Number A is propofed as a Power of any Order n , and yet is 
not a Power of that Order, i.e. if it has no determinate Root of that Order, or there is no 
Number which involved as the Index n directs, wiii produce that Number ; yet it has 
what we may call an indeterminate Root, (as fhall be afterwards explain'd ) and this ima- 
gin'd Root, under the Notion of a true and com pleat Root, is called a Surd {i.e. inexpref- 

fiblej Root, and is reprefented in the general Form A 17 ; and fuch Roots as are real, are, 
in Diftindtion from Surds, called Rational Roots. Exam. 8 is not a Square; for there is no 
Number, which multiplied into itfelf, will produce 8. No Integer will, fince 2X2=4, 
and 3x3 = 9; and that no mix'd Number betwixt 2 and 3 can do it, will be afterwards 

demonftrated. 

But now as to Surds, don't miftake, as if fuch Roots or Reprefentations were nothing at 
ail, or fo merely imaginary as to be of no Ufe in Arithmetic!?; for though there be no 
fuch determinate or affignable Number, whofe n Power is equal to A; yet we can find 
Numbers mix'd of Integers and Fractions, that fliall approach nearer and nearer to the Con- 
dition required,/;/ infinitum; i. e. we can find a Series of Numbers decreafmg continually, 
whofe Sum taken at every Step is a Number, the Power of which approaches nearer and 

nearer to the given Number; and this Series confider'd in its infinite Nature, as going on 
by the fame Tenor and Law without end, and thereby approaching infinitely near to the 
Condition of a true Root, is truly and properly what we call a Surd ; which, 'tis plain, is 
iomething real in itfelf, though we can't exprefs the whole Value of it by any definite Num- 
ber; for that is contrary to its Nature: So we find that the Surd Roots of different Num- 
bers have certain Connections and relative Pioperties the fame way as rational Numbers 
have- fall which things fliall be demonftrated in their proper place J 

Therefore we conceive Surds as Quantities compleat of their own kind, and fo ufe the 
fame general Notation for Surds and rational Roots: And hence the following Theory rela- 
ting to Roots are to be underftood generally, whether they are Surds, or rational Roots; 
corc.rning the Reafon and Application of which to Surds, you'll learn more Particulars 
afterwards in Chap. 3. 

XI. The Powers and Roots of Fractions are to be underftood the fame way as of whole 
Numbers; that is, any Fraction being continually multiplied into itfelf, is a Boot or firft 
Power > with refpect to the Products which are the fuperior Powers. 

Exam- 
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Exarzple. f-Xf and J is therefore the Square of f. and may be univerfally ex- 
preffed thus, fj; or thus, a —\ and the Roo: thus, ^j n ; or thus ~ 

Obfirve, Thar only is the proper and immediare Power of a Fraction, whofs Terms arc 
the Powers of the Terms of thit F:a£Hon$ yet as the is me Fraction may be exprcfrd in 
various Term?, fo all equivalent Fractions may be taken for the Power or Root of the fame 





- ' — - — — j i j — 

led the Square of f or #. 

Scholium. When a complex literal Expreflion is confider'd as a Root, to exprefs 
anv Power of it we draw a Line over the whole Expreflion, and then annex the Index; 



n n 



thu«,A4-B is the 11 Power of A +B, and A B is the n Power of the Product AxB: Bui it 
there is no Line over, then the Index is applied only^to the^ Member oyer which it is jm. 
mediately fet, as A " ' ~ ' . ~ 



AXIOMS. 

Ift, Like Towers or Roots of equal Numbers (however difFerendy exprefled) are ccu:l. 

Thus; If A=B, then A n =B n , and A n =B'. But unequal Numbers have their firmlar 
Powers and Roots unequal- the greater having the greater Number for its Power or Root 




Corol If the different Powers of unequal Numbers are equal, the Power of the 
lefler Root has the greater Index. Thus: If A n = B m , and A be lefs than B; then is a 
greater than 773 : For if » = m, then is A n lefc than B m j and much more is it ib, if 71 is lefs 
than 772. 'Exam. S-= 4.= = fji. 

IL/, If a Number is involved to any Power, and from this Power a Root of the fcrcc 
Denomination is extracted, this Root is the fame Number which was firft involved. So if 
A is involved to the n Power, and of this Power, viz. A n , we extract the n Roo:, it i; 

equal to A, i. e. A = A~] T . And reverfly extract any Root of a Number, and then in- 
volve tha: Roo: to a Power of the fame Denomination; this Power is the fame Num- 
ber from which the Root was firft extracted; fo the n Power of A~, or A") = A. Hence 

n 

Cor ol. 1. An Expreflion of this Sort A 1 , where the Numerator and Dcnominr:r 
of the Index are equal 3 who: her it is under ftocd as the n Root of the 11 Power , or ike ' 
Power of the - Roc: of A, is no other thing in Effect and Value but A. Hence ag:in i 

2. Involution and Evolution are directly oppofite, the one undoing the Effect 0: :'"*. 
other, whereby they are mutual Proofs one of the other. 



Theorem I. 

If two fimilar Powers of different Numbers or Roots are multiplied together, the Pifi; 
ducfc is the like Power of the Product of thefe Numbers or Roots. Thus, the Product or 

two Squares is the Square of the Product of their Roots. Univerfally A n xB n = AB. 

Vsmonp 




AB*. 
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4 Vemonftr. In the Product A n x B n , A and B are applied as Fa- 

2? dors equal times; fo that in the whole Product there is a Num- 

ber of Factors equal to 2 «• and confcquendy the Product A B, 
__ confider'd as one Number or Factor, is applied in that Product 

100— no . n times rf or | n w h a:ever Order the Factors are taken, the Pro- 

dud is IUU the fame] j lb that the Product given is AB raifed to the n Power, or 

AB". Thus particularly, A^x B; = AAAx BBB = ABx ABx AB = AB 3 . 

Corol Hence we learn, how the Product of a Number exprefled as a Power, and 
another not exprefled as fu ch ( bu t fuppofed to be one ) may be reduced to fuch an Ex- 

preflion. Thus, A" x B ■"• < b^f; for the n Power of A is A", and the n Power of B" 

is B, therefore A' 1 x B = A x b' 
Schol. This Theorem is true alfo, when the Roots are the fame; as A"xA n = 

AA*. But I have not taken this Cafe into ihcTheorem, becaufe it falls within another (fee 
Tkeor. 6.) where the Product is exprefled in a more Ample and convenient way. You are 
ro underftand the fame of the Theorems 2, 3, and 4. 

Theorem II. • 

If two fimi'ar Powers of different Numbers or Roots are divided one by the other, 
the Quote is the like Power of the Quote of the given Roots. Thus the Quote of two 

Squares is the Square of the Quote of their Roots un'roerfally B n -r- A" = ti 

A=3- As = 27 | Demonfir. 1. Suppofe A,B are Integers, then B-r-Aexprcf- 

b5-1a- : =8 fcd fra<aionaII y is I' whofe 71 Powcrj accordin g to De fi n - «• 

£^ = 8. B n 



A n B n H- A". 

2. Suppofe B and A fractional; thus,B=- and A = -, then is B n ~- ix and A" 



AlfoB«-A" = £^-^=^ (Tkeor. 1.) But ^==i-^==B-H A, and its n 

o n a n o n a n Oct 0 a 



Power is which is B -r- A . 

Qii 



Scholium. I have not here confidered, whether B n -H A n is a whole Number or * 

n 

Fraction \ for which fo ever of them it be, you fee plainly that it is equal to B-r~ A . Ia 
another place you'll find it demonftrated, that according as B n -r- A" is integral or fractional, 
fois B-4-Aj and reverfly. 

The following Corollaries 2, 5, 4, and f , are deduced from this and thefirft 

Theorem jointly confidered. 

Co roll. 1. The Quote of two Numbers, whereof one is exprefled as a Power 
and the other not, ( tho' fuppofed to be one, ) may be reduced ro iuch an Expreflian 

thus i A n -f-B = A -r- B^l 1 ; for A n is the n Power of A, and B is the n Power of B". 

2. If any Product and one of the Factors are fimilar Powers, the other is alfo a fimx- 
lar Power, and its Root is the Quote of the Roots of the other two Terms. Thus, if 
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A n x 3 = D n , then is B = D n -r- A n = D-r-Al 1 whofe n Root is D-f-A. In another Place 

it fhall be demo nitrated that D -r-A muft be integral if D n H- A n or B is fo. 

III. If the Dividend and either of the other two Terms, w*. Divifor and Quote, arc 
fimilar Powers, the other of thofe Terras is aifo a fimilar Power," whofe Root is the Pro- 
dud: of the Roots of the Dividend and the former of the other two Terms. Thus if 



— A = D\ then A = B n x D a =B D°. 



^ The Product of two Numbers being a Power, the Factors are either both like 
Powers with the Product, or neither of them is fo. Alfo, if one Factor is a Power, and 
the other not a like Power, the Product is not a like Power. Let AB = p n , if A is a 
Power of the Order n , fo is B, for if A= a* then is a* X B —f 1 , and confequently B U of 
the Order n fbv the zd ) whence alfo if the one A or B is not a Power of the Order- 1 , 
neither is the other j for one being fo, the other would be fo too. Again, if A n X B=D, 
and B no: a Power of the Order n , neither is D ; for if D were fo, B would be fo too. 

5 . If the Quote of two Numbers is a Power, thefe Numbers are either both Powers 
like the Quote, or neither of them is fo: This is the Reverfe of the laft. 

Scholium. In thefe Corollaries you are to underftand Rational Powers, for other- 

wife any Number may be reprefented as a Power of any Order. 

f Theorem III. 

If two fimilar Roots of different Numbers are multiplied, the Product is the like Roo: 
of the Product of thefe Numbers. Thus two Cube Roots produce a Number which is 

the Cube Root of the Product of their Cubes. " Univerfaily, A 77 x B^AlP. 

Example : 

Demor.ftraiion This is but the Reverfe of the i&Theorem, and 
follows eafily from it. Thus, Let A B be any iimilar Power?, 



A= 2;. A== 3 



B — 8. b- 



then is A x B = A" x FT by Theor. I. and by Ax. i. Ax ti~= 

A £7= 6 A 77 x B~, which is the" Root of A" X b"!* . 

Coroll. The Product of two Numbers, whereof one is cxprefled as a Root and 



the other not, may be reduced to fuchan Expreflion thus} A" x B= A x K n ) n ; for A is 

7 J- X 

the n Power of A~, and B~ of B; therefore, by this Theorem A" X B =A x B'i". This is 

alio the Reverfe of Cot oil Theor. I. 

Theorem IV. 

. I f two fimilar Roots of different Numbers are divided, one by the other, the Quote is 
the Uke Root of the Quote of the one Number divided by the other. Thus, two Cube 

Roots give for a Quote the Cube Root of the Quote of the Cubes. Univerfaily, D~-kA~ 

Ex&rplc : 

D = 2i6. D~ = 6 
A — a;- AT == 5 
D — A= 8 D= -r- A^— 2 



D 



Venonfir.i. Suppofe D ',A' 1 are both Integers, then are 
D, A alfo Integers, (viz. the Powers, or Products of integral 

2m 

FactonJ therefore D~* & or is a Fraction in Terms 

A" 



D D . D n J_ _T 

whofe n Power is -r ; ;'. e. the n Rco: of -r- is — or L n -f- A", „ 
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2. If T>'> /f are fractional, then are D, A alfo fraaional, (according to a former Ob- 



fervation.) Suppofe D^^= t and A"=l then is D = ~ , and A 



£ (jfe. 1.) Alfo 



D" A" = --+ 



c ad y a' 1 c n 



be 



ad 



;j therefore JL>~-/| 



D^-r-A 71 . 



Coroll. The Quote of two Numbers whereof one is exprefled as a Root, and the 

other not, may be reduced to fuch, thus j D ,t -h A = D ~- AT. ForD K is the n Root or 

D, as A is of A". 

Scholium. From the two laft Theorems jointly confider'd, we have four CotoU 

hries after the fame manner as the zd, 3*/, 4^, <jth Corollaries > deduced from Theorem 
\U and \fi. 

Theorem V. 

The Product or Quote of any like Mixt Power (or Root) of two different Numbers, 
is the like Mixt Power of the Product or Quote of thefe two Numbers: Thus 



A x B 



JJ 

m 



A B and A 



B 



m 




n 

m 




-» (Tbeor. III.) 



Vernon fir. 1. A n x B"= Alf (Theor. I. ) and fifi* x 

1 *. x JJ. n 0 

= A m and B"fa — B m by the Notation 5 and fince A" x B n = Al5 , hence A^ 



But 

xB 



n 



ni 



AJ3 



m 



( Theor. IV. ; 



2. A'-hB-'ssA-h B° (3fctr.IL J Andffi« 

^ _2 " ■ n 

A-~B m , I. J That is, A m -f- B ™ = A-rB™. 

Example. The Square Root of 16" is 4, and the Cube of 4 is 64, therefore the Cube of 
the Square Root of 16, or i6 m is= 64. In like manner, the Cube of the Square Root: 
of 81, or 81* is = 720. Then 81 X 16 = 1206, whole Square Root is \6, and the 

3 I 3 J 

Cube of this is 4665 tf = 64. X 720 i that is, 16* x 8i» = i6x8ifc 



Theorem VI. 

If two Powers of the fa me Root are multiplied, the Product is luch a Power of the 
fame Root, whofe Index is the Sum of the Indexes of the Fa&ors. Thus, The Product 
of the id and \d Powers of any Number, is the %tb Power of the fame Number. U- 
niverfaliy, A n xA m = A n + m . 



A: 
As 



3- A 



Example. 



9 



27- A 1 x A3 
A* = 243. 



24? 



Demon(lr. A" and A m being each a Product of A 

continually multiplied by itfelf, their Product muft be a 
Product of A continually by it fclf; ;. e. a Power of A. 

U Alfo 
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Alfo it's plain, that in A B X A ra , the Root A is applied as a Factor as oft as the Sum »-f», 
fo that A n x A a = A n -r m . Particularly, fuppofc A 2 - x Ah the Product is A A x A \ x 
= A A A A A = A 5 . 

Scholium. What's here proved for two Factors, holds equally for three or more: 
Thus A° x A 3 x A r = A n + m + r . 

Coroll. Hence we learn how to find any Power of a given Root, without finding 
all the intermediate Powers j viz. by multiplying together two or more Powers of that Root, 
the Sum of whofe Indexes is the Index of the Power fought : Thus, having the $d and tfb 



their 



Theorem VII 



I f one Power is divided by another Power of the fame Root j the Quote is equal ei- 
ther to another Power of the fame Root , or to a fractional Power whofe Numerator is 
1, and the Denominator fome Power of the fame Root. Thus, particularly, If the 
Dividend is greater than the Divifor, the Quote is a Power of the fame Root whofe In- 
dex is the Difference of the Indexes of the propofed Powers; and if the Dividend is 
lefs, the Quote is a fractional Power whofe Numerator is 1, and the Denominator is 
fuch a Power of the given Root whofe Index is the Difference of the given Indexes. 

Thus A n -r- A- is either A 0 — or A m n . 

Example 1. I Example 2. Demonflr. This is the Re- 

A=3 A+ = 8i J A J =9- A* =243 verfe of the laft Theorem, and 

A'- =9. A 4 — A 1 = 9 I A* -7- A* = 9 -r- 243 = the Reafon of it contain'd in 

A 4 — - = A-= 9 I -vj^zrr ^rr \ that, from the reciprocal Na- 

* 81 ture of Multiplication and Di- 

vifion, with that of Addition and Subtraction. Or, this fubftradting of- the one Index 
from the other, is only the taking out equal Factors from the Divifor and Dividend, i.e. 
dividing them equally; which makes the Quotes Hill the fame; Thus, As -r- A 2 == As -r 1 

= Ah and A 1 -r- A 5 = 1 -=-As. 

Theorem VIII. 
Every Compound Power ( or Power of a Power ) of any Root is equal to fuch a 

Simple Power of the fame Root whofe Index is the Product of the given Indexes : Thus 
the 3^ Power of the 2d Power is the 6th Power. Univerfally, the a Power of the 3 

Power of A, or A^ 3 is = A Dm . 

Example. i Demonfir. A m X"A cl =A im (Theor. 6.) and involving or multiplying 
A=2. A r =4 1 A n by itfelf once more, the Index of the Product contains m once 

A 6 ^64.==A)= 1 more i tnar however oft A 31 is employed as a Factor, as n times, the 

I Index of the Product will be fo many times m 3 or mXn: But A m em- 
ployed as a Factor n times makes the n Power of A m ; which is therefore equal to the 
m n Power of A, or A^". 

SCHOLIUMS. 

1. The fame Reifcning is &ood,when the CompoGtion confifts of more than two Steps: 
Thus the n Power of the m Power of the r Power, is the m nr Power of A, or A llror . 

2.. If the Index of any Power is the Product of two Numbers, it may be confidered as 
a Compound Power \ or if it is the Product of more than two Factors, it may be redu- 
ced to* a Compound of two, by taking any one of thefe Factors for one Member, and 
the Product of all the reft for the other. Thus, A nmr is the r Power of A nn », or the n 

Power of A 01 ", or the m Power of A nr . In fhert, if the Index of a Power is the Product 

of 
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of other Numbers, whatever Variety is in the Compofition of that Product, there is the 
fame Variety in the Compofition of that Power. 

COROLLARIES. 

1. Here we learn to find a Number, which is a Power of as many diflfe-' 
rent Orders as cart be propofed, w*. by multiplying the Indexes of all theft propofed Or- 
ders continually into one another, and raifing any Number to a Power, whoft Index is 
that Product. Thus : To find a Number which is both a Square and Cube, raife any 
Number to the fixth Power. Univerfally, to find aNumber which is a Power of the Or- 
ders n>m,r, raife any Number A to the nmr Power, and A nmr is the Number fought: 
for it is the r Power of A nm , the n Power of A mr , the m Power of A nr . 

Qbferve alfo, That if one of the Indexes is an aliquot Part of another, we need noc 
multiply that Index which is the aliquot Part. Thus: To find a Number which is both a 
fecond and fourth Power, we need only to take fome fourth Power, fince every fourth 
Power is alfo a fecond Power. For becaufe 2x2 = 4, therefore A* is the fecond Power 
of A 2 . By this you'll underftand any other Cafe. 

2. If out of a certain Power of a given Number, a Root is to be extracted of a diffe- 
rent Index, and if the Name of the Root is an aliquot Part of the Name or Index of the 
Power; by dividing the Name of the Power by that of the Root, and applying the Quote 
as an Index to the given Number, we have an Exprelfion for the Root fought. Thusj 
the Square Root of A tf is A 3 * becaufe 6-7-2=3. And univerfally, let = r. Then 

is A m = A r , i. e. where there is a mixt or fractional Index (which exprefles a certain Root 
named by the Denominator, of a certain Power named by the Numerator) if the Deno- 
minator is an aliquot Part of the Numerator ; then dividing the Numerator by the Deno- 
minator, the Quote is an Index, which applied to the fame Number* expreffes the Value 
of that mixt Root. 

Theorem IX. 

Every Compound Root (or Root of a Root) of any Number, is equal to fuch a 
fimple Root of the fame Number, whofe Index is the Product of the propofed Indexes. 
Thus} the Square Root of the Cube Root is die fixth Root. Univerfally, the n Root of 



the m Root is the n in Root, or A ,n J 1 = A 



nm 



Demonfir. The Reafbn of this is contained in the preceding, be- 
caufe extracting of Roots is oppofite to raifing Powers. Or it may 



i 

nm 



Example : 

A = 64. AT=4 
• " ~ T .I. nui 

A t =2 = At ( 7 - be demonflrated thus: Suppofe A n "=B, then A = B nra {Ax. 1, 2. 

i. nm 

forA is the nm Power of its nm Root) and A m =B nr =B' 1 {Cor. 2. Tbeor. 8.) Again, 
At=B , AXu j j ButB = A' n ™; therefore A" , / ' r =A nm . 

Theorem X. 

Any Power of any Root of a Number is equal to the fame Root of the fame Power 
of that Number. Thus, the Square Root of the Cube of any Number is the Cube of 

the Square Root of that Number. Univerfally, A^}=A"i". 

Example. Demonfir. Suppofe A^=B, then is A=B m (Ax. 1.) 

r^L^Z. 3 "?^ 729 ' and A n = B mn [Ax. 1. with Tbeor. 7.) Again, A> = 

», --27— A'l . ^ Ax t j _ B n (cor. Tbeor. 8.) But fince A™=B, there- 

fore A&=B n j confequently A"P=A^°. 

U 2 Schol. 
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SCHOLIUMS. 

1. When A :a is rational, fo alfo is A n , ro , becaufe this is equal to A™i j which 

j. i. 

is the Power of a rational Root: Bat tbo' AT is rational, it does not follow that A* is 

11 _i 

fo, as one Example mews. Thus: Let A= % 9 then A* =A 4 =8i. But A 3 is Surd, 

tor 3 has not a Cube Root. 

2. Here we leam, tha' A 2 " may indifferently be taken for the n Power of the m Root, 
or :he 777 Roo: of the n Power of A, fince thefe are equal. So that henceforth we fliali 
rake iz ei:her way, as fhali be moft ufeful. Hence alfo we have a Rule for expreffing the 
Involution of a urn pie Root, or the Evolution of a fitnple Power. 

Theorem XI. 

I f the Index of a mix: Powev (i. e. which has a fractional Index) has both irs Mem- 
ber?, Numerator and Denominator, equally multiplied or divided, the Produfts or Quota 
put in place of the others make an equivalent Expreffion, or exprefs a mix't (or fimpie) 
Power or Root of the fame Number equal in Value to the former. Thus and 

therefore A^—A r . Univerfally, let n = ab, m = ad. Then is A m (or A"»J = A*. 

Example : 



Demonflr. A« is the a d Root of the a b Power of A (by 
A = i67772i6. A 6 — 16 the Notation) which is the d Root of the a Root (Theory.) 

or" the a Power of the b Power iTbeor. 8) Now the b 
Power of A is A b , and the a Power of this is A ab , (Tbeo,.V 

whofe a Root is A b , (Tbeor. 8- Cor. 2 ) and the d Root of 
this is A * (per Notation) i. e. A»*= A*. Or the Demonftu. 



A* =25 6. A 1 =65536. 



will 20 on the fam< 



Theorem XII. 



The Simple Power of a Mixt Power, or Mixt Power of a Simple, of any Number, 
is equal to a Mixt Power of the fame Number, whofe Numerator is the Product of the 
Simple Index by the Numerator of the Mixt one, and its Denominator that of the Mist 
one!, or, in fhort, whole Index is the Product of the two given Indexes. Thus, ther 

Power of A? is which is alfo the ^ Power of the r Power \ i.e. A*)" 1 . 

Demonflr. A" is the n Power of the m Root 0: 

A ; therefore the r Power of A^ is the r Power of 
the n Power of the m Root : But the r Power of toe 



A = 4096. A* = 8. A 4 = 512 
Sou. of A* or A* = 32768 



n Power is the rn Power, ( TW.m ) therefore the r Power of A - is the m Power 0. 
the rr. Root, L e. flotation.) Again, This is alfo the £ Power of A- For the 
Iadex - is ibe m Root of the » Power ; wherefore 571- is the m Root of the n Pow 
cf the* Pcwcfj i.f. the Root of the. r Power, or nr Power of the » Ra*»^ * 
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Theorem XIII. 

The Simple Root cf a Mixc Power, or Mixt Power of a Simple Root -of any 
Number, is fuch a Mixt Root or the fame Number, whofe Denominator is the Product 
of the Simple Index into the Denominator of the Mixt one, and the Numerator that of 
the Mixt one. In fhorr, whofe Index is the Quote of the Mixt one, by the Name of the 
Simple one, or the Product of the two Indexes, taking the Simple Root fractionally: Thus 

the r Root of A>», or the - Root of A 1 , is A mr : For - -r- r = -X - = — . 

Example: 



Demonftr. A» is the «i Root of the » Power of A; there- 
A T — 167772 16. Sq. Root I ^ e . t he rw Root, fMwr. 9.) or A'». Again, this is alfo 

of A 1 , or A? =5405)6. I the w Rqoc Qr power of A f For n the ^ 

Power of the w Root, and fo the— Root of A r is the w Power of the m Root of the r 
Root, /.<?. the w Power of the mr Root, or A rCl . 

■ 

Theorem XIV. 

The mixt Power of a Power is equal to a mixt Power wbofe Index is the Pro- 
du& of the given Indexes. Thus, the - Power of the - Power is the — Power, e. 



JOT 



Demonftr. The r Power of A™ is A m , (Theor. 12.) and the s Root of this is A'"™* 
(Tfcor. 13.} which is therefore the s Root of the r Power, or the r Power of the s Root 

n 

of A*. 

Theorem XV. 

The Product of any two Roots Simple or Mixt, or of any Power and Root of the 
fame Number, is equal to fuch a Power or Root of the fame Number whofe Index is the 

i i i 4. i _2_ * 

Sum of the given Indexes. Thus A"X A r = A" r =A" r ; and A ra X A * 

A™ f=A m 5 i Alfo, A n x A T = A n ^ n = A*""*"" - . 



r 



Demonftr. The moft univerfal Cafe or Expreflion is A ,n X A s ; for by fuppofing n 
or r, or each of them, equal to 1, you make them Simple Roots; and by making m or* 
equal to i, you make that Term a Simple Power: And fo all the Variety fuppofed in the 
Theorem will be demonftrated in this one Form; thus: The Thing to be demonftrated 

n r n r n s -4*m r 

is, that A' n xA~ =A"^"^ r =A ras : In order to, which, fuppofe A n » = B, and A""* 

— ™ ^ 1 mr r 

then is B ia '= A* s (^*. i.J = A» (Hw. XI.) Alfo D ms = A™ = A an d 

ns+m r t i t 

BD=A n » x A" r = A ns +™ (Tbeor.6.) Hence A m ! ==ITD™~ B«-'x 

" r 
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Theorem XVI. 

The Quote of any two Roots, Simple or Mixt, or of any Power and Root of the 
£imt Number, is equal to fuch a Power or Root of the ftme Number, whofe Index is 
the Difference of tbe given Indexes, when the Index of the Dividend is greater than that 
of the Divifbr. But if the Index of the DiYifor is the greater, fee 1 over that Number fo 

n 

found, or divide 1 by it, and this Fraction or Quote, is the Quote fought. Thus A* 

— — — - n; - mf „ r mt—ns 

A * = A n s =A 13 « when — is greater than-; but it is 1 -f- A if - « 

leG than All other Cafes are contain'd in this Form. 

s 



T>ev:ovfiT. Suppofe A ns = B, and A nr =D, then is B mS =A ma = A R », and — 



irr 



A* = As alfo B — D = A ns ~ A mr = A ns — mr , (Uxor. VII.) Hence JC^T 

t t X n r 

=B^D" = B^— D*« = A T . 



Eur if - is le£ than — , then alfo is ns lefs than m r ; and therefore A n « -f- A mr is a pro- 
per Fraction. Let us fuppo/e mr =.n$4- a> or — ns~a, then is A r * -r- A mr =: 

A ns A c, + »; but A ns * a = A ns X AS (Tbeor. VI. ) wherefore reduce the Fraction 
A r » — A™", or A° s — A" 5 -** 3 to lower Terms by dividing b< 
valent Fraction is 1 — A m = 1 — A mr — Di ; but A n ' -r- A mr 



ir-A n? - r, i Hence i-r-A ms = b-H D°» 8 = B^-r-D™ = A"» ~ A~. 



General Scholium relating to the preceding Theorems. 

From the preceding Theorems we have Rules for the Multiplication, Divifion, Invo- 
lution and Evolution of Numbers expreffed in Form of Powers or Roots of other Num- 
bers, i. e. for a more fimple and convenient Expreilion of the Products and Quotes, Powers 
and Roots; and the Subftance of the whole may be reprefented in four General Rules, 
which being particularly exemplified, will fhew in one fliort View all the preceding Theo- 
ry. And obfrrve, Tha: in order to reduce it to fo few Rules, any Expreffion made" of any 
Letter A 3 wi:h any Index, Inregral or Fractional, may be called a Power of A; for fc'j 

fuch a Power as the Numerator expreffes, of a certain Root expreffed by the Deno- 
minator. 

Rule I. Add the Indexes of anv two Powers of the Qme Number A, and the Sum 
is the Index of a Power equal to the Product of the other two. 

Rule II. The Difference of the Indexes of two Powers of A, is the Index of a 
Power equal to the Quote of the other two; minding;, that if the Index of the Divifor is 
greateft, 1 is to be fe: ever the Power found, and that fractional Expreffion is the true 
Quore. 

Rule III. If the Index of a given Power of A is multiplied by another Index, the 

Product is the Index of a Power which is equal to fuch a Power of the given Power a? 

t that 
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that other Index denominates. And becaufe the Word Power does here fignify both what 
is in a more particular Definition cail'd Power and Root, therefore this Rule comprehends 
both Involution and Evolution. 

Rule IV. If to the Product or Quote of two Numbers any Index is applied, the 
Exprefiion is equal . to the Product or Quote of the fame Powers of thefe two Numbers. 

Examples of thefe Rules. 

Rule i. Tbeor. i R u l e 3. Theor. 

A" x A r = A n 4- r - - . z : 6th. \ A™f = A mn ------ 8th. 



1 4*nr 



A n xA 7 =A r 1 J I A^"=A® 9th. 



A 17 * A 1 ~ A " 



A r 'xA^=A ,_ /^S*- 



A s x A T =A 



Rule 2. 

A n H-A m = A"—" 1 , or A 5 ^ 0 7th. 
A n -r-A' = A 




10th. 



13 th." 



14th; 



A"-~A'=A " ,on-r-A- f | Rule 4. 

A n -r-A^"= A^~\ or 1 -r- A" Vifth. A^B^TiF - - - - - ift. 




n r n< — mi mr — r.j _____ 

A"^-A*=:A «- ^ori—A* 1 \ I A n -r-B n = A -hB" - - - - 2d. 



A"-r-A r =A * , ori-r-A w ^ I A" x B~=;£B n 3d. 



A*-r-B*=pA^B" - - - - 4*. 



n 



A*xB-=AJf - - - - - 5th. 



A = ~=-B s =A-i-B" - - - - 5th. 

Theorem XVII. 

If the n Power of one Number is equal to the m Power of another, then is the m 



Root of the firir. equal to the n Root of the fecond : Thus if A n = B m , then is A m = B". 



n I 



Demonjh. Since A" = IK then is A m = B, (Ax. 1.) and B"=A mn , {4x. j.) =sA m 3 
{Tbeor XL) 



r 



n 



The Jtaw/* is alfo true, w*. That if A" 1 as B", therefore A° = B ro ; for A ln =B n =»B,and 
therefore A 0 = B m . ' ----- - 

SCHOXIUM. 
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Scholium. This Theorem may be made yet more univer&l by taking any Mis? 



n r 



Index, and making the Theorem thus: IfA :n =B*, then isA n$ =B rm j and hence again, 



n 1 , , 



A' 0 = B" S : For the fir ft, fuppofe A" = and B r =£, then is A ra = * m and B- = [, 



V, t 



wherefore a = = and hence, ( as is already fticwn ) a s = b m . But * = A", and 

B r , therefore a 5 ~ A Bf * and — j that is, A n, =B rm j whence again, A™==;B"" 3 . 

t 1 

Coroll. It A a =B m , and if A 111 is Rational, fo aifo is B n , fince they are equal. 

Theorem XVIII. 

I f A° = B=>, call m — n=d. Then is A d a Power of the Order m, and B d a Power of the 

L t 

Order i. e. A m , and B' 1 are both Rational, tho' they are not always equal. 

DemoTijh. Since A^^B^ — B n + d , ( for m = n-\-d) multiply b^th by A d ; and then 
A 3 + d =B a + * X A d ; therefore A* is a Power of the Order n -j- d or m, (by Coroll. 2 Theor. \\ ) 
Divide both by B £ and ir is A n -^B sl = B n j therefore B" 1 is a Power of the Order «, (CorolL 

5. 7tvj7r. II ) i- e. A~ and 5~ are both Rational. 
Coroll. If d— i, that is, w=»-|-i, then Ahas an 1 Root, and B an * Root. 

i.e. A-andB"are both rational ; as they are alfo equal by the Theorem. 

LEMMA. 

If any Fraction ^ is in its leaft Terms, or is not fo, then, accordingly, any 
Power of this Fraction , as — , is alfo in its loweft Terms, or is not fo. And the 

_n & 

Corner fe, if -5- is or is not in its loweft Terms, accordingly - is or is not fo. 

The Vemor.firation of this Truth muft be referred to another Place, becaufe it depends 
upon Principles not yet explained : You'll find it demonftrated in Book V. Cb. I. Tbeot. 13. 
Coroll. In the mean 'time we muft fuppofe it to be true, for the fake of fome things be- 
longing to this Book, whofe Demonftration depends upon this Lemma, and which could 
not be fo regularly referred. 

Theorem XIX. 

I f any Inrecrer A has not a propofed Root in Integers, it can have no determinate 
Root of that Order ; i. e. it is a Surd Power of that Order. Or thus : If an Integer A 
is not the Power of a certain Order of an integral Root, it cannot be fo of a fractional. 

U 7 has no Square or Cube Root in Integers, and therefore has no fuch deter- 



minate 



Demon fir. Let - be any traction in its lowett lerms 

a n 

~ : - !w r crreater than 1 : then, by the Lemma, 



Terms : and confequemly, r n is not an aliquot Part of A" j nor, confequently, is - 
feeder; for in this Cafe- would not be in its loweft Terms: Hence again it's clear, tte 
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no Fractal (fuch as is not equal to an Iateger) can be any Root to a Whole Number: 
Forfuppofc- to be the n Root of A, then is — - = A 5 but if — is in its leaft Terms, fo 

n 



L: therefore — not an Integer is equal to A an Integer, which is abfurd. Again, if 



is jp ^ 



lis not in its leaft Terms, let " be its leafl/Terrns • then, becaufe therefore ~ 

m T m r ft 



m 



tn 



n 

n 



1=A. But^ being in its leaft Terms, fo is whence the fame Abfurdity as before. 



I 



CHAP. II. 

Contai?ting ^Practice of Involution and Evolution. 

§.:I. Probl. Of Involution, or Railing of Powers. 

TH E General Rule for the Practice of Involution is plainly contained in the Defi- 
nition, and is nothing elfe but a continued Multiplication of the Root into it felf, 
whereby, to come at any higher Power, we mult make up the Series of all the 
interior Powers : Thus; the Series of the Powers of 3 is 3:5:27:81:243, &c By 
this Operation 3X3X3x3x3, dre. 

But there is a particular Method whereby all Powers above the Cube or 3d Power may 
be found, without actually finding all the inferior Powers : Which Rule is this : 

Rule. Find, by the general Rule, two or more fuch Powers of the given Root as 
that the Sum of their Indexes be equal to the Index of the Power required ; then multiply 
thefe Powers continually into one another; the Product is the Power fought. Or find any 
one Power whofe Index is an aliquot Part of the Index of the Power fought, and involve 
that Power to an Index equal to the Denominator of that aliquot Part. 

Example 1. To find the 7th Power of 4, I find the 2d, 3d, and 4th Powers ; viz. 163 
64, 256- then the 3dX4th, or 6+x 256= 16384 the7thPower; becaufe 3+4= : 7- Or 
mftead of finding the 4th Power I find the 5th, by multiplying the 2d and 3d ; viz. 
16 x 64= 1024; then the 2d X 5th, or 16 x 1024= the fth Power. 

Example 2. To find the 12th Power of 3, I find the Square, viz. 3 x 3 = 9 ; the 
Square of the Square, or 0 x 9 = 8 1 is the 4th Power; again, the 2d x 4th, or 9x81 = 
720 the 6th Power; then 6th X 6th, or 729 X 729 = 531441 the 12th Power. 

I need infill: no more on this Practice; the Reafin of which is plainly contained in the 
preceding Theor. VI. But I muft obferve, That it does not in every Cafe give any Advan- 
tage either of Eafe or Expeditioufnefs to the Work ; yet as it will do fo in many Cafes, and 
Method " makC ^P eration more tecuous -» lt w ^ always be a very convenient 

Of the Pra&ice in Univerfal Characters. 

A s to the literal Practice, or Involution of Numbers reprefented by Letters and Indexes* 
1S aifo fufficiently explained in the preceding Definitions and Theore ms. 

X But 
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But ohferoe, That when a Root is reprefented as a complex Quantity; for Example, If 
inftead of S we put A-J-B, its Powers may be reprefented two different Ways; Thus, 

A -j- IT A+B* or A + B° ; which Method is in fome Cafes fufficient j but in other? its 
neceflarv to 'have the Operation performed* and the Power expreffed according to the Re- 
fult of tie Multiplication ; fo that the Index be applied only to the fingle Letters : Thus, 

A -f- B~= A- -f- 2 A B -j- B*-. The moft conGderable and important of all thefe Cafes of 
complex Roots, with their Powers, is that wherein there are only two Members in the 
Root, as A -f- B, called hence a Binomial Root; or A — B, called a Kef dual Root; the 
Confidcraaon of whofe Powers, /- e. of their Compofition by the various Powers and 
Multiples of the different Members of the Root, has been found of very great Ufe in 
Mamcmaricks, and "in Antrrmetick, especially for the Bufineis of tfie Extraction of Root?; 
in order to which I fhall here explain it. 



Of the Compofition of the Powers of a Binomial and Refidual Root. 

In the annex'd Operation you fee the feveral Powers of A + B raifed by Multiplying, 
according to the common Rules, each Member of the Root into each Member of the 
feveral Powers, which produces the next Powers ; in which thefe Things are remarkable. 

Obfervations on the Tahle of Powers. 

L In the Expreflion of each Power there are as many and no more different Members, 
{ which contain different Powers of the Parts of the Root A and B ) as the Index -f i 

expreffes: For tho' each Member 

Table of Powers raifed from the Root A + B. of any of the Powers being multi- 
plied by A and B feparately, do 
Root. A 4- B make in all twice as many Produch 



,A--f- B as the Terms in the Power muto- 

A : + AB plied ; yet each of the Series of Pro- 



AB + B* du&s by A and B have all their 

Square. A- + a A B 4- B 1 Terms limilar, exeept the firft Pro- 

A4-B duct by A, and the laft by B j for 

A? -i- 2 \- B4- A B- two are -A" ^ ^ n ' ;< e - l ^ 

"jL jv^b J-iA^^-Bj two Series of Pr°<Ju^ by A and 

~ . -r— i — " . ' | . gj j u ,- B contain in their feveral Members 

Cuce. A* + 3 A- B + 2A B~ + B=» the fame p owers of A and Bj cX . 

A* +3 A3B+3A*B* + AB5 Produces by A, which is A", and 

+ AsB+3 A»B»-H AB5 + B4 the laft Term of the Line by R 

4th Power. A4 + 4 As B -j- 6 A 1 B'- -f 4 A Bs + £4 which ^ gn . con {e qU ently, thefe fr 

cj-c. milar Produces are reducible to a 

more fimple Expreflion by adding 
them together* ( i. e. addding the Numbers by which they are multiplied, and joining ite 
common or fimilar Letters with their Indexes ) thus, A^ B -f* 3 A"' B = 4 As B; alfo 
Bi -j- 3 A- 3* = 6 A 1 Br; which explains the Reafon of placing the Lines of Produces by 
A and 3, as is here done, viz. in order to the Addition of fimilar Products. That tta 
Obfervarion will hold true however far the Powers are carried, is eafily feen from the Na- 
ture of the Thing ; which will yet farther appear from the next Obfervation> in which 
have a joint Demonjiranon of this. 
II. Each Power of A + B contains a Series of gradually different Powers of A and of 

Thus, The Index of any Power of ~A + B being », the firft Term is fimply A n , and 



v 
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laft is B n j tne intermedial Terms containing each a different Power of both A and B, 
multiplied together ^ the Index of A decreafing gradually by i in each Term from A n to 
the Term preceding the laft, or B n , in which it is fimply A; and the Indexes of Bincreafing 
the fame way from the Term next after A n , in which it is only B, to the laft, or B n y fo 
that in all the intermediate Terms there is fo me Power of A a nd o f and the Sum of their 

Indexes is equal to n, the Index of the Power propefed of A -f- B. Therefore, omitting the 
other Numbers, which are Multipliers in the feverai Terras of any Power of a Binomial, whofe 
Index is n, thefe Terms, in as far as they are compofed of the Powers of A and B, may be 
reprefented thus , 

A n + A n — 1 x B + A n — 1 xB z 4- A n — * xBs + &c. A 4 x B n — 1 -f Ax B n — 1 + B a . 



wherein there are as many Members as n -f-i, according to the firft Obfervation; and the 
Index of B, or the Number taken from ?i in the Index of A, is the Number of Terms 
after A" to any Term. 

This Obfervation we fee to be true fo far as the Table of Powers is carried ; and that it 
muft be true for ever, is eafy to perceive. Or it may be demonftrated, thus : Suppofe it's 

true in any one Cafc or Power of A + B, as the n Power, it muft be true in the next 
Cafe, or the ;/ 1 Power : becaufe when each Term of the given Power is multiplied by 

A, the Products 



more involved in 
them than in the 



A+ A" X B + Ax B* + Ax B; -f, tf*. + A* x tf + A x B» A n^finShf it 

+ A D X B 4. AX B* + AX Bs +, -f A 1 X B + A x B n + B n+I dexes of A decreafe 

gradually from A n 

in the Terms multiplied, confequendy they will decreafe gradually from A n t" in the Series of 
Products ; the Powers of B continuing as they were. Again ; The Series of Produces made by B 
muft have B once more involved in each; and confequently increafing gradually from BtoB n -t '» 
leaving the Powers of A as they were : But again, Thefe Products made by B are all of them, (ex- 
cept the laft B n + r j fimilar to the feverai Produces, farter the firft A n+ V made by A; becaufe 
the Indexes of A in the given Power decreafing from the firft Term A", which has no 
Power of B multiplied into ir, and thofe of B increafing from thefecond Term A n — 1 x B 
eo the laft Term B n , it's plain that A multiplied into any Term except the firft A n > and B 
multiplied into the preceding, muft make fimilar Produces; for A multiplied into any 
Term raifes the Index of the Power of A by 1, which makes ic equal to the Index of A 
in the preceding Term, without changing that of B j and B multiplied in the preceding 
Term, raifes the Power of B in it to the Index of B in the following Term, without 
changing that of A; confequently thefe Products; are fimilar, which makes the t thing ob- 
served manifeftly true in any Cafe, in confequence of its being true in the preceding: But 
it's true in the Root or ift Power, and as far as we have carried the Powers, there- 
fore it's univcrfally true. And this alfo is manifeft, that the Sum of the Indexes of A and 
B that are in any Term, is always equal to the Index of the Binomial Power, viz. 11. Add 
aifo-thisObfervation, that the Index of A or Bis always 1 leis than the Number of Terms 
from A n or B", to that Term. 

Scholium. If any one Member of a Binomial is 1, as A+ 1, then the Powers of 
1 being all 1, the Powers of fuch a Root will confift only of the Series of the Powers of 
A, and 1 added; thus, A" + A n — 1 + A n — *+'e£r. 4- 1. Or thus, 1 -f A+ A*4-&c. 
+ A". 

111. The Numbers, which in every Power are multiplied into the feverai Terms are called 
Coefficients (i c. joint Multipliers or Factors ) of chefeTcrms ; and from, the Manner of raifing 

X 2 ......... the 
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the Powers this is to be obferved, That the Coefficients of the firft and laft Terms are j, 
and thofe of the intermediate Terms are each the Sum of the Coefficients of the corre- 
fponding and preceding Terms of the preceding Power; thus, The Coefficient of the 
third Term of the 4th Power is 6, equal to 3 3, the Coefficients of the 3d and 2d 
Terms of the 3d Power, ( fee the preceding Table of Towers. ) Now that you may per- 
ceive the Reafon of this, and that it muft continue fo for ever in ail Powers, confider 
thefe two Articles : 

(1.) The Produces of the feveral Terms of any Power, made by A or by B, do not 
change the Coefficients of the Terms multiplied, becaufe A and B have no Coefficient 
but I. Then 

(2.) The Gmilar Products made by A and by B are thefe, viz. The Product of the 
2d Term, (of the Power multiplied) by A, and the Product of the ift Term by B; the 
3d Term by A, and the 2d Term by B ; and fo on. Which Gmilar Products are added 
by the adding of their Coefficient, and annexing the Gmilar Parts or Powers of A and B. 

Now from thefe two Things the uni venal Truth of the Obfervation is manifeft; and 
the annex'd Table, fo far as it is carried on by this Rule, Ihews the Series of Coefficients 
of any Power of a Binomial. 



of Coefficients 
Binomial 




c 
£4 



Ift 

2d- 

5 th 

6th 
7* 

8:h 
9th 



I : I 
1:2: 
1:3: 
1:4: 
1:5:10 
1 . 6: 15 
1-7:21 



3 

6 



I 

4'- 
10 : 

20 : 

35 • 



1 

5 

35 

7° 



1 

6: 1 

21: 7: 1 
56:28: 8:1 



1:8:28:56: 

1 : 9 : 36 : 84 : 126 : 126 ; 84 : 36 -.9:1 



A* -f- 4 As B-f 6 A=E* + 4 AB3 + B+ 

B-j:, a^ain, to make this yi 



Coroll. From the two laft Obfer- 
vations we learn a new and eafier Way 
than the common, for railing any Power 
of a Binomial Root. Thus: take the Se- 
ries of Products of the Powers of A and 
B, according to the fecond Obfervari- 
on ; and to thefe apply the proper Coef- 
ficients, as they ftand in this Table ; and if 
you have no fuch Table, you muft taife 
one, as far as the propofed rower j which 
being done by limple Addition, is much 
eafier than the common Rule. Thus, for 
Example ; The 4th Power of A + B is 



;et eafier, fee the following Obfervation, and its Corollary. 
IV. Any two Coefficients in the Series belonging to each Power are the fame Numbers, 
if they are zstsn ar equal Diftances from the Extremes, ( which have both 1 ) for the 
Coefficients in create from the one Extreme to the Middle Term, where there is one Mid- 
dle Term, and decreafe from that to the other Extreme by the fame Series by which they 
increased j and if there are two Middle Terms, thefe are equal, and they decreafe upon 
each hand by the fame Numbers to the Extremes. The universal Truth of this is manifeft 
from the way of constructing the Table: For being true in any Cafe, (as we fee it is as far 
as the Table is carried] it muft be true in the next Cafe or Power, and fbon for ever. And 
hence again 3 if we call the Place of any Term from the one Extreme a, the other Term 
whofe Coefficient is equal, is from the fame Extreme in the Place exprefled by n — a-\-z 
(r being the Index of the Power ) For the whole Number of Terms is «-f~i, by Ob- 
fer-j. 1 . And that Term which is in the a Place, from the one Extreme, muft neceflarily 

be in the » -p 1 — a 4- 1 = » — a -f- 2 Place from the other Extreme. And fince Co- 
efficients at equal Diftances from the two Extremes are equal ; hence it is, that reckoning 
them both frcm the iame Extreme, their Places are a and n — a -J- 2. Again, If we call 
the Index a = a -f- b — 2. (i.e. add 2 to the Index, and fuppofe the Sum n-\- 2 = a -j-^ 
whereby n~a-\-b — 2) then are the Coefficients equal which are in the a and b Places 

from 
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from the fame Extreme; for — * + and we have feen already that the Coeffi- 
cients, in the a and;/ — a -|-2 Places arc equal. 

In the laft Place, take Notice, That the 2d Term from either Extreme has for its Co- 
efficient the Index of the Power. n> 

Co roll. Hence, in making up the Table of Coefficients for any Power, as A + B 

when we are come to that Series which has as many Terms as — i. e. the half Mum- 

ber of Terms belonging to the propofed Power n, when that Number n -f- 1 is an even 

Number j or that has as many Terms as ■ ■ — when n x i s an odd Number ; we need 

raife the following Series of the Table to no more Terms, till we come to the propofed 
Power »; and the remaining Terms of it are the fame with thefe already found, taken in 
a reverfe Order, as above explained. Thus : To find the Coefficients of the 9th Power, 
which has ten Terms j when you have arrived, in making the Table, at the 4th Power, 

which has five Terms , you need raife no more Terms in the following Series till you come 
to the 10th, and then make the remaining five Terms of it the fame with the preceding, 
in a reverie Order. And for the 8ch Power, which has nine Terms, you muft alio have 
the Coefficients compleat to the 4th Power, which has five Terms; and when you come 
to the 8th, the remaining four are the fame with the firft four reverfely. 

V. The preceding Obfervations were all obvious: But the following moft valuable 
Property of the Coefficients, in which we have a curious Rule for rinding the Coefficients 
of any Power without regard to the preceding Powers, we owe to the happy Genius of 
die incomparable Sir Isaac Newton j which is this, trite. 

Rule. The Coefficient of any Term is equal to the Vroduft; of the Coefficient of the preceding 
Term multiplied into the Index of A in that preceding Term, and divided by the Number of 
Terms from A n to that Term: And becaufe the Coefficients of the firffc and fecond Terms 
are always known, which are 1 and «, by Obferv. 4. therefore it is plain, that by this Rule 
the Series of Coefficients of any Power may be found independently of preceding Powers. 

'Exam. The Coefficient of the fourth Term of the eighth Power is 56, the Index of 
A in that Term is 5*; then ftfx 5 = 2 80, -and 280-7-4 = 70, which is the 5th Term. 

In order to the Vernon (b 'at ion of this Rule, we mail firft explain the univerfal ExpreJJion 
of it in Letters, which is this : Take the Index of the Power n, and make this Series of 

Factors, ix*x n -^~ X X ^1 x X, &c. carrying it to a Number of Terms equal 

12345 1 & n 

to n -J- 1 ^ and the firft Term or 1 is the Coefficient of the firft Term of the Power j 



» n — 1 



1 x - or fimply n is the fecond Coefficient ; 1 x - x is the third Coefficient, and fo 

on, talcing in always one Factor more at every Step, till you have all the Coefficients be- 
longing ro that Power, which are in Number But, as is before oblerv'dj having 
found them for rhe one half of the Terms, or to the middle Term, the other half is found 

alfo without any farther Operation. 

Now that this is a true and juft Expreffion of the preceding Rule, will be plain from 
thefe Confiderations : I. That the firft and fecond Terms are in all Cafes i-andw. 2. That 
the Index of A decreafes continually from A n the firft Term} A n ~* being the fecond, 
and fo on; v. hereby it is manifeft, that according to this Rule with that in Obferv. 2. the 
» Power of A + B is reprefented as in the following Series j which is called 

The Binomial Theorem. 



A+B n ^ixA n +iX»xAxB + ix»x ~x a'xB*-!- ix»x— x — xAxfo 

2 '22 

+ ix«x^Ix~ 2 x2=3 x AxB*+, &c. which is carried to a Number of Terms 

334 • 

equal 
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equal to js-J-i; sad t<nen tfrc feft Term will be B n ; the Index of A being 0, whereby A 
is our of fetTerm; and the Coefficient is 1. 

Before we come to the Dtmo-jjlration, we mull obferve upon this Exprcffion of tfcj 
Rule for the CoeiErienrs, that the Numbers taken from n in the Numerators arc always 
1 lefs than the Denominators; and thefe ( which are alio equal to the Index of B, or th; 
Number taken from n in the Index of A) being in Arithmetical Progreffion increafinj 
from 1, the Numerators are in Arithmetical Progreffion decreafing from n. Hence the 
Denominator of the Iaft Factor in each Coefficient is the Number of Factors after i- 
2nd is alfo the Number of Terms after A n to thar Term ; wherefore if the Denominaxr 
of the laft Factor of any Coefficient is called a, that Term is in the a -f- 1 place from the 
beginning; or if it is in the a Place, that Denominator is a — 1. Wherefore the Coeffici- 
ent of the a Place of the n Power is ix» x^ **"" 1 , &c . carried on till the laft Factor, u 

; or, make a the Place of the Term after the firft, i. e . the Number of Terrr.5 




1 ; then the Coefficient is ixsx - , &c. to . And if we rake this Series cf 

2 a 

Factors backwards, it is ~ — x - — ^ii, &c to 1, when a is the Number of 

a — 1 a — 2 




; or 1 



1 x — — a ~* r ~ > drc to 1, when k ^ e Number of Terms. We 



a a — 1 

ihall next demonilrate the univerfal Truth of this Rule for Coefficients. Thus: 

Demonfiration of the preceding Rule for Coefficients. 

1. If the Rule is good in any one Cafe or Power of A-j-B, as the n Power, it mull 
therefore be good in the next Power, or To prove this Connection, fee the two 

following Series^ whereof the firft contains the Coefficients for the w Power, according to 
the Rule} and the other the Coefficients for the »-f- 1 Power, according to the lame 
Rule} and becaofe 1 does not multiply, I have omitted it in all the Coefficients but the 
firft, which is idelf 1. 

_, -an n — 1 n n — 1 » — 2 n n — 1 n — 2 n — 3 , 

For the n Power, 1, -5 -x j -X— - x— — 3 - x — — x — — X — - \ &c 

112x2 312 3 4> 

„ ^ n-\-\ «-f-i » »+i » » — r »-f-r n a — 1 » — 2 , 

Fortte^iPower,x,^ ? ^x- 3 ^x-x— j-^x^x— X — , rf* 

By Obfirv. 3. the Coefficients of any Power of A + B are each equal to the Sum of 
the Coefficients of the ccrrefponding and preceding Terms of the preceding Power ct 
A-f-B; wherefore the firft Series bein* the true Coefficients of the n Powers, the fccond 
will be the true Coefficients of the »+ 1 Power; providing that they have this Connecti- 
on with the former, 1;-. that any Term is the Sum of the correfponding and preceding 
Terms of that former ; which is therefore the thing to be proved, Thus : 

The firft Coefficient in all Powers is 1 ; then the Sum of the firft and fecond Coeffici- 



ents of the w Power is 1 a ~|~ 1 the fecond Term of the fecond Scries. Again, the 

Sum of the fecond and third Terms of the firft Series is x H -^~ = ^x 1 -f 



* x — — = — ' — x - (by changing 
1 2 1 2 v ' 



change the Product) and this is the third Term of the fecond 



the 
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w .w — I 1 n 11 — l„n — 2 v n—z 



3 I 2 



the third and fourth Terms of the firft Series is 2 x —1+? X -^~-X 

, *^ = * x ff^ x l±I— l±lx -x^i (by changing only the Order of 

x 1 T 3 i a 3 i a 3 

anp-e the Prodiia ) and this is the fourth Term of the fecond 



Series. From the .Nature or theie aeries, its eviaenr. tney muir nave, cvcrv-wuci^, ius 
fame Connexion ; or we may alio fhew the Univer&lity of ir. Thus : 

By what's fliewn in the Obfervation made upon the Expreffion of this Rule, the Coeffi- 
cient of any Term, as that in the a PJace after the firft or A n , may be thus expreffed, 

j x * x r=L? x, X *^£±? x 2lT£±! , and the preceding Term will be i x ^ x "~ T 
x *-f* which conrainj a u the Favors of the other except the Iaft. The Sura 



of thefe two is therefore, , x ? x "-^1 X, x »JZf±? x T+lHZi 1 = i X \ X 



2 



J x , x *=£+lx = i x ^+ix ?x 1=H x, &c. x »- «"H (bychan- 

<* — I a I 2 3 * 



\ 



3 

giiig the Order of the Numerators; which is the *Term after the firft in the «+ i Pow- 
er; becaufe the Denominators are the fame Series, 1,2,3, 10 a> which are the Deno- 
minators in ail Powers; and the Numerators decreafe gradually from the Index »+ 1; fo 
that the Number fubtrafted' from 'the Index # + i in tne is lefs b y one than the De- 
nominator, (as has been obferved and explained upon this jxpr eflion o f the Rule); for the 

Iaft Numerator is here « — «*-{- z = w-pi — <x-f« 1 = w-f*i — * — I- 

2, But this Rule is true when applied to the -flrft Power, and to all the Powers as far 
as we have railed them in the preceding Table \ therefore, by what's now mewn, it's true 
in the next Power above ; and confequently in all above, / , in all the Powers whatever 
of A+B. 

SCHOLIUMS. 

1/?, Different Authors have made different Demonftrations of this Rule; I have chofen 
what I think as eafy as any oF them, and fitteft for this place. In Book V. Chop. 6. you'll 
find another Demonstration of it from Principles which have nor, as I know, been appli- 
ed to this purpofe. 

2. It inftead of a Binomial A + B we take a Refidual A — B, it's manifeft that all the 
Difference betwixt irs Powers and thefe of A + B will be, That whereas all the Members 
of the Binomial Powers are added together, thefe of the Refidual Powers will be connected 
with the Signs of Addition and Subftra&ion, alternately j but the Powers of A and B, with 

_ /* mmm 

the Coefficients are the very fame: Thus, A — iJ = A* — 2 AB-f-B*, and A 

A'—3 A*B + 3 AB* — alfo A — tf + =:A* — 4 A*B + 6 A*B* — 4AB3 + B*, 
andfo on. 

3. In applying this Rule (or finding any Coefficient, ( either of a Binomial or Refidual ) 
obfervc to rake its Place from the neareft Extreme, A n or B n , which will make the Ope - 
ration fliorter, and produce the fame Number, fince the Coefficients are the fame Series 
of Numbers, from either Extreme. Thus, to find the Coefficients in the a Place ( from 
cither Extreme) of the n Power: Compare*, and» — a -J- 2 (for, byObferv. 4. the Co- 
efficients in the a, and n — a -f- 2 Places, from the fame or different Extreme, are equal.) 
Which ever of thefe Numbers is leaft, find the Coefficient for that Place. Example: To 
find the 7th Coefficient of the 10th Power; I find the 5th Coefficient, which is equal 
to the 7th j for if »= 10. j~a, then is n — ^+2=5. 4* Tho s 
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4- Tho' we had taken no notice of the Equality of Coefficients at equal Diftances from 
the two Extremes, yet the Rule now demonitrated would have lhewn it of itfelf : Thus. 



The Theorem for Coefficients is ix-x n - x x- 3 x, &c. - — lii- 

1234 a 1 



which is the Coefficient in the a -f- 1 Place, or the a Place after the firft. Now the Nu- 
merators decreaie from tj to n — a-\-i, or n — a — 1, by a conftant Difference i, and 
the Denominators increafe from 1 to a. Again ; Since the Number of Terms in the » 
Power is a-J-i, and in every Coefficient there are as many Factors as the Number of 
Terms from the Beginning, or A n ; therefore, if we want the laft Coefficient, or that in 
the f— 1 Place, then is a -=.71 j and conlequently, a -f- 1 = n -j- 1, and n — a~\- 1 = 
rx — s4* I = I ; fo that the Numerators and Denominators are the very fame Series oc 
Numbers, only in different Order, which alters not the Product \ and being equal, there- 



n n 




fore the Product is = 1 . Let us now esprds the Series thus : 1 x - x 

r '123 

— — x — ~ ■ x it's plain the laft Coefficient but one, is the Product of this Series, 

excluding i j which Product is equal to ix for all the other Factors upon each hand of 

the middle one, (whofe Numerator and Denominator muft be equal) are reciprocal to one 
another, and fo make the Product of them all only 1 ; or if there are two middle ones 
they are Reciprocals. By the fame Reafon, the Coefficient in the laft Place but two, is 

is ix-x -: For excluding — — x i, the middle Terms after n 1 deftroy one 

12. 0 n — in 1 ' 

another's Effect, and make their total Product no more than 1 : The fame Reafoning 
holds in every Place. And hence again oblerve, that if we apply the Rule to find a Co- 
efficient ftanding from the firft Place further than the middle Place, or the laft of two 
middle Places ; then whenever in writing down the Factors, we come to one whofe Nu- 
merator and Denominator are equal, or to two adjacent Factors that are Reciprocals, there 
•we may ftop; for what follows will deftroy the Effect of as many of thefe preceding that 
one wbofe Numerator and Denominator are equal, or the firft of thefe two adjacent Reci- 
procals, as the remaining Number to be yet fet down; and therefore, by cutting off fo 
many of the Factors (as leaves a Number equal to the Place of the Coefficient foughr, 
numberM from the neareft Extreme) we have what's fought : Thus j For the 8th Coeffi- 

cient of the 10th Power, it is ix-x -x ~ x - x-x ^x-; which is = I X — X - 

1234567' 12 

8 

x - 5 for the reft deftroy one another, being Reciprocals. 

k,. If we take the perpendicular Columns of the Table of Coefficients, it's plain thefc are Co- 
efficients all in the fame Place, or Diftance from the Beginning in different Powers ; and 
may be called Similar Coefficients of different Powers. Again j We have explained 
above, that if the Place of any Coefficient is a, the laft Factor that compofes it is 

r ~*+ f, fo that Coefficient will be 1 x - x x, &c. x » — " + s . then 

a — 1 I 2 a — I 

by changing the Value of n this will exprels all the fimilar Coefficients in the a Place of 
diSerent Powers: obferving this, That the loweft Value we can put upon n is a — 1; 
becaufe no Power below that of the Order a — 1 can have a Number of Terms equal 
to a ("by Obferu. 1.)- and if » = * — x, the Coefficient will be ij for it is the aCc- 
efficient of the a — 1 Power, which being the laft Coefficient, is therefore 1, and is confe- 
quently the firft Term of the Series of fimilar Coefficients of different Powers, from that 
whofe Index is a — 1 : So that by taking n fucceffively equal to a — 1, a, a -f- 1* & c - wc 
fliali have the Series of Coefficients of the a Place of thofe different Powers whofe In- 
dexes are a — i, a, a-l~i, «-j-2> &c. B'Jt 
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But we may exprefs this Rule alfo thus: In/lead of a put a + b — 2, and it is 

■3 , a~\-b~-~-2 — a • — • 2. b . 

- x &c. to — L or ; which, according to 

2 a — 1 a — 1' b 

the general Rule of Coefficients, is the Coefficient of the a Term of the a + b — 2 
Power; and by taking b fucceffively equal to 1, 2, 3, <&c. we fliall have hereby the Se- 
ries of Coefficients in the a Place of all Powers froz* the a — 1 Power; for if 6 = 1, 
then is* + £ — z'=^a — 1, and the Rule gives the firft fimilar Coefficient, which is al- 
ways 1; if £ = 2i then a-\-b — 2 = a, and we have the fecond fimilar Coefficient ; if 
£=3, then<z + £ — •2,=za-\-i, and we have the third fimilar Coefficient, and fo on: 

Or if we take m b, the Rule is 1 x — — £ x - fe c . x — — ~ . 

' I 2 a — I 

Hence again we have this general Truth to obierve, vise That the a Coefficient of any 
Power whofe Index is s + b — 2, is the fame as the b Term of the Series of fimilar Coef- 
ficients which are in the a Place of different Powers. And this will eafily be proved 
from thefe two Confiderations : The ift is what we have already explained, viz. That if 
the Index of any Power is a -f. b — 2, then the a Coefficient of that Power is equal to 
its h Coefficient ( See Obfirv. 4 ) The 2d is, That from any Term in the Table of 
Coefficients, ( i. e. any Coefficient of any Power ) there ftand as many Terms on the right 
hand, as there are Terms above it in the perpendicular Column of fimilar Coefficients ; 
and therefore that Term is in the fame Place of the fimilar Coefficients, and of the Line 
of Coefficients of that Power, numbering from the right hand : Wherefore it's plain, that 
the a Coefficient ( reckoning from the left hand) of the a -f- b — 2 Power, is the fame as 
the b Term of the Column of fimilar Coefficients in the a Place of different Powers, be- 
caufe it's the fame as the b Coefficient from the Right of the fame Power. 

COROLLARIES. 

1. Thefe Expreffions of Powers of a Binomial Root fhew us how the Difference be- 
twixt any two fimilar Powers is compofed of the various Powers and Multiples of any 
one of the Roots, and the Difference betwixt the Roots : Thus, A being one Root, and 
B the Difference of that ana* another A-f-B, or A — B, the Difference of their Squares 
is 2 A B + B a . Hence - 1 

Having any Power of any Root, we can find another fimilar Power whofe Root mail 
differ from the given one by any Difference, and that without either knowing or enqui- 
ring what that other Root is. n 

For Example: 144 is the Square of 12; and if the Difference betwixt this Root and 
another is 9, hence the Square of that other is 144 + 2 * I2X 9 + 81 = 144+216 + 81 
— 44Ji if" 12 is the letter Root; but it is 144 — 216+81 = 9, if 12 is the greater Root. 

Obferve, If the given Difference B is 1, then in all the Terms wherein there is any Power 
of B, we have nothing but the Powers of A, with the Coefficients ; except the laft Term 

B"i which ftands alone, and is ij for A -f 1 *= A*+2 A 4- i, and /JTTTi 5 — As+a A* 
4-jA + i. ri 

2. We have here alfo learnt another Way of Raifing a given Number to any Power, by 
means of the fimilar Powers of the Binomial : Thus; 1 

Take all the figaificant Figures of the given Number in their compleat Value, as fo many 
ditterenc Members that compofe it, by Addition ; then take the two higheft, calling thern 
A and B: Raife this Binomial to the propofed Power; then confider the firft two°Mcm- 
oers as one j call their Sum again A, and call the next Member B, and raife this new Bi- 

n \A j° the famC Power ' in doin S of which, obferve, that fo much of the Work is 
already done, becaufe the n Power of the firft Member of the prefent Binomial is the to- 

«i rower of the preceding Binomial, which is already found j fo that what remains is to 

Y make 
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make up the other Members of the Power fought, according to the general Canon. i 0 
the fame manner conuder the three higheft Members as one, and call it A, and join the 
next Member, calling it B, and raife this Binomial ; and thus proceed till all the Members 
are taken in. 

Example: To find the Square of 246=2004-40 + 6', the Operation is 




40000 + 16000 + 1600 
A* + 2AB+ B* 



57600 



Then 240 + 6 =: 57600 + 2880 + 36 == 60516 the Square fought. 

= A* + 2AB + B* 
If there are more Members, you muft go on the lame Way. 

Example 2. To find the Cube of 235 = 200 + 30 + 5. the Work is 

200 + 30' — 8000000 + 3600000 + 540000 + 27000 = 12 167000 
A + B 5 = As + 3A1B+3AB1+ B* 

12167000+ 793500+ 17250+ 125 = 12977875 the Cube foughr. 

As + 3A--B + 3AB* + B* 

Scholium. As to this Method of raifing Powers, it's more tedious than the com- 
mon Way, and therefore not to be recommended for Practice j the Defign of confidering 
i: here being only for the fake of a particular Illuftration to be made by it of the Rules of 

Exrraciioa. 

1 

§.11. Of Evoluti o N, or Extraction of Roots. 
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Problem I. 
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IN" Order to the Solution of this Problem, we mufb have a Table of fimplc 
Squares, or Squares of Numbers from 1 to 9, as here in the Margin : Then 
II- Beginning at the Right hand, diftinguifh the Figures of the given Num- 
ber into Periods of two Figures as lon^ as you can, by putting a Point over 
the firft Figure, and over every other Figure, i. e. pafling one, take the nes. 

mm + * * 

Example: 1849 is pointed thus, 1849, and 34968 thus, 34968; the pointed 
Figure being the firft of each Period, and that on its Left the other $ tho' the 
laft Period may fomerimes have but one Figure. 

The given Number being thus pointed, the Number of Points or Periods 
fhews us how many Figures the Root confifts of j to find which we proceed 
thus: 

III. Take the laft Period, ( or that next the Left ) and feek it, or the next 
lefler Number you can find, in the Table of Gmple Squares, the Root of this 
is the firft Figure on the Left of the Root fought ; which being written down 
to the Right of the given Number, as we do the Quote in Divifion, then fe 
down its Square under the laft Period, and take their Difference, to whicn 
prefix the next Period of the given Number : And all this taken for one Nutn- 
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ber, as it ftands, we call the Second Refolvend, becaufe out of it we Ccek the nexc Fi- 
gure of the Root, ( the I aft Period being the firft Refolvend ) thus : 

IV. Confider the Figure found 2s having o before it, and then multiply it by 2, 
(which is in effect, multiplying it by 20 )j make this Product a Divifor, and find how 
oft it is contained in the Refolvend ; which, to the prefent purpofe, muft not be taken 
above nine times 5 tho' in fome Cafes it may be oftner contained, and then alfo it muft 
be under this Limitation, viz. that the Square of the Quote, or Figure now fet in the 
Roof, added to its Product by the Divifor, the Sum do not exceed the Refolvend: Or, 
which is the fame thing, put the Quote, or fuppofe it put, in the Place of the o which 
ftands in the Place of Units of the Divifor; then multiplying the whole by the Quote, 
the Product muft not exceed the Refolvend : For if it do, the Figure taken is too great, 
and vou muft try a letter, till it anfwer. The Figure thus found is the next Figure of 
the Root fought, which muft be fet on the Right of the laft: And fecting the Sum or 
Product mention'd under the Refolvend, take their Difference, to which prefix the next 
Period of the given Number; and all this confidered as one Number, is your next Re- 
folvend; out of which the next Figure is to be fought thus: 

V. Take both the Figures of the Root found, as they ftand, for one Number; dou- 
ble it, and prefix o, (or prefix o, and then double, which is the lame thing,) and this 
is your Divifor : Find how oft it is contained in the Refolvend, under the fame Limita- 
tions as formerly; place rhe Figure found on the Right of thefe before found, and fub- 
ftra&ing the Product directed to be compared with the Refolvend from it; to the Diffe- 
rence prefix the next Period, and you have the next Refolvend ; to which make a Divifor 

out of the Figures of the Root already found, the fame way as before; and thus proceed 
till all the Periods are employed, finding a new Figure of the Root for every Period: 

And if at any Step the Divifor is greater than the Refolvend, or if I added to the Divifor 
makes the Sum greater than the Refolvend ; then place o in the Root, and prefix another 

Period, forming a new Divifor by fetting another o to the former Divifor, and fo go on. 

Examples. 
Ex. 1. To find the Square Root of 1360, it is 37, as found by this 



Operation. 

h 

1369 V3 7 
9 



G 



2*=tfo"\ 4.69, id Refolvend. 



OOO 



'Explication. 



The given Number being pointed, the laft Period 

is 13, and the next Square to this is 9, whofo Root 
is 3, which is the laft Figure of the Root; and call- 
ing it a, I take o*=sp out of 13, and to the re- 
maining 4 I prefix the next Period 69, which makes 

469 the ad Refolvend : Then taking <*= 30* I dou-. 
ble it, and make 2 * = 6*0 a Divifor ; and feeking 
how oft it is contained in 469, under the Limita- 
tions of the Rule, I find it 7 times, which is therefore the other Figure of the Root ; 
which is proved by this, that 2 * b -f - fa =s= 469, the Refolvend i and becaufe there is no 

Remainder, the given Number 13(19 is a trye SquaK* whofe Root is 37. 



Example 
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'Example 2, To find the Square Root of 23097616, it is 4$o6\ 

Operation. 

(Mb Explication, 
The laft Period being 23 , the next 

16 _f_ Square leflcr is 16, whofe Root is 4, 

■ , _ _ , a , which I place in the Root, and call. 

709. 2d R f f V «M- ing it I take ^= 16 out of 23, and 

704. — s a b~\-b^ (£— S; to the Remainder 7 I prefix the next 

, . „ , „ - . j Period 90, which makes 709 the 2d Re- 

9 6oA 576- 3d Refolvend. folvend: Then takings = 40, according 

(a — 4S0) y to the Rule, I double it, and 2X40 = 80 

2^=9600^ 57636. 4m Refolvend. ^ the Divifor, which is contain'd in the 
(a — 4800) J — — ,,_, v Refolvend 8 times 9 which Number alfo 

5 76 36 = 2 a b + — 6) an f W ers the Limitations of the Rule : For 
— — 88 X 8 is = 704 = 2 a b -f b\ or 

00000 2T=P X * being 8, wherefore 8 is the 

next Figure of the Root fought; and fub- 
ftraSing 704 from 709, to the Remainder 5 I prefix the next Period 76, and 576 is the 
3d Refolvend ; then taking a = 480, its Double, 960, is the Divifor ; which being greater 
than the Refolvend, I fe: 9 in the Root, then prefixing the next Period 36, the 4th Re- 
folvend is 57636, and the Divifor is 9600, ( a being here 4800 ) which is the former Di- 
vifor wi:h o pfe&Yd: Then I find 960a contained in 57636, 6 times, which Number an- 
f Lvering the Limitation of the Rule, I fet 6 in the Root, and calling it b, I find 2 a b 
-j- b- =57636, the Refolvend; fo that nothing remains; And fo the given Number 
23067636 is a perfect Square, whofe Root is 4806. 

SCHOLIUMS. 

1. If you begin your Gue£ or Trial for the Quote in any of the Steps after the firft, 
at the greaterl Number of times, not exceeding 9, that the Divifor is contain'd in the Re- 
folvend : Then the Limitation of the Rule for the Number to be compared with the Re- 
folvend is fufficienr to determine when we have the true Figure ; becaufe if that Number 
is greater than the Refolvend the Quote is taken too big ; and then we try the next lefTer, 
till it anfwer the Rule : Yet obferve, that if you mould make trial at random, then tW 



by this Mark, viz. The Remainder, after taking 2ab-{-b- out of the Refolvend, may be 
greater than tie Divifor, but it muft not exceed the Sum of the Divifor and double the 
Quote, i. e. 2.a-\-2. b, eHe the Quote is too little : See bekiv the Explication of Exam. 3. 
And here I muft obfirve, That fome Authors think the forming of a Divifor an ufclels 
ming, and would have us left altogether to a random Guefc for the Figure of the Quote 
at every Step after the firft, tho' they prefcribe the fame neceffary Limitation of the Figure 
guefled : But they have not confidered this Conveniency of the Divifor, that the greateft 
Number of rimes it is contained in the Refolvend not exceeding 9, is a Limit to our 
gueffing; for the Figure fought cannot exceed that, and fo will in many Cafes fave the 
Trouble of guefling at Figures which cannot anfwer, Befides, the Divifor is of a neceffary 
Confederation in the Demonftrarion of the Rule ; and a further Ufe of it, fee in the next 

Article. 



2. If the Divifor is contained in the Refolvend oftner than 9 times in any Step after we 
2d, the Figure fought is certainly 9: And alfo in the 2d Step it's 9, if the firft F.'gurc i> 
at the fame rime, 5, 6, 7, 8, or 9. But if this is below 5, we muft make trial j tor fome- 

s ir \\ill be 0, and fornetimes not. See Exam- 4- - - ^ for 
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For forming the Divifor a licrle more eafily, you have no more to do after the 2d 
Step but add the double of the Figure laft found to the laft Divifor, and then prefix o; 
as you may eafily perceive in the Example?. 

a If there is a Remainder after all the Periods are employed, then the given Num. 
ber is not a perfect: Square j and the Root found is the Root of the greatcft Integral Square 
contained in it. How to find a Mixt Root- whofe Square fhall be within any afligned Dif- 
ference from the given Number, fhall be taught in its proper Place. 

Example 3. To find the Square Root of 151426. By the Operation we find it's not a 
Square, but the Root of the greateft Integral Square contained in it is 3 80. 

Operation. 



a 1 



15142(5 ^389 



a 

2X30 
a 

2X380 



60 j 614 



Explication. 

Here in the fecond Step 60 is contained in 614, 
10 times ; yet the true Quote, or Figure for the 
Root, is only 8 : For 9 would make the Produce 
621, which is greater than 614: And had we ta- 
ken j, it would have been found too little, from 
the Mark given in Schol. 1 . j for then the Product is 
499* which taken from 614 leaves 145, which is 
greater than 60 + 16 ( or 2 a + 2 b ) =76. And 
becaufe the Remainder of the whole Work is 105, 
105. Remainder, the greateft Square contained in 15 1426 is 151 321, 

whole Root is 389. 



544=2*£+£ 1 



760^ 7026 



'Example 4: To find the Square Root of 15437052 : The Root of the greateft Square 
contained in it is 3929. 

Explication. 

In the fecond Step, 60 is contained in 643 
10 times, and the true Quote is 9. In the 
third Step, 780 is contained in 2270 only 2 
times y and 7840 in 70652 9 times: The 
Remainder of the Operation being 11. So 
that the greateft Square contained in the given 
Number is 15427041* whofe Root is 2929. 



Operation. 

1543705* C39*9 

<a 1 = 9 

6o\ 643. 2d Refblvend. 
' 62.1 = 2. a b -\- fa. 

2X 390 ==: 780) 2270. 3d Refblvend. 
V ' 1*64 = 2* bA- fa. 



2X 30 



■ a 
a X 3920 



7840) 



70652 4th Refolvend. 
70641 =2.ab-\-fa. 

11 Remainder. 



Demonfiration of the preceding Rule. 

this Demonftration, the following: Lemma's muft b 



firft 



nitrated, 



L E M M A I. 



The Produ<a of any two Numbers can have , at moft but as- many Places of Figures as 
n *>th the Favors;, and. atleaft but one Place, fewer. Exam. 3 X4= 12, and 2X 16. 

Demonftr. 
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jyemonfir. I. That the Product may have as many Places as both the Factors, one Ex- 
ample is enough to demonftrate. Thus, 46 x 82= 5772 ; and that in no Cafe it can have 

more, I thus prove- 

Let any two Numbers be A, B ; then take D the leaft Number poflible, which has ore 

Place mere than B; it's evident from the Notation 
of Numbers, that D will confift of 1, wi. has ma- 
ny o's as the Number of Places in B; and atfoD 
will be a greater Number than B; if we then 



A = 4^73. B = ^7>4<? 

AxB= 1-565x2.2:2 

D — 100000. Ax 0 = 46*7800000. 



multiply A by D, the Product A D will be equal 
in D, i. e. as the Number of Figures in B: there 



A = 23- B = 

D=ioo. AD 



*o A, wi:h as many o's before it as are in JJ, i. e. as the .Number or f igures in B: there- 
ore i: has as many Places, and can have no more than are in both A and B. But a^ain; 
fmce B i- a leffer Number than D, therefore A B is a leffer Number than A D, and W 
equcntiy cannot have more Places, i. e. more than are in A and B both. 

2. The Product may have fewer Places than are in A and B both, which one Example 
will (hew. Thus, 25 x 346=7958: but it can in no Cafe have above one Place fewer, 
which is thus proved. 

Take any two Numbers A, Bj and take D confifting of 1, 

with as many o's before it as the Figures left than one in 
i. e. the leaft Number poffible, which has as many Figures s; 
B; then will the Product AD be equal to A, with as many 
o's before it asVe in D, which are one fewer than the Figures 

in B j confequenriy AD has as many Places, and can have no fewer than the Sum of the 
Places in A, and one fewer than are in B; i e. all the V\zces in AD can be but one fewer 

than the Sum of thofe in A and B. But ilnce B is a greater Number than D, fo will AB 
be greater than A D ; and confequenriy cannot have fewer Places than A D, which can be 
but one fewer than in A and B both. 

Corol. A Number being multiplied into itfelf, the Product or Square cannot have 
more Places than double the Places of the Root ; and but one fewer at ieaft than that 
double. Wherefore a Square being diftribured into Periods, as the Rule directs, the Root 
has precifely as many Figures as the Square has Periods. 



2;co. 



Z, E M M A II. 

rt any Number A is not a Square, yet being diftributed into Periods, according to the 
Rule, tee greareft Square contained in it, as N 2 , will have precifely as many. Periods as 

that Number A has. ^ ..." 

'Exam. 2-57694 is not a Square, and the greateft Square contained in it is 237169; both 
which have three Periods. 

Demonfir. I. N=- cannot have more Periods than A; for then it will have more Figure?, 

and confequenriy be a greater Number than A ; contrary to Suppoii- 
tion. 



A=37 5 94 

# - ■ 

^=237169 
B — 10000 



1 



100. 



2. Take 1 with as many o's before it as there are Figures fhnding be- 
fore the laft Period of A for on the right Hand of it) call the Number 
ariung.Bj then .it is plain that B is a fquare Number, whofe Root is i> 
with half as many o's as are in B. For to fquare any Number expreffal 
i by 1 -with -a Number of o 3 s before it, it's jnanifeft, from the Nature of 
Multiplication, that the Square is i ? with double as many o's; wherefore B is a Square ot 
2s many Periods as A has, and being evidenrly contained in it, it follows, that the greateft 

Square contained in it cannot have fewer. 



Co jloi« The Root of the greateft Square* -contained in any Number A which is 
not -a Square, hath as many figures 25 A has Periods- for it *as as many as-its own Square 
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has Periods (by Carol. Lemma i.) which are as many as A has, by the prefent Theo- 
rem. 

LEMMA III 

Any Number being diftributed into Periods, the greateft Square contained in the laft 
period on the left, confidered as one Number by itldf, is the Square of the laft Figure 
of the Root of the given Number, if it is a perfect Square ; or of the Root of the great- 
eft Square contained in it, if it's not a Square. Again ; the greateft Square contained in 
the two Iaft Periods, taken as one Number by themfelves, is the Square of the laft two 
Figures of the Root of the given Number, or of the greateft Square contained in it ; and 
the fame thing is true, comparing the 3 or 4, <&c. laft Periods, with the Square of the 3 
or 4> &c • kft Figures of the Root of the given Number, or of the greateft Square con- 
tained in it. 

Dcmovjir. Let A be any Number, and B the Square Root thereof, or of the greateft 
Square contained in it ; alfo let D reprefent the laft, or 2 laft, <&c. Periods of A, [as in 

the annex'd Example, take D = 22 or 2273, or 22 733&] anc * Iet r reprefent the laft, or 
2 laft- Figures of the Root B, [as here 4 or 47, or 476] ; fo that r* is the Square of 
that laft* or 2, drc. laft Figures of the Root B. 

Thefe things being fettled, the Truths to be proved are comprehended in one univerfal 
Cafe, which is this, viz. that r x in the greateft Square contained in D ; which I mail de- 

monftrate in two Articles: Thus, 

11. r 1 is contained in D ; forfince (hyCorol. to Lem. 1 tmd 2.) 
there are as many Periods in A, as there are Figures in B; 
confequemly there are, in every Cafe, as many Periods Hand- 
ing before D in the total A, as there are Figures before r in 
the total B ; fo that taking D and r in their compleat Values, as they ftand in their Totals* 
there will be as many o's before D, as the Number of Figures in the Periods of A, which 
ftand before, or on the right Hand of D ; and as many o's before r, as the half of thofe 

before D. [Exam. If D = 22000000, then is r=4ooo; and if 0 = 22730000,' then is 
r= 4.700.] Then r* will have as many o's before it in its compleat Value, as double the 
Number of o's before the Root r in its compleat Value; and confequemly as many as be- 
fore D. We fhall now exprefe thefe Numbers in their compleat Values; thus, too, &c. 

r l oo,oo, &c. Doooo, &c. and (hew that r 1 is contained in D. For, 

If r 4 is greater than D, (both taken without the o's) then is r z oooo, &c. greater than 
Doooo, &e. (r* and D being here equally multiplied) by an equal Number of o's pre- 
fixU) But A is equal to D, with as many Figures before it as there are o's. before D or 

r 1 taken in their compleat Values; (/. e. Doooo, &e. r 2 oooo, e^r.) Therefore r^oooOi&t. 
is greater than A; [for any Figures whatever in the Places of the o's before D, cannot 
be equal to the Excels of r 1 above D, tho 5 that Excels were bur 1 ] /. e. the Square of 
roo, &c. which is but a Part of B, is greater than the Square of B; becaufe A is at leaft 
equal to B* : but this is abfurd; therefore r 1 cannot be greater than D, and consequently 
muft be contained in it. 

2. r* is the greateft Square contained in D: For fuppofe N a a greater Number than r a * 
tnen take N with as many o's before it, as are before r in its compleat Value, and cxpre/s 
H thus, Noo, &c. Co that its Square is Noooo, &c. having double as many o's as Noo a 
&e. the Root has; or as many as r 3 oooo, &c. or Doooo, &c. has. Now becaufe D- 
conrainsN 1 , by Suppofition ; therefore Doooo, &c. contains N 2 oooo, &c. Alfo becaufe 
isfuppofed greater than r a ; therefore N is greater than r; and Noo., &c. greater than 
roo, &c or than r with as many of any Figures before it; /, e. Noo, &c. is greater than 
B > {which is equal to r, with as many certain other Figures before it, as there are o's be- 
fore 



1 

1 
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fore r in its compleat Value roo, &c. or in Noo, &c.) fo that Doooo, &c. a Part of A, 
conrains_ N 2 oooo, &c. the Square of Noo, &c. a Number which is greater than B, the 
Pvooc of the greateft Square contained in A, which is abfurdj therefore i x is the greateft 

Squire conrained in D. 

Corol. If we find the Root of the greateft Square contained in the laft Period of 
any Number, we have the laft Figure of the Root fought : And if we find the Root of 
the greateft Square contained in the two laft Periods, we have the two laft Figures of the 
Root fought, and fo on j which fo far explains the Inveftigarion of the Rule - 7 what remains 
to compleat it, you have in the following 

LEMMA IV. 

Tart i. If the Root of any known Square is fuppofed to confift of two Parts, or 
Members \ then if one of thefe Members is known, we have a Rule for finding the other 
from the Confideration of the Square of a Binomial Root. Thus: If the Root is A-f B, 

the Square is A* + 2 AB + E*, viz. the Sum of the Squares of the two Parts, and twice 

the Product of thefe Parts ; wherein it is evident, that if the Square of either Part, as A*, 
is fubtra&ed from the total Square A*+2 AB-J-B2, the Remainder is the Sum of th; 
Square of the other Member, and the double Product of the two Members, viz. a AB-f-B 1 . 
Now fuppofe A to be known ; if we take 2 A for a Divifor, and find how oft it is con- 
tained in thai Remainder; but under this Limitation, viz.. that the Quote being added to 
the Divifor, and the Sum multiplied by the Quote, the Product (hall be equal to the Di- 
vidend 2 A B -J- B* j then it is manifeft, chat the Quote ca n be no other Number than B, 

the other Member of the Root fought. For fince 2 A + B x B = 2 A B -|- B 1 the Dividend, 
therefore it*s plain that no other Number but B added to 2 A, and the Sum multiplied by 
the (ameB, will produce aAB + B 1 ; Gnce either a greater or lefler Number added to iA, 
makes a grearer or lefler Sam j which being multiplied by the feme Number, produces ftiil 
a grearer or lefler Number. 

Psrt 2. Tho' a Number is not a Square, yet having one Member of the Root of the 
greateft Square conrained in it, we can find the other Member by the lame Method, a$ if 

it were a Square. Thus: 

Let M be any Number not a Square, and A-f 8 
the Root of the greateft Square contained in 1:; 
the Square is therefore A* + 2 A B + B*. Alfo lit 



M=A*4-*AB + B s -f-R 
M — A- = 2 AB-[-E*+R = D 



R be the Number that's more than A -f~ B in M, 
fo that M = A- + 2 A B -J- r> + R. Now A being known, if we take A 2 from hi the 

Remainder is plainly 2 A B 4-B--{-R» which we may call D. And if we find how oft 
2 A is contained in D under this Limitation, viz. that the Quote being added to the Di- 
vifor, and the Sum multiplied by the fame Quote, the Product mall ftill be lefs than D : [For 
this is to be obferved, that there is no Number which will make a Product equal to D; 
becaufe then M would be a Square ; therefore any Number you can take, will make the 
Product either greater or lefTer than D.] Then, I fay* the Quote is the other Member ct 
rhe Root fought, viz. B : For let us fuppofe the Quote is another Number N, then if N 
is lefe than B, it follows, contrary to Suppofition, that N is not the greateft Number qua- 
lified according to the Rule, viz.. which added to the Divifor, and the Sum multiplied b? 
the fame Number, makes a Product lels than D j for B is greate r than N, and yet is a 
Number fo qualified, becaufe D = 2AB + B i + R = 2A + B X B + R: The refore K 
is not leG than B. Nor, again, can it be greater j for by Suppofition 2 A + N x N (f 
2AN-fN s J is leS than D (=M — hr) and adding A 1 to both, then A 1 + 2 AN-h v 

j—A-J-N^ is lefs than Mj and is therefore contained in it. But again i fince N is grata 
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than B, A + N is greater than A + B, and A + N* (=A» + 2AN + N J J greatcrthan 

A-J-B (== A 1 + 2 A B + B 1 ) and confequendy this is not the greateft Square contained 
in M, as was fuppofed : Wherefore N is not greater than B; and if it's neither greater nor 

Iefler, it mud be equal. 

Coroll. If a given Number M is not a Square, the Number R which is over the 
greareft Square contained in it, (and is neceflarily the Remainder, which happens in the 
Operation after B the fecond Member of the Root is found ) may be greater than .2 A 
the Divifor; becaufe we have not taken 2 A out of the Dividend D as oft as poflible; 

but it can never exceed double of the Root found, if that is the true Root of the greateft 
Square contained in M : For let the Root found be called N, if the Remainder exceeds 
2 N, it muft be at leaft aN-f 1, and if this is added to N 2 , the Sum N 1 + 2 N + 1, 

'( = N + 1 1 ) being evidently contained in M, it follows that N is not the Root of the 
greateft Square contained in it, as was fuppofed. 



Application of the preceding Lemma's for* demonft rating the Extraftion 

of the Square Root. 

1. The firft and fecond Lemma's are already applied; fronT whence are deduced, as 
Corollaries, the firft Thing aliened in the Rule, viz. That the Root muft. have as many 
Figures as the given Number has Periods. 

2. From Lemma III. we have the ^eafon why the given Number is pointed from the 
Right Hand to the Left ; becaufe, being done fo, it is demonftrated that the laft Figure of 
the Root fought, the two laft, and fo on, make the Root of the greateft Square contained 
in the laft, the two laft, &c. Periods of the given Number. 

3. The remaining Part of the Rule is to find the Figures of the Root, one after ano- 
ther, out of theie Periods ; the Reafon of which is contained in Lemma III. and IV. and 
faCoroll. and is deduced thus: 

We firft take the laft Period, and- the greateft Square contained in it we feek in the 
Table of fimpje Squares, [which muft be found there; for fince a Period has but two 
figures. at moft, the Root of the greateft Square contained in it can be but one Figure; 
becauufe the Square of 10, the leaft Number of two Figures, is 100, which has three Fi- 
gures]. The Root of this Square is, by Lem. 3 . the laft Figure of the Root fought. So in the 

preceding Example 3. the given Number is 15 1426; the laft Period is if, and the 
greateft Square cpntained in. it is 9, whofe Root is 3, the laft Figure of the Root fought. 

Now if we fuppofe the two laft Periods 15 14 to be the given Number, then the Root 
of the greateft Square contained in it has but two Figures, whereof we have found the 
laft, viz. 3, whofe Real Value is 30; and to find the other, it's plain, from Lemma IV. 
that calling the firft Member of the Root now found, viz. 30= a, and calling the 
Member fought b, then the greateft Square contained in 15 14 is a* -f- 2 a b + b* ; but 
^==o, or rather 906 taken in its true Value; fo that 9 from 15, and 14 prefix'd to 
the Remainder, (which is the Method of. the Rule ) is the fame thing as 900 from 1514: 
The Remainder is 614, the fecond Refolvend:, which is equal to zab^-b 1 at -leaft, with 
fome Remainder over perhaps; we mall therefore call the Remainder 2ab-\-b*-L r: 
What remains then, is to find this fecond Member of the Root b ; and according to Lem. 
IV. if we make 22 the Divifor, and find how oft it is contained in the Refolvend 
* ; ?*~jp^+£ fo.dnt calling the Quote b, this Quote added to the Divifor, and the Sum 
U*4-£) multiplied by b, the Product (2 J (hall not exceed the Refolvend 
+ £ a +r jy then it's ftiewn that the. Quote is truly the fecond Member of che 

Koot; But it's manifeft that this is the very Method of the Rule; wherefore ir/s juft and 

2 good 
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good when the Root fought has but two Figures. Again ; The Number given hayin* 

mm* 0 

three Periods, as if it were 15 1426, then having found 58 the Root of the greateft Square 
contained in the two firft Periods 1514* (as already fhewn ) \ thefe are the two laft Figures 
of the Root of 15 1x2.6, (by ~Lem. 3.) And if we rake 38 in its true Value it is 380, be- 
cause there is another Figure on its Right in the Root fought} then 380 being coniidercd 
as one Member of the Root fought, we call it aifo a 7 and by Lemma IV. we are to fob- 



trace its Square, viz. 300 + 80 = 300-1-2x300x804-80 out of the given Num- 
ber 1 5 1426: But this is already done, becaufewe have taken firft the Square of 3, ( which 
VJ3S in the former Step called a ) viz. 9, out of 15, which is equivalent to taking the 
Square of 300, (which is now a) viz. 00000, out of 151426', which leaves 6142.6 ; then 
b being 8, and — 30, we have taken 2 a b -f- b* = 544 out of 6*14, the former Re- 
mainder; to the Remainder 70 we have prerorM 26, the firft Period, which makes the 
whole 7026 ; and this is the fame Number which remains, if taking b = 80, and a = 300, 
we take 2.a b-\-b-=z 4.8030 -j- 6400 = 54400 out of the former Remainder 6*1426. Now 
the Square of 380 being taken out of the given Number 15 1426, the Remainder 7026 is 
the nest Refolvend ; and for a Divifor we have made 2X0 = 2x380=: 760, and the 
Member fought we have found the fame way as before, which is both according to 
'Lemma IV. and the Rule for Extraction y which is therefore good for any Root of three 
Figures. 

If there are more than three Figures in- any Root, the Reafons of the Rule from one 
Step to another for ever are manifeftly the lame, and need not be further inGfted on. IlM 
only illuftrare this Application by one Example of a perfect Square, whofe Involution by 
the N4ethod {hewn in the preceding Sedion, and its Evolution by the prefent Rule, will il- 
luftrate one another j and you'll evidently perceive, that as by knowing the true Place of 
every Figure found in the Root, we may take it in its compleat Value, and perform the 
Work that way, as in the following Operation ; yet we fave the trouble of many fuper- 
fluous Figures by the Method of the Rule, which produces the lame Effect. 



Involution of 389 to its Square makes 

Thus: 

Root. 

28o=io» + g3 + 9 

90000=*-. {a~ 300 ; 
480*0 = 2 * £ ( & = 80 ) 




144400 = a b = 2 80 

6840 = 2AB, ( B = oj 
8i = r> 



A- 



15 1 321 = A+ff = 380+ 9 = 389 



Evolution of 151321 to its Square Root 

makes 389. 

Thus: 

A B 




j 1 

a \ 



Square. a b 
151321* /3.oo-|-8o-f 9 

90000 V 



Divifor .2x3 00/ 61321 Refolvend. 

48000 = 2<?6 

6400 = b z 



Divifor. 2x380/ 



54400 ~2ab~\-b 

6921 Refolvend. 




6921 = 2 AB + B 1 



0000 
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Thefc Operations are rcvcrfe of one another; and as to the Evolution, it differs from 
the Method of the Rule in this only, that the feveral Members of the Root are here 
written in their com pleat Value, which occaiions the writing down many Figures unnc- 
ceflarily, which we avoid the other Way. 

There remain yet two things to be demonftrated, which are delivered in SchoL t. 

and 2* 

ifi. The Remainder, after every Figure of the Root is found, cannot exceed the Sum of 
the Divifor and double the Quore: The Reafi* of this is contained in Corol. Lemwa IV. 
where ir/s fliewn, that what's over the greateft Square contained in any Number cannot 

exceed double the Root of the greateft Square; which is plainly the Sum of the Divifor 
at every Step, and double the Quote ;■ for the Divilbr is double of all the preceding Fi- 
gures taken in their compleat Value, which therefore, added to double the Quote, makes 
double all the Root. Thus* if any Root is a~}~b, the. DmCor for finding b is 2. a, and 
when 2 4* + ** is taken out of the Refolvend, call tne Remainder r\ and in the Coro/L 

to Lemma Iv. it's fliewn that r cannot exceed 2a-{-2.k 

2. If the Divifor is contained oftner than 9 times in the Refolvend, after the (econd 
Step, or after the fecond Figure of the Root is found, the Figure fought is. 9. For Gnce 
the Refolvend contains the Divifor ( 2 a ) at leaft 10 times, it may be reprefented thus ; 
2<»X9 + 24~(-R. Now taking 9 for the Quote, the Product according to the Rule is 
-* X J"T9 X 9> which cannot exceed the Refolvend, becaufe 9X9 cannot exceed 2 a J which 
in this Cafe exceeds 100, fince there being two Figures found in the Root, and o prehYd 
to them in order to form the Divifor 2 a a then is 2 a a Number of at leaft three Places, 
which is therefore greater than 9 X 9 = 81. Laftly, fince it is demonftrated that in every 
Step, the Quote, under the Limitation of the Rule, is but one Figure ; and 9, which is the 
greateft Number of one Figure, makes a Product not exceeding the Refolvend ; there- 
fore 9 is the Number fought. 

In the lecond Step, if the Divifor is oftner than 9, times contained in the Refolvend, 
tben it's plain, that if 8 1 is lefs than 24, [as it will certainly be when a is 5, 6, 7, 8, or 
9, i.e. 50, Co, 70, 80, or 90, as they are taken in forming the Divifor; for tben the Dou- 
bles, or 2. a, are 100, 120, 140, 160, 180.] then 9 is the Figure fought; becaufe 2^X9 
-f 81 muft be lefs than 2^x9 + 2^ + ^* clle Refolvend, fince 81 is leis than 2 a. But if 

the firft Figure is 1, 2, 3, or 4, that is, if 2 a is 2 X 10, 2 X 20, 2 X 30, or 2 X 40, i. e. 20, 
40, 6o> or 80, which are lefs than 81, then the Figure fought will be lefs than 9, if 
2/7+R is leis than 81 ; and it will be 9, if 2 a -(-. R is equal to or greater than 81 : Be- 
caufe the Refolvend being 2 ax 9-f-2*-f-R, if the Figure fought is made 9, then the 
thing to be fubtradted from the Refolvend is 2^X9-^ 8i> fo that za^K muft be at 
leaft equal to 81 ; and if it is ,not, we muft therefore take a leis Figure for the Quote, lb 
that the RefoWend be at leaft equal to the Number to be fubtracted. 

Of the Proof of the Square Root. 

As Extraction is oppofite to the Raifing of Powers, fo the one is the Proof of the 
other: Thus; To prove the Square Root, multiply it by irfelf, and if the ProducT: is equal' 
to the given Square, or to the given Number after the Remainder of the Extraction is 

taken out of it, then the Extraction is right done. 

But this may be atfo proved by cafting out of 9'$ : Thus ; Caft the 9*s out of the given 
Number, if there is no Remainder in the Extraction 5 or out of the Difference of that 
Number and Remainder; then caft the 9*6 out of the Root found, and multiply the Ex- 
cels (or what it wants of 9) by itfelf, and caft the 9% out of the Product; if the Exceft, 
or what it wants of 9, is equal to the preceding Excels of 9's, the Extraction is right. 

Example 1. The Square Root 256 is 16; proved thus; the Excels of 9's in 256 is 4. 

Id iC it is 7, and this multiplied by itfelf is 49* in which the Excels of 9's is alfo 4. 

Z 2 Example 
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Example 2. The greater* Square Root contained in 230 is 1?, and 6 remains: For 230— 
6 = 225, in which there is o over o's^ then in 15 there is 6 over 9; and 6x6 = 56, 

in which there is alfo o over jj's. 

The Reafin of this Pra&ice is evident from what is demonftrated of it in Multiplication. 



Problem II. To ExtraB the Cube Root of a Whole Number. 



o 
o 

1 



3 

A 

ft 

5 

6 

7 
8 



9 



1 
8 

*4 

216 

729 



Rule I. JyJ A K E a Table of fimple Cubes, as in the Margin -> then 

II. Diftribute the given Number into Periods of three Figures, begin- 
ning at the Right Hand : The Number of Periods (hews the Number of 
Figures in the Root. 

III. Begin at the laft Period, which is the fir ft Refoivend, and feek it or 
the next Cube Number lels than it in the Table of fimple Cubes, the Root 
of that is the laft Figure (or that in the higheft Place) of the Root fought \ 
which being fet down, fubtraft its Cube out of the laft Period ; to the 
Remainder prefix the next Period, and yon have the next Refoivend. 



IV. Confider the Figure found as in the Place of io's, or with o pre- 
fixM, and under that Value take the Triple of it, and alfo the Triple of its 
Square, making the Sum of thefe theDivifor; [which being compofed of two PartSjitwillbe con- 
venient to diftinguifh them by calling the Triple Square the firft Part, and the other the fecond 
Pan.] Then find how oft this Divifor is contained in the Refoivend laft formed ; which rauft ne- 
ver be taken above 9, ( tho' it may be ofmer contained) and then alfo it muft be under this Limi- 
tation,^. That having multiplied the firft Part of theDivifor by the Quote, (now found) and the 
fecond Part by the Square of that Quote ; and, laftly, to the Sum of thefe two Produfo 
adding the Cube of the Figure found ; this Sum (hall not exceed the Refoivend : which Sum 
being therefore fubtra&ed out of the Refoivend, and the next Period prefixM to the Re- 
mainder, you have the next Refoivend. 

V. Take both the Figures of the Root already found, and confidering them as fo ma- 
ny io's, i. e. place o before them, and under that Value take the Triple of that Num- 
ber, and alfo the Triple of its Square j whofe Sum is your next Divifor, diftinguifhed into 
firft and fecond Pan, as before : Then find how oft this Divifor is contained in the Re- 
foivend laft formed, under the fame Limitations as before • place the Figure found on the 
Right of thefe already found in the Root j and fubtra&ing from the Refoivend, as for- 
merly directed, to the Remainder prefix the next Period for a new Refoivend. 

VI. Make a new Divifor from the Figures of the Root found in the fame manner as 
in the precfding Steps, and divide, under the fame Limitation j and thus proceed till all the 

Periods are taken in , finding at every Step a new Figure of the Root : which will in fome 
Cafes be o, as when the Divifor is greater than the Refoivend, or when 1 added to the 
Divifor makes the Sum greater than the Refoivend ; in which Cafe, after the o is fet in the 
Root, prefix the next Period to the lame Refoivend i and go on* forming a new Divifa 
by prefixing another o to the laft Divifor. 
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Thefe particular Observations may be ufefully added -to this Rule ( tho' it's i 

compleat general Rule by itfelf) : - 

I 

i If you begin your Trials for the Quote at. the greateflf Number of Times (not ex- 
ceeding 9 J that the Divilor is contained in the Refolvcnd i. thai the Limitation of the 
Rule, for the Number to be compared with the Rtfolyend, is fufficient to determine when 
you have the true- Figure Yet it will be ufeful to olferve, That if you mould begin at 
a leffer Figure than the Remainder, dro' it may be greater than the Divifor, yet it muft 
never exceed the Sum of thefe two Numbers, viz. Triple all the Figures of the Root 
already found, ( taken as one Number ) and triple its Square. 

a. If the Divifor is. contained in the Refolvepdpftner- than primes, at the fecondSten 
or when you feek the fecond. Figure of the Root; and. jf,. at. the fame time, Ae fiS" 
eure is 8 or 9 , then the Figure fought is certainly, 9 , But .if the firft Figure is le6 than 
you muft make Trials. Agam; t in any Step after the fecdnd, the Divifor L ofe, er 
than 9 umes confined in the Refplyend, the Figure, fought is certainly , 

J. If there, is a .-Remainder after all the Periods .are. employU the given Number is 
not a Cube; and the^Root found .s,that of the greateftJnte^ral Cub? contained to ft 

How to find x Mik Root -whofe Qube ihall he .within ; any affiened Di&^ ^,m,t 
given Number,, (hall bp «ught jn; its. proper Place. "1- al *W" lAtterence from the 

■ 4 
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Example, i. The^Cube &opt df £14125 is 85. 

a 



614125 A 85 

* 3 = fl2 



Explication for JEW iJ 





i/ 4 + }>==iM4o\ 102125. 
(wherein 4=80/ - • .. .... 

f = 6400 ) 96099 t==-3^* x'i 

6000 =-2 * x'4» 

125=;^ „. 




■ • . - 

102 125. Sum. . 



* r 



1 a i3 e gl 7 en ^ umber beiog pointed, the 
laft Penod is * 14, and the next Cube to 

that is 512, whole Root is 8, which I call 
a, , and .fubaading jya from di 4 , the 

Kenwnder is 102, to which the next Period 
prefiyU makes 102125, the 2d Reiolv. Then 
for a Divifor I take a = 80, and Coa* = 6400, 
and 5^=19200^*^ 3a=24o,and 3«*+3* 
== 19200+240=151^40, the Divifor, which 
w contained in the Rpfolvend, under the 
Limitation of the Rule, 5 times, the 2d 



floonnn t> L j^;Lw/ { '~ f F « u F c ^*e Root, wmcn camng t>, tr 
000000. Remainder;; {jC *^otfooj>, 3 ,x ^==6000, bi 

125, and the Sum of thefe is io2i25,eq 
to the Refolvendj Co that the given Nu 

ber is a true Cube, whofe Root is 8<. 




Example 



/ * * 
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Example 2. The Cube Root of a 

Operatiov. 

(** 

41421736 
= 27 



*3 



^6 

AB 



3 -f- 3 = 2790 ^ 1442 1. 2d Refbi vend 



(*=30) 
(4* = 900) 



IO8O0 



3<J i X* 
-$axb- 



Sum 



3A^ + 3A = 3478 2 o\ 



5600 J 



2080800 
36720 
216 



3d Refolvend 

3 A-xB 
3 A xB 1 



21 17736 Sum: 

0000000' Remainder; 



Explication for Exam. 2. 

The firft Period is 41, and the ncxr 
Cube is 27, whole Root is 3 The 
fecond Refolvend is 14421 : Then for 

the Divifor I take a = 30, whereby 
3 <e 2 == 2700, 3 rf— 90, and 3 * a ~f- 

2790, the Divifor, by which thefe-. 
c&nd Figure of the Root is 4 ; which 

is proved by the Operation : for 3 a-b 

+ 3 a b*-±- = 12304, f as in the 
Work; which fubtra&ed from the 
Refolvend leaves 21 1 7; which is a Num- 
ber not exceeding three times 34. -|~ 
3 x Square of 34, as Sehol. 1. prefcribesi 
for 34x34=115600, whofe Triple 
is 346800, and 3 x 34= 102, then 
346800 -f- 102 = 346902. Or mould 
we have begun to guefs for the Figure 
fought, the greateft Quote is 5, which is 
too great for the Limitation of the Rule, 
and 4 the rieXc ^Number not being too 
great; muft be the true Number. The 
third Refolvend is 2-i 177-36 v and to 
1 1 5600 j and the Divifor is 347820, 



form the Divifor, I take A = 340, whence A- = 
whence the laft Figure of the Root e 6, is the Work fliews. 

Example 3. If we feek the Cube Root of 70591,9947284, we find it's not a perf 
Cube, but the Root of the greateft Cube cohMraed in' fe i§ 8904 5 whole Cube 
705919947264, and the Remainder is 20, as you fee in the Operation. 

" * • Operation. - 

512 -:'\ ' 



83 



Drvabrt^**-]-.* 19440} 193910. a d Refolv e n d 
{*i±±8o, ^=^6400; J' u n't* .-. r»i . 

172800 



4-..-: 






?9Do; 3«--f^*±^376 




192969 Sumr 



95 0947 .* - 3 d -Refolvend. 

: 4ftbi4j2$4: ( 4& Refolvend. 



950520000 
387200 



3 

3 a£ s 
6> 



950907264. Sum 



20. Remainder. 



Refolvend being lets than the Divifor, I put o in the Root; and form a 
bv Che next Period. The reft of the Work is obvious. D £- 



Chap. 2 k 



Cube Root. 



*75 



Demonstration of the preceding Rule, 

LEMMA I. 

» ■ 

If any three Numbers are multiplied into one another, the Product qan have at mo# 
but as many Figures as are. in all the three Favors, and at Jeaft J>ut two fewer. Exam- 
ple: .3x4x9^x08. - . 

Vernon (tr. This is a plain Confequence of Lsm. 1. for the Square Root : Becaufe the Pro- 
dud of two Fa&ors cannot have- more Places than are in both Factors, or but one fewer 
at leaft j which Product being conlidered as one Factor, and multiplied by a third Faclor, 
the fame is true of this new Product $ which makes theTrutJi propofed manifeft. 

C o r o L l. The Cube ' of 'any Number xan have at moft but as many Figures as 
triple the number of Figures in the Root, and. but two . fewer at leaft. Wherefore, 
again • Any Cube being diftributed into Periods of three 'Places, the Number of Periods, 
and the Number of Figures in the Root muft neceflarily be equal ; and the laft Period 
may, in fome Cafes, confift only of one or two Figures. 

LEMMA II. . 



t 9 ' " 

if any Number A is not a Cube, yet. being diftributed into Periods, according to, the 
preceding Rule, the greater* Cube contained in it, as Ns^ will have prebifely as many 

Periods as that Number A has. ' 
Example: 35987 is not a Cube; but being pointed has two Periods, viz. as 1 

the greateft Cube contained in it, 35937- 

Vanonfiration 1, N* cannot have more Periods than A, for th'ei 
will have more Figures, and .confequently bje a greater Number than 
contrary to Suprofition. . * . .. 



iany as 



A 



359^7 
35937 



B 



IOOO 



before 



neroretne mi rvnvu ur'A^ \ i. e. iuc ; xigut- nana or it ; call tne 
Number arifing B : Then it's plain that is a Cube Number* wbofe R,oot 

is 1, with as many o's before it as / Part of the Number of o's before 

the 1 in the Cube B5 for to cube any Number expreffed by i with o's,. it's manifeft 
from the Nature of .Multiplication, that; the .Cube- js 1, with. three times ;as many p's; 
wherefore B is a Cube of as many Periods: as iA has$ and; being eyidendy contained in 
it, it follows, that the greateft Cube jcontained in it cannot have fewer. t , ; 

Co roll. The Root of the greateft Cube "contained in any Number A, w^ich 
is not a perfecT: Cube,_hath as many Figures as A. hath Periods: For it hath" as many 



as 



the prefent Theorem. 



I 



# * 



„ i:t .M Mji -to. 



X' • 

f. 



j ^^^^^ ^ j 

Any Number being diftributed into Periods according to the Rule, the greateft Cube 
contained in the laft Period on the left, confider'd .as. one Number by itfelf, is the Cube 
of the laft Figure of the Root of the given Number, if it's a perred Cube j or of the 
Root of the greateft Cube contained in, it,^ jf it's not a Cube. Again ; the greateft Cube 
contained in the two laft Periods, • taken' as l one Nunrber by themfelves, is the Cube of the 

** ^ T * ~ ~ ^ube cqnr^ained in. 

id to on, with the 
- Cube 




Of Extradtion of 
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Cube of the 3 or 4, &c. laft Figures of the Root ot the given Number, or of the great- 
eft Cube contained in it. ''.•*! 

Demon fir. Let A be any Number, and B the Cube Root thereof, or of the greateft 
Cube contained in it. Alfo let D be the laft, or 2 laft, or 3 laft, &c. Periods of A ; [aj 
in the annextf Example, take D=4i, or 41421] and lex r reprefent the laft, or two laft, 
or three laft, &c. Figures of the Root B, ( as here 3 or 34 ) fo that r* is the Cube of 
that laft or two laft, &c. Figures of the Root. Thefe things being fettled, the Truths 
ro be proved are comprehended in one univerial Cafe, thus; viz.. is the greateft Cube 
contained in D ; which I fhall demonftrate in two Articles, thus : 

contained in D : for fince fby Cor. to Lem. i, 
345. and 2- ) there are as many Periods in A, as there are Fi- 
gures in B ; confequendy there are, in every Cafe, as ma- 
ny Periods ftandirig before D in the total A, as there are 
Fffures before r in the. total B; fo that taking D and r in their compleat Value, as they 
Aand in their Totals, there will be as many o's before D, as the Number of Figures of the 
Periods in A, which ftand before, or on the right Hand of D; and as many o's before r, 
as the third Part of thefe before D. [For Example: If D = 41,000,000, then is r = 
200. If D = 41421,000, then is r = 340.] Then r> will have as many o's before it, in 
its compleat Value, as triple the Number of o's before the Root r in its compleat Value, 
and confequently as many as are before D. We fhall now exnrels thefe Numbers in their 

than Doou,ooo, &c. (be- 



A 



41421736? B 
D S r 



impleat Values, tnus, roo, ore. r -000000, err. u,t 
Asain ; If r="is °rearer than D, then is rsoo6,oou, 



Number of o's prefixed.) But A is equal to D, with 
there are o's before D, or r3 in their compleat Values, i. e. 



as many cert ain Figures oerore it as mere are os uciurc 1^, ui / 

Doo6,ooo, &c. or r^6oo,oou, &c. therefore rHooo,oob, &c. js greater than A ; [for any 
Figures whatever in the Places of the o's before D, cannot be equal to the Excels of r* 
above D, tho' that Excefc were but 1]; /. e. the Cube of roo, &cl which is but a Part 
of B, is water than me Cube of B,.becaufe A is vl lealft equal to B*. But this is abfurd ; 
therefore^ cannot be greater than D, and confequently muft be contained m it. 

2 * is the greateft Ciibe contained in D. ' For fuppofeN* a greater Number than rs 
then take N with as many o's before it, as are before r- in its coroplear Value, and exprefs 
it thus, Noo, &c. fo that its Cube is Noo6,oo6, &c having triple as many o's as Noo, 
&c. the Root has; or as many as rsooo,oo6, &c. or Doo6,oo6, &c. has. Now becaufc 
D contains N? (by SuppoGtion) therefore Dooo,oo6, &c. contains Nsoo6,ooo, &c, AV 
fo, becaufe N= is fuppofed greater than rh therefore N is greater than r, and Noo, &t. 




_ &c. the Cube of £Joo, &c. a Number which is greater 

Than B, the Root of the greateft Cube contained in A, which is abfurd ; therefore n is the 
•greateft Cube contained in D. 

Corol. If we find the Root of the greateft; . Cube contained in the laft Period of 
any Number, we have the laft Figure : of the 'Root -fought ; and if we find the Root or 
the -reateft Cube contained in me two laft Periods,, we have the two. laft Figures of the 
Root fought, and fo on. Which fo far explains the Inveftigation of the Rule; what re- 
mains to compear it, ' you have in the following . . 



two Parts'; then ij 



Vart L If the Root or any lenown L.ube is luppoiea to .cqauu 01 ... r . . 

one of thefe" Parts is known, vre caff find theT)ther by meaos of the C.nha of a Bmomw 
Root. Thus : 



A + B 



f 
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As-f 3A 9 B-f*3AB*-f B*; wherein it's evident, that if the Cube of the 




hOw ore enrc is uoiiiaiucu m uic picctuiug *\cuj<uijuci, uijucj ujw jL*jujJiaiiui/> umc iuc nric 

Member of the Divifor, 3 A 2 , being multiplied by the Quote, and the fecond Member 
3 A being multiplied by the Square of the Quote, and to thefe two Produces the Cube of 
the Quote be added, the Sum fliall be equal to the Dividend ; then the Quote fliall be 
equal to B the Number fought; becaufe no other Number but B can anfwer to this Con- 
dition: For if you call the Quote D, then muft 3 A 2 D + 3 A D 2 +D 3 be equal to 
3 A 1 B+3 AB* + Bs; which is manifeftly impoflible, unlefs D be =B; fince otberwife 
the refpc&ive Members of the one will be leffer or greater than thofe of the other, and 
confequently the Wholes will not be equal. 

Part Tho' a Number is not a tube, yet having one Member of the Root of the 
greateft Cube contained in it, we can find the other by the fame Method, as if it were a 
Cube. Which will eafily appear. Thus : 

M^As + ^A'B+sAP^+Bs + R - I Let M be a Number, not a' Cube; 
M — As= 3 A* B-f 3 AB* -f-B* + R=D. j and A + B the Root of the greateft 
Cube contained in it; which Cube is therefore A* -J- 3 A* B+ 3 AB 2 -f-B*. Again; let 
R be the Number that's more than that Cube in M j fo that M = A 3 -f*3A* B-f.3 AB* 
+ B* + R- Now A being known, take As from M, the Remainder is3A*B+3AB* : 
+ B3 + R; which we may call D : And then if we find how oft 3 A* + 3 A is contained 
inD, under thefe Limitations, vte. that the Quote being multiplied into 3 A*, and the 
Square of the Quote multiplied into 3 A, and to thefe Products the Cube of the Quote be 
added, the Sum mall frill be lefs than D. . [For ohferve, that whatever Number you chufe 
for the Quote, it will make this Sum either greater or leffer than D, and never equal; be- 
caufe were it equal, then M would be a Cube, contrary to Suppofition.] Then, I fay, 
the Quote is equal to B, the other Member of the Root fought. Becaufe, if it can be 
different, fuppofe it to be N * which is either lefler or greater than D : But it cannot be 
letter; for then it would follow, that, contrary to Suppofition, N is not the greateft Num- 
ber qualified according to ,the Rule, viz.. fo that 3 A' N^-J- 3 A N* + Ns is lefs than D 
for B is greater than N, and yet is fo qualified, fince D = 3A 1 B+3AB , +B3 + R 
Wherefore N cannot be left than B ; nor can it be greater, becaufe, by Suppofitiot 
3 A 1 N + 3 A N a -f Ns is lefs than D (= M — A3) ; and adding As to both, then As -j 

3AN* + 3A*N + N3 (=:A + N ? ) is lefs than M, and therefore is contained in it. 

Butagain; A + N is greater than A + B, and A + N * greater than A +3*, confequently 

A-^B' is nor the greateft Cube contained in M, contrary to Suppofition; Co that N can- 
not be greater than B : Wherefore, laftly, fince N cannot be either lefler or greater than B, 
it muft be equal to it. 

* 

Corol. If a Number M is not a* Cube, the Number R, which is. over the greateft 
Cube contained in ir, (which is ncceflarily. the Remainder after the fecond Member B is 
found) can never -exceed the Sum of triple. the. Root .found; and triple -its. Square; For if 
the Root found is N, then If the Remainder. \ exceed 3 3Ss 2 ~f- 3rN, it .muft be at leaft 

And 



N 



3 + 3 N+ r ; which added- to Ns makes Ns -i- 3 N f *Vf 3 N -f- 1 
'ifice this Cube is manifeftly contained in M, (for its the Sum of the greateft Cube*Ns 
contained in M,and the Remainder 3 NM-3N+1 added); it follows, contrary to Suppofition, 
t.iat N is not the Root of the greateft Cube contained in M, becaufe N -j- 1, is greater than N ; 

and N -f 1* is contained in M, if R is greater than 3 N* + $N; therefore this cannot be. 



1 / 



1 ■ 



j » 



A a 



Appli- 
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Application*?/^ preceding Lemma's for demonft rating the Extracting of 

the Cube Root. 

1. The firft a nd (econd Lemma's are already applied ; from whence are deduced as Corol- 
laries, the firft thing afterrcd in the Rule, <vrz. That the Root muft have as many Figures 
as the given Number hzs Periods. 

2. From Lsm. 3. we have the Reafon why the given Number is pointed from the right 
Hand, viz. becaufe, being done fb, it is demonftrated, that the laft Figure of 



fought, (i. e. the Figure in the higheft Place) the two laft, &c. make the Root of the 

grsateft Cube contained in the laft, or two laft, &c. Periods of the given Number. 

The remaining Pan of the Rule is to find the Figures of the Root, one after another, 
oar of thefe Periods ; the Reafon of which is contained in Ltm. 3 and 4, and its Carol 
and is deduced thus : 

We firft take the laft Period 9 and in the Table of Cm pie Cubes, we feek that Number, 
cr the next Letter, whofe Root is, by Lew. 3. the higheft Figure of the Root fought. So 

in the preceding Exawpk, the given Number is 4142 1736, which we mall here call N. 
The laft Period is 41, and the next Cube to this is 27, whofe Root is 3, the laft Figure of 
the Root fought. Now if we fuppofe the two laft Periods 41*42*1 to be the whole of the 
given Number, then the Root of the greateft Cube contained in it has but two Figures, 
whereof we have now found the laft ; and to find the other ( which is the next Figure or* 

the Root fought, by Lem. 3.) we proceed thus: Calling the Figure found a, we fubtraft 
its Cube *= = 27, from 41 the laft Period; and ta' the Remainder 14 prefixing the next 
Period 421, the' whole 1442 1 is the 2d Refolvend. And obferve, that as the 41 is really 
aicoo, in refpect of the total 41421; fo the Figure found is really 30, in refped of the 
next to be round; and in that Value we do actually take it by fubtra&ing it from 41, cor.- 
fidering where this ftands, and which the prefixing the next Period to the Remainder docs 
farther clear: For this is the fame thing as if we had written 27000 the Cube of 30, and 

taken that from 41+21 \ wherefore this is the fame Operation as that explained in Lem. 4. 




^ _ 

two Figures; whereof we have found that belonging to the higheft Place, which confider'd 
in its coruDleat Value is the firft Member. Now to find the Figure fought, wc form a 
Divifor according to. the Rule (demdnftiared in Lm. 4.) thus: Taking 30 = *, the Di- 
viforis 3^^-3^=3x900+3x30 = 2700 + 90=2796. And this we find contained 
in th- Reiblvend 14421, 5 times; but under the Limitation of the Rule we can taKcu 
at tnoft 4. times; and 4 is the Figure fought; which calling by the Proof of its being 

the era- Fieure is this: We take 3 *'-£+ 3 tf^ + fcs = 12304, which is lefs than the Re 
i-lven/iiTai; and 4 is therefore the right Figure, becaufe 5 would have made \**~ 
* a b- -i- & Wearer than 14+21. Or had we at a guels taken 3 = b, then would it be 3 fo 
^^^+22=8937; which taken from 14421 leaves 5484; which is greater tnsn 

*x ^+3x33=3x1089 + 3x33=3^7+99 = 33^* ««* therefore 3 is too little. 

L is liZm ia Sckol. 1. added to the Rule, Thus Wehave found 34, the Root of tlx 
oreareft Cube contained in 4142-1,- (the Remainder, or what is over, being 2117J and haie 

inewn that the Rule is juft and good for a Root of two Figures. Again; For a Number 



>-riods, as 41+21736, whofe Root has three Figures; having found the two fi- 
eiucs in the higheft Places; and taking thefe with o prefixed, which makes the true Va- 
lue; and calling this again a, or A, the firft Member of the Root, the fecond Member, 



of three Per 
:s in 



Figure, is found the fame 
low in this there is fo mu 



tb 
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this firft Member, or A*, is already fubtraclcd from the Total 41421736, becaufe A is now 
equal co the former a + b ; and it's evident from t he W ork that we have fubtrac"ted a>, 
and then 3W + 3 *£* + £= to make the Cube of a~\~b. It's true, we have taken ^=50 
and 6=4; whereas A= 380, fo that a ftiould be 300 and £=80: But by the Places in 
which we have fet a*, and 3 a* £ + 3 *£* + $3, we have in effect, taken them, as if it hsd 
b een a =300 and b=%o' 7 and fo we have duly fubtracled A ? , or the Cube of 380, 
from the Total 41421736} the Remainder whereof is 2117, to which the next Period 736 
is preflx'd, making 21 17736 the Refolvend for finding the next Figure, which we find to 
be 6, by the fame Rule and Reafon as we found the laft Figure. 

If there are more than three Figures in any Root, the Reafons of the Rule are manifeft- 
ly the fame from one Step to another in infinitum. I fhall add for an Illuftration one Ex- 
ample, wherein each Figure of the Root is taken in its compleat Value. 



Involution 0/3 46 to its Cube, makes 4 1 42 1 7 3 6*. I Evoluti 



Root 
34 6 



Thus: 
300 4- 40 4- 6 



27000000 
1 0800000 
1440000 

64000 



a*, (a — 300.) 
3 a x b. [b = 40.) 
3** a. 
bh 



of 4142 1 7 36 to Us Cube Root, 
makes 346. 

A B 

Thus : 

. . .(a b 

41421736I300 4-404-6. 
a> — 27000000 

3 a x 4- 5 270900) 1 442 1 736 Refolvend. 



3 



9304000 
2080800 
36720 
216 



3 A*B. (A=34o. B 
3 AB*. 

B3. 



6.) 



10800000 
1440000 
64000 



3* b. 

Sab*. 

K 



12304000 Sum. 



41421736= A 4- B • 



3 A* -J- 3 A =347820) 2117736 Refolvend. 

= 3 A 1 B . 

= 3 AB^. 
= B5. 



2080800 

36720 
216 



21 17736 Sum, 



000000 



There remain yet two things to be demonftrated, which are deliver'd in Scbol. 1 and 2 ^ 

VIZ. x * 

1. The Remainder can never exceed the Sum of thefe two Numbers, viz. triple all 

the Figures of the Root already found ( taken as one Number) and triple the Square of 
the fame; the Reafon of which you have plainly in Cor. Lem.4. 4 

w a f«?ft be P iV r for Vd+ 3 * " contained ofmer than 9 times in the Refolvend, then if 
irs fo after the fecond Figure is found, 9 is the Figure fought > for in this Cafe the Refol- 
vend may be thus reprefented, 3 x 10 + 3 *x 10 + R = * + 9 + * + 4. %a x xo 4. R 
and the Sum upon which the Limitation depends, being 1 a* *+ , a **X k if bis a 
M£ ?Um is 3^ x 9 + 3^8i + 7 29: Compare tfaB With the Refold, they have 
this Part in common w*. 3^x9: Set this afide, and compare the Remainders in both, 
3.^ + 3^ x io+R, and 3 *x 81 + 7*95 this laft is lefi than the former: for, aft£ 
TJFF* ft 'a R ° 0C f T d ' 5 C0nflfh of three F W in its compleat Value, and 
wh£ht? i at i Caft 100 : Therefore If X 81 is lefi than *+' ™* 7*9 « lefs than 3 /x To, 

t M, rnl Caft K 3 ° OX IO "V?£ • ? cn u ce ic is P lain > that the Refolvend is greater than 
toe Number to be compared with it in the Limitation of the Quote ; and the greater that 

A a 2 a is, 
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a is, as k will be always greater at every Step after the fecond, fo much will the Refolvend 

exceed that o:her Number. 

Again ; In the fecond Step, the Quote is cerrainly 9, if the firft Figure found is either 

8 or 9; z. e. if A = 8o or'oo; which youll find by comparing as before 3 A a -f 3 Ax 
io~|-Rwith 34x81 + 729; for putting a t= 80 or 90, you'll find 3 A x 8 1 -f- 7-29 lelixban. 
3 A 1 + 3 A X 10: But when A is fuppofed 70, or 60, ere it will be greater, and therefore 
the Quote muft be lefs than 9, unlefsthe Number R, which belongs to the Refolvend, is 
grearer than the Excefs of 3 Ax 81 -j- 729 above 3 A z + 3 A X 10, as in fome Cafes it 
will and in fome it will not. 



SCHOLIUM, concerning a Jifirent Method of Praftice in the Extratthn of 

' a Cube Root. 



The preceding Rule is nearly according to the moil common Method, that it might be 
accommodated to the Principles troro which the Reafon and Demonftration of it migh: 
be melt eafdy deduced : But there is another Method, differ ing a little in one of the 

principal Steps, which is this: 

Having pointed the given Number, and found the firft Figure of the Root; then in ail 
the fucceeding Steps form the Divifor as before, and find the Quote under this Limita- 
tion, viz. That being added to the Divifor, and the Sum multiplied by the fame, the Pro- 
duct fhall be leU than the Refoivend ; which is fo far like what we do for the Square 
Root: But, again; the Remainder muft not exceed the Product of thefe Numbers, viz. 
the Sam of the Qjote and the fecond Member of the Divifor multiplied into the Diite- 
rence betwixt the Quote and its Square; *' e. add together thefe two Products, and their 

Sum muft not exceed the Refolvend, and what remains here belongs to the next Re- 
folvend. 

You may alfo form your Divifor thus; Take the Figures already found, and to them 
prefix I ( or cake them' with o prefixed, and then add 1, which will fall in the Place of the 
o j ; multiply this Sun by triple the Number to which the 1 was added : The Product is 
the Divifor. See thii Example wrought after this Mannner. 



3* 1 
( 



( a ^ 

4i25 U 5 

,,12 =a> 

Divifor. 

3 a = 1944.0'N 1 02125. 2d Refolvend. 



aXa 




3 x Sox 81 ) 



97"5 
4900 

102125. Sum. 



a 



bxb 
' b 



The Letters and Operations (hew 

the Application of this Method j and 
what is to bedemonftrated is onlythis, 
that theNumber compared to theRe- 

. - folvend is equal to 3 * a £4~3 a b--\-b'-> 

J x , , w L which is the Number compared in 

the former Rule; and the Truth of 

this you'll find by performing the 
Operation of thefe two Producls,anri 
adding them thus, 3 a 1 H"3 g _jl^ 
x £=3 a*b'-\- 3 a b -\~ b*> then 

3 a -j- b X b- — b ~ 3 ab* -f b> — 

^ab — b 1 : which added to the for- 
mer makes 3 a 1 b 3 a b z -f~ 
What I have further to obferve is, That this Method will in many Calcs be of Advan- 
tage, by helping us to ciifcover more eafily that fome Figures arc too gfcat for the Quote, 
without the Trouble of making out the total Number, which is here to be compared 
with the Refolvend : For if the firft Part of it ( viz. the Product of the Quote by the 
Sum of the Divifor and Quote, or ^a-^^a + b xb) is equal to the Refolvend, or 

greater, 



000000 
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greater, that Figure is certainly too big to anfwer the Rule. But tho' that firft Part is leis 
than the Refolvend, we cannot conclude that we have the true Figure* till we add the 
other Part alfo, and find that the Sum is not greater than the Refolvend. 

Obferve alfo, That if the Product of the Quote b, and firft Member' of the Divifor, 
viz, 3**S is equal to the Refolvend or greater, then certainly that Quote is too big, and 
fo we might have the fame kind of Advantage by the common Method; yet the Product 
ofthcQjote into the Sum of the Quore and Divifor, being always a greater Number 
than the Product of the Quote and firft Member of the Divifor, the.laft Method will 
difcover fome Figures to be too great, which would not appear fo wirhout Trial by the 
o:her Method. 

Of the Proof of the Cube Root. 

Involve the Root found to the Cube, and compare it with the given Cube, or the 
Difference betwixt the given Number and the Remainder of the Extraction. 

Or, By cafting out 9's thus : Caft the 9's out of the given Number, if there is no Re- 
mainder in the Extraction ; or out of the Difference of that Number and the Remainder 
of the Extraction : Then caft the 9's out of the Root found, and fquare the Excefs, out 
cf which caft the 9's, and multiply this Excefs by the preceding, and out of rh is Product 
caft the 9's j the Excefs or Defect of 9 rouft be equal to that found in the given Number. 

'Example: The Cube Root of 2744 is 14 j thus proved : The Excefs of 9's in 2744 is 
8. in 14 it is 5 ; then 5 x 5=27, in which the Excefs of 9's is 7, which, multiplied by 
the preceding Excete 5, the Product is 3?, in which the Excefs of 9's is 8. 

(The Reafon of this Practice is alfo obvious from what is 
fhewn in Multiplication : For taking 14 X 14 as one Factor* 
and 14 as another, we firft caft out 9's out of 14 x 14, and then 
out of 14, and, multiplying thefe two ExcelTes together, we compare the Excefs of 9's in 

the Product with that in 2744* which is =I4 X 14 x 14. 

Problem III. 7b Extraft the Root of any Power above the 

Cube. 

General Rule. 

"\XTHatever Root is propofed to be extracted, as in general the n Root, diftribute the 
vv given Number into Periods, taking as many Figures to each Period as the Number 
of Units in the Index »$ then make a Table of the fimilar Powers (i. e. the n Powers) 
of all the Digits, as far at leaft till you find one which is equal to, or exceeds the firft Pe- 
riod on the Left of the given Number, taken by itfelfj the Root of that Power is the fiift 
Figure on the Left of the Root fought, which call Aj then fubtract A" from the faid 
firft Period, and to the Remainder prefix the next Period for a Refolvend ; and to find the 
next Figure of the Root, form a Divifor thus; take a Binomial A-f-'B, and involve it to 
the n Power, as has been explained \ your Divifor is the Sum of all the Products of the 

fcveral Powers of A, except the higheft A", multiplied by the proper Coefficients of the 

Terms in which they ftand in the Power A-f-i3 : Thus, for the 4th Root the Divifor is 
4 A' + 6 A 2 - + 4 A; for the 5th Root it is ? A*+ 10 A 3 + 10 A 1 -J-* A, as you'll find 

from the Table of Binomial Powers and Coefficients. And univer filly* the Divifor will be 
n A 1 4- a x A" — 1 -f b x A n — 3 -L <& c . -f - n x A, where I have fimply exprefled the Co- 
efficients by fingle Letters, which you muft undcrftand as reprefenting the true Coefficients. 
Alfo remember, that the firft Figure of the Root found, which A reprefents, muft be mul- 
tiplied 
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riplied by 10, or o prefixed to it, becaufe that is its true Value with refpedt to the next 

Figure to be found ; and in this Value you are to ufe it in forming the Divifor ^ then find 
rhe Quote B, ( which can never exceed 9 ) limited fo that the feveral Members of th e 
Divifor being multiplied by rhe feveral Powers of B, which you find multiplied into them 

n 

in the feveral Term? of the Binomial Power A-f-B j and B n added to the Sum of all thefe 
Products, the total mail not exceed the Relblvend. Thus in the 4th Power the Number 
to be compared with the Refolvend is this, 4 A^ B -f- 6 A 2 B 1 + 4 A Bs -j- B* ; in the 5th 
Power it is 5 A+ B + 10 A= B- -f- 10 A"- B:- + 5 AE* -f Es. Univerfally, it is * A n —' x B 
+ *A r — -XB-- + 6A n — sxBs-f d-f. +»AB n - which is the whole Binomial 
Power except the Term A n . 

In the next place tgke the two Figures found, and prefixing o, call this Number A, and 
form a new Divilbr as before, of the feveral Powers of this new Number A, multiplied 

by their Coefficients in A-4-b* , and by this find the 3d Figure of the Root, which call 
again B, under the fame Limitation as before j and fo proceed to the End. 

SCHOLIUMS. 

x. If you begin your Guefc for the Quote ( i.e. for any Figure of the Root after the 
firfr ) at the greateft number of times ( not exceeding 9 ) that the Divifor is contained in 
the Refolvend, then the Limitation of the Rule for the Number to be compared with the 
Refolvend is fufficient to determine when you have the true Figure. But if you chufe a: 
a Gaels, then you are to mind this Mark of a Figure too little, viz. That if you take all 
the Root found, taking in the Figure now put in the Root, and call it A j then take the 
Sum of the Products of the feveral Powers of it ( except A n ) which belong to the new 
Divifor ^ the Remainder muft not exceed this, elie the Figure laft found is too little. 

2 If there is a Remainder after all the Periods are employed, the given Number is not 
a Power of that Order, and the Root found is only that of the greateft Power contained 

in it. 

I mall illuftrate this Rule as far as is neceflary by an Ex- 
ample. Suppofe the 5th Root of this Number 74560898 is re- 
quired. Having pointed it, the laft Period is 745 j and rai- 
ling the 5th Powers of the Numbers from 1 to 4, whofe 5th 
Power is the firft which exceeds 745, I find 243 the greateft 5th 
Power contained in 745 j and the 5th Root of this being 3, I 
put 3 as the laft Figure of the Root fought. 



Roots. 5th Powers. 



1 : 


1 


2 : 


52 


-J ■ 


243 


4 : 


IO24 



/AB 

7456089*8 \J 7 




4329150^ 50260898. 2d Refolvend 



28350000=5 A+xB Q£ 




Then railing X^ 5 , it is A 5 -f- 5 A 4 B 
+ ioA;E*-f ioA*Bs + 5 AB*+B*; 
and taking A = 30, the Divifor is 5 A 4 + 

10 As+ 10 A a + 5 A = 4329150, which 

is found in the Refolvend, under the Li- 
mitation of the Rule 7 times ; the Re- 
mainder being <» 2 1604.1. 



13230000 
3087000 
3601*0 
16807 



10 A^xB 1 
ioA'xBs 

5 AxE 4 

E* 



45°43957- Sum * 



5216941. Remainder 



The 
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The Divifor being formed thus : 



5 A* = 4050000 
10 A 5 = 270000 
10 A 2 = 9000 

5 A = *5° 



Demonstr. The Demonftration of this general 
Rule depends upon the fame kind of Principles as thofe 
for the Square £nd Cube : And whoever underftands 
thefe thoroughly will be able to extend them to this 
tinivcrfal Rule with great Eafe : For if we put n in 
the Place of z or 3 in the pre ceding Lemma's, they 

43*9i5° I will become univerlal for all Cafes. 



Scholium. What a tedious thing it is to form the Divifors, and the Numbers ro 

be compared with the Refolvend in high Powers, and. indeed in all above the Cube, it's 
eafy to perceive. AU that can be faid in favour of this general Rule is only this, That it is 
exceedingly preferable to our being left to a pure blind Guefc, with no other Help than 
raifin* the Power of the Root guefled, and comparing it with the propofed Number. Yet 
the great Labour of this Rule has excited the Mathematicians to the Invention of other 
Methods; the explaining of which comes not within the Limits I have prefcribed my felf 
in this Work, except that Method which is by the help of Logarithms, as you'll find after- 
wards explained. In the mean time obferve, that as Square and Cube Roots are the things 
only ufeful in the common Affairs of Life, fo the Rules for them are tolerably eafy, efpe- 
ciaiJy the Square. But there is alfo 

Another General Rule for Compound "Roots ( i. e. vjhofi Index is the Troduft of 

two or more Numbers ). 

Take any two or more Indexes whofe Product is the given Index, and extract out of 
the given Number a Root anfwering to any of thefe lelTer Indexes, and then out of this 
Root extract a Root anfwering to another of thefe Iefler Indexes, and fo on, till you go thro* 
them all : The laft Root found is the Root fought. 

Example 1. To find the 4th Root of 625, I find the Square Root 25 j then the Square 

Root of this, which is 5, is the Root fought. 

Example 2. To find the 6th Root of 4096: It is 4; which I find thus: 6 = 2X3, 
therefore I find the Square Root of 4096, which is 64, and then the 3d Root of 64. is 4. 

Demovfkr. The Reafon of this Rule is obvious, being only the Reverfe of what's done 
and demonftrared for involving a Number to a compound Power 7 or you have the Rea- 

fon of it in Theor. IX. §- I- where it's fliewn that A nm = A* 17 "". 
Qbferve, It's bell: to begin with the Root of the loweft Index. 

Alfo, If the given Number is not a Power of the Order you firfr. try, neither can it 
be a Power of the Order propofed j and to find the Root of the greatefl like Power con- 
tained in it, other Methods do better. 



Of the Proof of all Roots of Integers univerfally. 

It is done either by the oppofite Involution, or by cafting out the p's, thus : 
Cafl the 9's out of the given Number, or the Difference of it and the Remainder of 
the Extraction, and mark the Exce/s; Then caft the <fs out of the Root (and take the Ex- 
ccfe, or the Root itfclf if Ms than 9 ) ; multiply it by itfelf, and caft out the 9's from the 
Product j then multiply the Excels by the Excels in the Root, and caft the o's out of 
the Product; thiihft ExccCs multiply by the Excefs in the Root, and caft the 9's out of 
the Product, and go on fo till the Excels of 9's in the Root is employ'd as a Multiplier, as 

ofc 
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oft as the Index of ihe Power expreflcs; The laft Excefc muft be equal to that in the given 

Number. 

, A. Part II. 

Probl. 4. Of the Extra&ion of the Roots of Fractions. 




A Fractional Power 15 to be confidered in two different Views : 1. As being an immedi- 
ate Power, i. e. the immediate Efiba of the continual Multiplication of Tome Fracti- 
on into itfelfj as ^= - x a j and— =-x -x Or, 2. As being only equivalent to 

9 3 5 a 7 3 3 3 

fome immediate Power , but not irielf fuch a one, as ^ = -. 

Now if a Fraction is immediately a Power, it's manifeft from the Definitions, that if we 
extrad: the Root propofed from the Numerator and Denominator feparately, thefe are the 
Numerator and Denominator of the fractional Root fought. Example : The Square Root 

of — is - ; for 8 =: 64* and 9 = Si 2 . But if the given Fraction is only equivalent to 

ibme immediate Power, the Root (v:z. of that Power; which is alfo in another Senfe, 
the Root of the given Fraction) cannot be difcovered by this Method ; for the Numera- 
tor and Denominator have not bo:h in this Cafe, and perhaps neither of them has a per- 
fect Roo: ; and Co we cannot determine by thi3 Method, whether the Root fought is ra- 
tional or f jrd : yet by other Methods we can difcover this, and find the Root where there 
is one. For which take this 



General Rule. 

Reduce the given Fradt ion to its loweft Terms, and then extrad: the propofed Root from 
Numerator and Denominator feparately; and thefe Roots are the Numerator and Deno- 
minator of the Fractional Root fought; which is alfo in its loweft Terms. But if bo:h 
Numerator and Denominator have not fach a perfect Root, the given Number is not a 
Power of the Order propofed, either immediately or cquivalently. 

Example I. To find the Square Rco: of ~ > I find its leaft Terms 
Roo: is A 



whofe immediate 



*5 



Example 2. To find the Square Root of ^, I find its leaft Terms 



nor 23 are Squares, and therefore ^ is not a Square in any Senfe 



23 



But neither S 



Demon, i. If the loweft (or any) Terms of the given Fraction are Powers of the 
Order propofed, it's plain that their Roots make a Fraction, which is the Root of the given 
Fraciion; by the Definition. And, 

2. If the leaft Terms of a Fraction are not Powers of the given Order, no Terms or 

A r 

ir are fo; or the given Fraction is not a Power in any Senfe. For let ~ be a Fraction 



in its leaft Terms, and fuppofe 



M 



A 



N n B 



(i. e. fome other equivalent Terms of the Fra- 



cron to be an immediate Power.; Then becaufe ^ is in leaft Terms, ^ is not fo, be- 



M 



M 



caak ii conofo cf different Terms by Suppofition. Consequently its n Roo:, is not 
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in its Ieaft Terms, (by L*m> preceding the Tbeor. Chap, i.) Take J in its Ieaft Terms* and 

==:--; then is — in its Ieaft Terms, (by the fame Lem.) And fince -=t?, therefore 

^ n = g • wherefore - and g- are both in the Ieaft Terms, which is abfurd y or -p g- 
are the fame Terms, which is alio contrary to Suppofition. 

SCHOLIUMS. 

1. A Fraction made of the greateft Integral Root of the Numerator and Denominator 
may in one Senfc be called the Root of the greateft Fractional Power contained in the gi- 
ven Fraction j which Root will, in fome Cafes, be a deficient, and in fome an exceffive 

Root, /. e. . whofe Power wants of, or exceeds the given Fraction. Example : -1 , the great- 

eft Square Fraction contained in it, in this Senfe, is whofe Root is ?; which is an ex- 
* 9 3 

ceffive Root to jy becaufe * js a greater Fraction than ^. But in — the greateft Square 

is which is lejs than i ; therefore its Root 5 is a deficient Root to 

Again : In. another Senfe, i. e. if we ask what is the greateft Fraction which is an invi 
mediate Power, and is left than a given Fraction which is nor a Power in any Senfe, then 
there is no fuch thing as a greateft $ the Reafon of which you'll find afterwards. (See Ca- 
rol. Prob. j.) 

2. The preceding General Rule requires two Extractions, viz. both from the Numera- 
tor and Denominator ; but I (hall give you other particular Rules, whereby the Root is 
found by one Extraction y and fuch as are accommodated to the Methods of Approxima- 
tion, afterwards explain'd. 

Particular Rules for the Roots of Fr aft ions. 

i. For the Square Root. 

Multiply the Numerator and Denominator together, and extract the Square Root of the 
Product} which is always a compleat Square, if the given Fraction is Co in any Senfe. 
Make this Root the Numerator to the given Denominator, and this Fraction is the Root 
fought ; or fet the given Numerator fractionally over the Root found ; and this alfo is the 
Root fought, rho' neither of them is in the Ieaft Terms. But if the Product is not a com- 
pleat Square, neither is the given Fraction : And having found the Root of the greateft In- 
tegral Square contained in it, ufe that as directed; and you ftiall have a Root wanting of a 
juft Root to the given Fraction, if the Root extracted is made Numerator 5 but exceeding, 
if it's made Denominator. 

Example 1. To find the Square Root of A I take 4X 9 = 35, whofe Root is 6"; and 

fo the Root fought is or for a x 2^.4 

9 1 6 3 3 .3 6 

Example 2. To find the Square Root of IjL, I take 12 x 147 = 1764, whofe Root is 

V> *nd fo I£s= I i s the Root fought; for *x*=J = I* 

H7 4* 7 0 7 7 49 H7 

B b Example 
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Exsmfk 3- For the Square Root of L, I take 7 x w = 84, which is not a Square; 
therefore £ is not &: But the greateft Integral Root in 84 is 9, therefore -2 



a" 



Root to 1; for 3x3= 9 W hkh is Ids than 



kfi than 7 x 16. And | is an exceflive Root; for 7 x Z =|2 greater than L, becaufe 
49X 12 is greater than 7x81. 

Scholium- Tho' the Fraction given be in its leaft Terms, yet the Root found by 
this Me&od wiU not be in its leaft Terms in every Cafe where the given Fraction is not 

Power as the preceding Exam. 3. fliews. And if it is a perfcd: Power, the 
^tnld^n^ iSk^feTaft Terms, as is manifeft; becaufe the leaft Terms are 
^Roo' of^c NuSeraro^and Denominator of the leaft Terms of the given Fra&on. 

DEMON. I. The given Fraction being ^ multiply both Terms by B, or by A; and 

, A„AB_AA Suppofe AB is a compleat Square, whofe Root is fo that AB 
^ff— SB" AF ^ **_AB_A_AA AA 

aa; then are all thefe Expreffions equal, viz.. gg— — 3 ~SB— JT 5 C0d ^ 

ody g the SquareRootof^andAtheSa^areRootof^areeachatmeRootto^. 
2. If A B is not a perfed Square, . then neither is § in any Senfe. For fuppofe = 



AB. But M a xB i = MB , therefore L__=_ ; which is plainly an 

Sedia:e Square, whofe Root is M-?, and is therefore a true Root to AB, which is ah- 
£hrd • for A B is fuppofed not to have a true Square Root in Integers, and confequently has 
no fuch Roo: true, {Tbear. x 9 - Cb*. 1.) therefore ™* is not the Square Root of AB; 
Ncr is Mi*** equal to AB, nor equal to £| as was fuppofed, A#. noim- 

mediate Square § can be equal to g. or f is not a Square in any Senfe. 

3. Suppofe a the greateft Integral Root of AB, fo that ** is Ids than A B; then is 
If iels than — ^g^) % "> a deficient RooC to H" Alf ° fmCe ,efi ^ AB> 

^ 4A is greater than ^ (== J|= «■ * £ * « ^xceflive Root to J. 

2. For f£e C»£ff Roof. 

vr,wrfv the Numerator by the Square of the Denominator j the Product will he a 
' w l Ube if Sven Fraclion is fo in any Senfe : the Cube Root of this ProduS 
comply Cube, * me :gi . f rhe ' dvea Fra aion, is the fractaal R^ot 




fractionally over the Denomma 



fought. 
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fou^hr. Or thus : Multiply the Denominator by the Square of the Numerator, and over 
the^Cube Root of the Product fet the given Numerator fractionally, and this alfo is the 
Root fought. And obfer<ve 3 that if the given Fraction is a proper one, the laft is the belt 

Method j but if it is improper, take the firft Method. But if the Product mention'd is 
not a compleat Cube, neither is the given Fradion. And if we take the greateft Integral 
Root of that Product, and ufe it as directed, we have a deficient- or excefiive Root, ac- 
cording as we -chafe the firft or fecond Mediod. 

8 

Example i- To find the Cube Root of take 27X27 == 729, then 725? X 8 = 5832, 

18 2 

whofe Cube Root is 18; then is — =— the Root fought. Or thus; 8 X 8 = 64, then 

8 2 

6^x27=1728, whofe Cube Root is 12 j therefore — = - is alfo the Root fought. 

Example 2. For take 54.x 54 = 2916, then 2916X 15=: 43740, which has not a 
Cube Root, and fo ^- is not a Cube ; but the greateft integral Cube Root of 43 740 be- 
ing 35, therefore is a deficient Root to i^.; or if we take 15 X 15=: 225, then 225 K 

)t 54 

54=12150, whofe neareft Cube Root is 22, and — is an Excefiive Root. 

22 A 

Demon, i. For the firft Method, multiply each Term of the Fraction -g by Bsand 
it is -gj^=g.$ and if A is a Cube, let its Root be m, then ^ is the Cube Root of 

TT 2 ^' Again; ^ A is not a Cube, neither is ^-j for if we fuppofe ~£ A ^ 

then is AB*^^|^==-f^, whofe Cube Root is^j #. e. A B 1 is a Cube, which is 

tn B 

contrary to Suppofition, if is Integer ; and if it's hot Integer, it cannot be the Cube 

Root of AB*j which has no Cube Root in Integers (Tbeor.XIX.Cb. 1.), But if we 

fuppofe m the greateft integral Cube Root contained in AB a , lb that is le£s than AB S , 

ifs plain that %j is lefs than ^ ^ or ^ is a deficient Root. 




2. For the fecond Method, rrrulriply each Term of ^ by A*, and it is = , fo 
that A*B being a true Cube, whofe Root is », then^ is the Root Of jp&^jf, but 
if A*B is not a Cube, neither is-g ; for fuppofe ^=-^, then is ~ x A* B = A*, and 

A*B= A3 - ^f, Whofe Cube Root is ^; i. e. A*B isaCube, con- 

trary to Suppoficion : But if we take m the greateft integral Cube Root contained in A* B, 
that mi is lefs than A*B, then is ^ greater than and confequently ~ is an ex- 

cefiive Root to -g-. 

Scholium. Both thefe, and the Extraction of all higher Roots, may be compre- 
hended in one general Rule* thus; 

Bb 2 Gene- 
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General RULE for all the Roots of Fra&ions, after the Manner of the preceding 

Particular Rules. 



Raife the Denominator of the given Fra&on to a Power, whofe Index is i le£ than 
that of the Root to be extruded, and multiply this Power by the given Numerator : Ex- 
tract the propofed Root of this Product ( which is i compleat Power, if the given Fra- 
clion is fo ), and fet it fractionally over the given Denominator, and this makes the Root 
fought. But if that Product, has not fuch a Root, neither has the given Fraction ; and ta- 
king the greateft integral Root contained in that Product, it makes, with the given Deno- 
minator, a deficient Root to the given Fraction. 

Or alfo thus : Raife the Numerator to the Power directed, and by that multiply the 
Denominator j extract the propofed Root of the Product if it has one, or rake the 
greateft integral Root contained in it} over this Root fet the given Numerator, and it 

makes an exceflive Root to the given Fraction. 

Example. To find the 4th Root of -g-, I multiply Bs by A, and fet the 4th Root of 

the Product A B : -, or the greateft integral 4th Power contained in it, over B, and it makes 
the Root fought, or a deficient one j or alfo over the 4th Root of A3 B fet A, it makes 
the Root fought, or an exceiEve one. 

Demon, i. For the n Root of ^ : If A B°— 1 is a true Power of the Order let 

its Root be m, then it's plain that ^ is the n Root of — — H^tt"—* ~ *B* ^ n< * 
if m is only the Root of the greateft integral Power contained in A B"— *, it felf not being 
one, then is -g plainly a deficient Root to ^ , which in this Cafe has no true Root ; for 

if we fuppofe — = — gn — (= -g-J, then is A B n — « = — ^ — =-^h-, whofe n 

m B 

Root is — j i.e. AB 3 — ' is a Power of the Order n, contrary to Suppofition. 

2. For the 2d Method ; j^_ a and if the n Root of B A n — I is n, then is 

— the Root fought: Bat if a is only the Root of the greateft integral Power contain'd 

A A 
in B A n — *, it felf not being one, then is — an exceflive Root to -g-, which in this 

Cafe has no true Roo: j for if — = tf AD , , then is B A n — 1 = — , whofe n Root 



is i.e. 3 A" — 1 is a Power of the Order », contrary to Suppofition. 



Scholium. If the Denominator of the Root is a Compound Number 7 i. e. the Pro- 
dud of two or more Integers, the Extraction may be made by feveral more fimple Extra- 
ctions* in the manner already explained, which needs not to be further innfted on. 
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II. Part III. 

Problem 5. Of the Approximation of Roots. 1 

Definition. 

WE have already obferved, that tho* a Number ha$ no determinate Root, yet it ha* 
what we may call an indeterminate one ( ordinarily called a Surd Root ) ; i.e. there 
\i a certain Series of Numbers decreaGng, which can be carried on by a certain Law or 
Order in infinitum, whofe Sum taken from the beginning is a Root whole Power ap- 
proaches nearer and nearer to the given Number, as the Series goes on ; and tho' it is never 
equal to it precifely, it may be brought within any affignable Difference : The Invention, 
or carrying on of this Series is what we here call the Approximation of the Root ; and if 
we take the Series of the Sums in vented, it may be called the Series of Appre aching Roots. 
Obferve alfo, that they may be found approaching yet either Ml lefi or ftill greater than 
true Roots. 

I. For Roots of Integers. 

Rule. Whatever Root is propofed, after the Root of the greateft integral Power 
contained in the given Number is found, by the preceding Rules } To the Remainder pre- 
fix a Period of o's according to the Index} thus oo for a Square Root, ooo for a Cube, 
0000 for a 4th Power, and fo" on:. Then form a Divifor, and find a new Figure in the 
Root the {ame way as in the preceding Steps of the Work : To every fucceeding Re- 
mainder prefix a Period of o's, and find a new Figure of the Root, and this Work will go 

on for ever, becaufe there, will always be a Remainder.. The Figures thus found are all 
Decimal Places in the Root, the decimal Point being placed immediately after the in- 
tegral Part, and before thefe new Figures. And thus we have a Mixt Number for the 
Root i which is (till nearer and nearer to the true Root of the given Number, the further 
the Operation is carried on, .hut .is ftill deficient, beciufe there is ftill a Remainder'. Again; 
Obferve, that jf to the laft Figure found in the Root you add i, the Sum will make an ex- 
ceffive Root and thus you may have a Series of Roots nearer and nearer, but ftill exceffive. 
The following ^Example of a Square, Root will fufEciently .illuftrate this Practice. 

I 

Operation. , ! To . find ^ gquare RoQt of The RoQt of ^g^^ m - 

3B7 (19.672; &e. i tegral Square: contained in it is 19. Then by one Period of o's the 

V I Root becomes < 19. 6" y by a 2d it is 19. 67 j by a ac is 19. 671; 

be carried" further at pleafure} and each of thefe Roots 
^87 I are deficient j i.e. their Figures are lefs than 587 ; but the Difference 

26 1 I is. ftill lefs and lefs: and what I called the Series of Numbers de- 

creaGng, whofe Sums make the Series of approaching Roots, tho' 
ftill defedtive, are thefe.. 19, .6, ...07, .002, &c. and the Series of 
their Sum?, which .make the approaching Root, is 19, 19.6, 19.67, 
19: 67H &>c. And laftly, by adding 1 to each of thefe, we have 
a Series of approaching Roots, but ftill exceffive, tho* the Dif- 
ferences, grow ftilf le(s.' Thus; 20, 19.7, 19.68, 19.673, &e. 

D e M o n. 1. If any compleat integral Power of any Order is 
multiplied into a Number which is not a Power of that Order, the 
Product is not. a Power of that. t Otder; or has not a perfect 
: KjOOt of that Order. Thus ; If K is not a Power of the Order n, 
neirher is A£B n , as has been' demonftrated in Theor. II. Coroll. 4. 

Chap. L - 2 . If 
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2. If the Root of the greateft integral Power contained in A B n is divided by B, which 
is the * Root of the Multiplier TP, the Quote is lefs than a true Root to the given Num- 
ber. For fuppofe r co be the n Root of the greateft integral Power of the Order » con- 
tained in AB", and it's plain that r n is leGthan AB n , therefore take their like aliquot Parts, 

r 3 AB n T r a 

and is le§ than g n , or A ; i.e. -g, the n Root of -g^, is lets than a true Root to 

K. A^ain; If to r, the greateft integral Root of AB n , we add i, and call the Sum s, 

i« s 

then r n is greater than A B n ; and confequently greater than -jjp i or Aj /. ff. g isan 
exceflive Root to A. 

From thefe two Articles we mall eafily demonftrate the Rule of Approximation, thus: 
The greateft integral Root, or Root of the greateft integral Power contained in the 
_ Number being found, what remains to be proved is this only, That the Extraction 

will (to on in this manner without end ; i. e. that there will always be a Remainder, and fo 
a new decimal Fraction wiil at every Step be added to the preceding Root, making the 
whole greater and greater ; yet fo that the Mixt Root wiil ftill be deficient, or its Power 
ftill lefs than the given Number, tho' ftill nearer in infinitum. To ftiew this Truth, conji&r, 
that bv prefixing Periods of os to any Number, we do really multiply it by a Number 
confifhag of I with as many o's as are thus prenYd ; but it's the fame thing to multiply 
the o-iven Number ( whofe 'Root we feek J by prefixing o's, and then bringing them down 
to"the Remainders, or prefixing -them only to the Remainders ; for either way we find the 
Root of the Product ( or -the greateft integral Root contained in it'). Thus, for a Square 
Roor one Period oo multiplies the given Number by 100, two Periods multiplies by 
ioooo, &c For a Cube Root one Period ooo tnultiplies by iooo, and two Periods 
multiplies by ioooooo, &c. and fo of other Powers. But thefe Multipliers are evi- 
dendy true and compleat Powers of their feveral Orders, whofe Roots are 1, with as ma- 
ny o's as we have ufed Periods of o's j therefore, by the firft Article, however far the Ex- 
traction is carried by Periods of o's . thus. prenYd to the Remainders-, i.e. however 
erear the Power is by which we have thus multiplied the .given Number, there wiil al- 
ways be a Remainder, becaufc the given Number not being a trncPower,tho the Mulnpher is, 

yet' the Product is not. Again • By putting all the Figures fbuod by means of thefe Periods 
of o's, in decimal Places, we do evidently divide the Root of the Product ( /. e the Root 

of the oreateft integral Power contairi'd in it) by the Root of the Number multiplied into 

the eivSn Number: Becaufe for every Period annex/d we have one Place in Decimals ; 
\rtiicn is plainly dividing the Root found, confidered all as. a wholeiNumber, by 10, or 
Too, ^Acaking to°tbe Number of Periods - of ■ crt ; employ* . tTherefore, by the ad 
Artide, mis MixtRoot will always be tefi than a.joft foot to the -given ^Nurnber, tho 
ftill approaching nearer, which detoonftrates the Rule as to the Series or deficient Roo.s. 
and as » the elceffive Roots, it's evident- That adding an Umt to the laft Place of the 
Root already found, is adding t to the Root of the greateft integral Power contained in 
the given Number, or to its Product by' the Power which multiplies «t= Th ?^;-^ 
ad Article, the Root becomes ^xceffive. Or it's found by this Consideration, That i in 
anv Place of a Number either integral or decimal, is of more value than all the reft or the 
Number flanding on the Right of that Place, however many Figures there be. 

S C H O LIU M S. 

i The Proof of this Operation is made the feme way as has been already «P^f« 
ehter by raifing tie Root found to 'its Power, and adding the Remainder; or by caiUng 

^/co^e 9 former Method, btfirve, That we need i to rate no notice of R«rt * 
tag a Mis Number, but take it all as a Whole Number, arid, the Remainder fo alfo, «* 
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then the Sum of the Power and Remainder muft have as many Periods of o's on the 
Right as were ufed in the Operation ; becaufe when the Root and Remainder are taken 
for°Integers, Co many Periods of o's belong to the fuppofed Power or Number, whereof 
that Root is the greateft integral Root : But if we take the Root as it really is, a Mixt Num- 
ber, then the Remainder is a decimal Fraction, whole Denominator is i, with as many 
o's as were added to all the Remainders in the Operation, and in this value it is to be 
added to the Power of the Mixt Root : Thu* in the preceding Example, the Root found 
is 19. 672, whofe Square is 386.987584, and the Remainder is, in its true value, *oii4i6j 
for two Periods* or 6 o's, were employed in the Operation ; and the Sum of 386.987584, 
4* .012416 is =387 000000 (= 387 ), which is the fame as if the Quote and Remain* 
der had been taken for Integers, and the given Number had been 387000000. 

As to the Method by calling out j When we fubtract the Remainder from the given 
Number, we may take it either in its real Value, or as a whole Number, and then we muft 
take the given Number, with as many o's after it as were ufed in the Operation. For it 
is the fame to the prefent Purpofe, to take .012416 from 387, or 12416 from 387000000, 
the Remainder in both Cafes being the fame Figures, viz. 386. 987584, or 386987584. 

2: If we point the; true Value of the Remainder at every Step of the Approximation, 
this will mew gradually how much the propofed Power of the Root found wants of the 
given Number ; and as the Root, fo confe.quently its Power continually increafes ; there- 
fore rhefe Remainders will continually diminifh j fo that by obferving this, we can carry 
on the Work till that Difference or Remainder be as little as we pleafe, or left than any 
alfoned Difference. 

fur, if inftead of this, it fliouid be required to extract the Root fo near to a true and 
perfect Root to the given Number that it fhall want lefs than an afligned Difference, i. e. 

fo that this Difference added to the Root found, the Power of the Sum fhall exceed the 
given Number, it's done thus j Suppofe any Fraction j to be the given Difference, with- 
in which the Root is to be brought ; then extract the Root to a Number of decimal 
Places equal to the Number of Figures in r, and you have done j for p is lefs than if 
a is greater than 1 ; and a decimal Denominator having as many, o's as r has Figures, is a 

greater Number than r ; and To a Fraction whofe Numerator is 1, and its Denominator 

that decimal one, is lefs than—, becaufe the Denominator is greater, and the Numerator 

not. Laftly, fince, as has been (hewn, 1 added to the laft Figure of the Root would 
make it exceed a true Root ; therefore, in whatever Place of Decimals the laft Figure of 
the Root ftands, the whole does not want of a true Root to the given Number, an Unit 
of the Value of that Place, and confequently, if the Denominator of that laft Place is a 

Number greater than r, the Root is within ^ of a true Root, becaufe it's within a lefler 

w 

Fraction, and rauch more is it within which is greater than either of the former. Ex- 
ample: Let r be a Number of three Figures; if the Root have three decimal Places 
whereby the Denominator is 1000, the Root is within j~ 3 which is lefs than any pro- 
per Fraction whofe Denominator is a Number of three Figures} fo in the preceding Ex- 
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II. For the Roots of Fractions, 

The Approximation of the Roots of Fra&ions is performed thus : Let that Root which 
the particular Rules for Square and Cube, or the general Rule following thefe, pre- 
fcribes to be extra&ed, be carried on to what Length of decimal Places you pleafe, and 
then divide it by the Denominator of the given Fraction, if you chufe the firft Method 
of thefe Rules; and thus you have a Root ftill Ids, but approaching to a perfect one: But 
if you chufe the 2d Method of the Rule, divide the given Numerator by that Root, and 
you have a Root approaching, but ftill exceflive j and the further the Approximation or 
that Root is carried, the truer will each of thefe fractional Roots be. 

ExaTvpIe. For the Square Root of I take 13 X 24= 312, whofe Root to 1 

, . ^ 1766 88* , _ f 

Places of decimals is ly. 64, which divided by 24 ^3 = 3 ie6 than a true 

Root; or ir is 13 -=- 17.66 = ^zgg" == ggr* g reatcr *"> a true Root. 

Demon. The Reafon is manifeft from the preceding Rules; for the Square Root 
of 4 is -r-B. or A — ABt Univerially, the n Root of 4 is ZW^" ^ ^ 

D 

or A-r b A 2 — 1 F if thefe Roots are perfeS ; and if they are not, yet by approximating 
them we make the fractional Root alfo truer, tho* never perfe&. 

Coroll. Tho' a given Integer is not a perfect Power of any Order, yet there is a 
grearelt Power of that Order, which is a leffer Number than the given one; and alio 
riere is a lean: Power of the fame Order, which is a greater Number than the given : But 
in Fractions there is no fach greateft and lead Power ; becaufe we can find new Roots 
increafing for ever, or decreafing, yet fo as the Powers are ftill lefs or greater than the 
given Number. 

Scholium. There remains one curious Problem relating to the Extra&ion of Roots, 
which goes a Utrle deeper into the Algebraick Art than at firft I defigned : but without it, 
I found I muft omit feveral other curious things: and Gnce among feveral ways of folving 
this Problem, there is one that arifes very eafily and naturally from the ■ Consideration or 
Square Numbers, cfpecially the Square of a Binomial Root (air—'- ™1«r*i) 
therefore I was determined to give it a place here. 

Problem VI. 

H'vice the Sum or Difference of any Square Number, and a certain Multiple of the 
Root- afro having the Multiplier of the Root; to find the Root. Thus : Suppofe R=a*+ac> 
orR = ^-4r;orR=«-«*. Then if the Numbers expreffcd by R and e are given, 
we can find the Number exprefled by a by the following Rules. 

CASE L 

When the Sum and Multiplier are given to find the Root, 1. e. if R=^ + ^5 and 

^TfoThlVum^dd the Square of half the Multiplier, (or a 4th of the ; Square ot the 
MukM=eO ExnS the Square Root of this Sum ; and from it fubtract half of the M J- 

^S^ } RSto is the Root fought. Which Rule is exprefled in CWlers thus: 



R + 71 



Chap. 2. Approximation of Roots. 193 

Bxampk* R=2i> f — then is a = 3; for 4X4 = 16, whofe 4th is 4; then 21 -f- 
4=325, whofe Square Root is 5, from which take 2 (= the half of the Multiplier 4) the 
Remainder is 3 the Root. JPn?o/\- 3x3=9, 3x4=1 2, and 12 4- 5> = 21. 

Demon. Since by Suppofirion, R add -~ to each Side, then R + — = 

- 4 4 

^l^-f-j which lafi: Expreffion is a compleat Square, whofe Root is therefore 

<l " ' 2. 



_1 ( 

„+S=R+-l* (^*. 1.; and fubtratfing - from both, it is, *= R4-,S#_ 1 Which is 

24 2 '41 a 

the Rule. 

CASE n. 

If the Difference and Multiplier are given, to find the Root; 

Here there are two Rules, according as the Square or Multiple is fuppofed to begreateft." 

1. Suppofe the Square greater than the Multiple, i.e. R = & — a c. 

Rule. To the Difference, add the ±th of the Square of the Multiplier; and to the Square 
1W of the Sum, add half the Multiplier: this Sum is the Root foucht. Thus: 



4 l 



Example. R=a8, ^ = 3; then is 4=7: for if = 2=2 andR+— = 28 + 2 * 

4 4 4 4 4 

=3 30J = H?, whofe Square Root is " or 5 1 ; to which add 3 or 1 L the Sum is 7. 

4 4 2 2 2 2t 

Vroof. 7X7=45?, and 3x7 = 21; then 49 — 21 = 28. 

Demon. Since ft. * add if to both Sides; then is R-f 

4 4 4 

Which laft Expreffion is the Square of Wherefore a — L=R-f and ad- 

ding 1 to both Sides, it is *=:iujZj T + 1- o^m, TWi»-« -f- is the Squart 

2 4' * : 4 

either of * — or -~ yet we cannot here ufe a; for if * is left than is leis 
than « c, contrary to Suppofition. 

2. Suppofe the Multiplier greater than the Square, /. e. R=ac-~ a*. 

R u l e. From the 4th of the. Square of the Multiplier fubtrac* the given Difference; 
f which cannot exceed the Multiplier, if the Problem ispoffiblej; then extract the Square Root 
of the Remainder; and either add it to, or fubtra& it from half the Multiplier, (which is 
greater than the other, if the Problem is poffible); the Sum or Difference will either of 

them folve the Problem. Thus: a=~ 

2 




1 

Example. R=s£ * = j; then is a 
hoof. ac=i S ; and^r— ^ = i 5 -. 9 =5d=R. Alfo, *=2=£— ^=| Vroof. 

^ i =io-4= ; <J=R, Cc Demon; 
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cc cc cc 

Demon. Since R~ac — a z . Subtract each of thefe from then is - — R=~ —ac4-*> 

4 4 4 ' 

c c e c 

which laft is the Square either of a — or - — a. Wherefore a — ~ or - — a (a C . 



1 * 



•oing 



2. 



or takin* 



c - cc . \\ 



a __ - . b y adding - to both Sides, it is * =- + "J— R | i and taking - — a, add 

to both Sides, it is a= ^~~~J~~ R I ' 
There remains yet to be demonfhated, That ~ can never be lefs than R, if the Problem 
is poffible j and that ^ is greater than — — R|\ Now it is plain, that the Solution is im- 
poffible, according to this Rule, if R is greater than ^ and that if R does not exceed 

c l, one of the Solutions is good. But to ftiew that the Problem will always neceflarily have the 

4 cc 
o Solutions explained, ir muft be lhewn that R cannot exceed when it is = ^ 



and then the other Part will eafily follow. ' 

To demonitrate this, we mufl firft obferve, That a may be either greater or letter than 

- confidently enough with R = ac — a a. For this requires no more than that ac be 

2, ■ 

greater than a a, which requires again that a be tefe than'*": 
greater or than ^ > providing it be kfs than c, (as it may be) ac will be. greater than 



conrequently 



C C to r . . » f» 



aa. Aiam\ Whether we take «— - or - — a, the Square of it is — *' + ~ = - 
tf c _1_ tf i, which is alfo = — — ac — a a — R, (became <zc — aa~R.) But the 

1 4- 4 



4 

c c 

being real cr pofirive, fo muft die Square be j /. e . — 



.. Or, if 4= 



L 3 then a'-= C —, and 2« = <-j alfo 2 = 5 confequently *c — aa~zaa — aa—aa^ 
2. 4 ■ ■ 

snd = *a =R. So that R can never be greater than -> tho' it may be either 

4* ^* 

eoual or Iris. And obferve, if they are equal, then, there is but one Solution, tf=;j 

4 



for here bo:h the Solutions coincide. 



For the fecond thing, viz. that - is greater than - — Rf i confider that^- is greater 

2 4- . 



than 



f c 
4 



is greater than ^ — R|* . Or, we have 



this in the very Suppofirion; for, by the firft Part the Demon ftratiori of this 
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\ upon that very Suppofition that - is greater than a- ? 
* = ^ — <x, and confequently ^ greater than - — Rj*. 

SCHOLIUMS. 

1. If the Difference of the Square and Multiple of the Root is given, without determi- 
ning which of them is greateft, then we muft try both Rules. 

2. This Problem is what the Algsbraifts call, Extracting the Hoot of an adfe&ed Square, 
(i. f. wherein the Number given is the Sum or Difference of a Square, and a certain Mul- 
tiple of the Root; whofe Multiplier is alfo given ) The Solutions explained are all that are 
real and pofitive; yet the Algebraick Art confiders two Roots or Solutions in every Cafe: 
But the Roots that I have not explained are only negative and imaginary; and to fay any 
thing farther about them, were to exceed the Limits prefcribed to this Work ; and for the 
fame Reafcn I am obliged to fpeak nothing of extracting the Roots of higher Powers that 
are adfected. • 



CHAP. III. 

* 

■ 

The Arithmetick of Surds. 

WHAT a Surd .is has been already explained: It has been demonftrated that 
every Number ^has not a perfect and determinate Root 5 but yet that we can 
find an Approximate Root within any aflignable Difference of a true and com- 
pieat one; fo that it may be truly faid, that the Quantity which hinders any Number 
from being a compieat Power of any kind, is infinitely little; or that a Quantity infinitely 
little ( or lefs than any afiigned one ) being taken from the Quantity cxprefTed by any given 
Number, the Remainder & a Quantity cxpremble by a Number (of the fame Parts; 
which is a truc^ower of the Order prppofed ; with this Difference, that it will be a fra- 

ftional Power and not an integral.' Now fince. Surds, or indeterminate Roots, can be de- 
termined infinitely near; add fince the ; indeterminate Series goes on by a certain Law or 
Condition, it may be conceived 'as feme whiffle -and compieat thing of its own kind; and 

therefore, taking Surds .under the general jExpreflion of Roots* as N", we may apply ail 
the Theory of Chap. I. and all the Operations of Arithmetick to them* as if they were de~ 
terminate: For thus we can form general Ideas of S^ras,i?ifferencos, Produces and Quotes 
of Surds, imagined under the Notion of compieat Quantities of their own kind, the fame 
way as we do pf rational or. determinate. iRoots expfefled after the fame general manner. 

And hereby we can difcover certain Connections and Relations of Quantities thus repre- 

fented, which may leajd us to fbme other particular Truths we would difcover. 
Jrt-tme { indeed, .that as to, any .-aftaal- Operation withfuch Roots it can orriy be made in 
an imperfect manner, by wav of Approximation ; yet fince we can approximate or deter- 
mine the Root fb far, that taking it for true and compieat, the Error it can make in any 

Operation , or Conclufion mall be- wichin^any . arguable Difference of what it would be if 
the compieat. Vaiue^f itr^e : Surd coujd lPfiffifely • determined and ufed in the Operation : 
Therefore : our^argujng w^cft $ern a$ we dft with; .rational and; determinate- Roots, isifo far at 
fcaft juft and conclufive ;~ and" is^leed aljfolujejy.fo, taking them in general and -abftradrJy. 

Cc 2 To 
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To iiiuftrare this by a few Examples: The Sum of y/% and \/n may be expreffed 
hi general •/ 8 + */ I2 » whatever thefe are in themfelves: and if we would apply r his by 
an 2ft ual Operation, then we can approximate each of thefe Roots Co near, that their Sum 
fhali want leli than any affigned Difference of what it would be if the Roots could be 




Example 2. io multiply y » D / 3> - may oe exprenea tnus, 3* y 0, ana Dy Ap- 
proximation we can find a determinate Number for yf%, which multiplied by 3>theProdud 
fhail want lei's than any aiSgned Difference of what it would be if the Root could be 
complsatly determined. 

Example 3. The Prod uck of </S and \/6 may be expreffed y^8x and by Ap. 
proximaricn we can take -y/8 and \/6 fo near, that multiplying them together at ever/ 
Step, the Products fhall ftiil increafe and come within any afligned Difference of what i: 
would be were the Roots determined. 

Again : Tho' Surds can never be reduced to determinate Numbers ( for then they were 
jic: Surds ), yet in many Cafes their Sums, Differences, Produces and Quotes can be ex- 
preffed after different ways ( by means of the Theory explained in Chap. I.), which are more 
oriels fimple and convenient , fo that what by the more general Rules can be expreffed 
only by Signs of Addition, &c. may be exprefled more fimply, either by one Surd, or 
.by an Expreffion partly furd, partly rational, and in fome Cafes altogether rational. Now 
to this tends the more particular Pracrice or Arithmetick of Surds ; which depending upon 
certain different Forms in which the {ame Surd may be expreffed, therefore the firft thing 
to be explained is The Reduction of Suras', the Demonftration of which depends upon the 
Theorems in Chap. I. applied to Surds. 

O&ferve alio, That all the followiog Practice is equally applicable to rational Roots ex- 
preifed in the general radical Form j for when we take general ExpreflSons they compre- 
hend all poflible Cafes} and the Practice propofed is often as convenient with refpect to 
Rational? as Surds, becaule it's convenient fomerimes to exprefs even rational Numbers 
in this radical Form ; and therefore, tho' it's commonly called the Arithmetick of Surds, it 
•were as proper to call it the Arithmetick of Ra&ak. 

Reduction of Surds (w Radicals). 

"Case I. To exprefs any Number in Form of a Surd ( i. e. in a radical Form j. 
Rule : Raife the given Number to the Power of the Surd, and then apply the Surd 

Index, thus; 8 =s 64 s ", for 8x8 = 64- Universally, A = AV- 
The RcajoB is manifeft from the Definitions, and Ax. I. 

Case II. To reduce a Surd with a Mixt Index (/. e. whole Numerator is greater than ij to 
another, having a fimple radical Index (i.e. whofe Numerator is 1.) Rule: Involve the 
Number given to a Power whofe Index is the Numerator of the Mixt Index, and to the 

Number found apply the Denominator radically. Example : 8 T = 64* j for s= 64. 
Univerfally, A 7 = A^ r . 

n 

The Demovfiration of this is plainly in the Definition : For A c expreffes the r Root of 
the n Power (which is alfo the n Power of the r Root* by Theor. X.) 

Case IIL To reduce two Unlike Surds to Like : i. e. having two unlike Surds of 
the feme or different Numbers, to find other two Surds equal refpe&ively to the given 



ones, but having the fame Index, and that alfo the leafV. poffible i and fuch too, that the 
Numbers under the common Index be the leaft poffible; Rule. 
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RULE. Reduce their Indexes to one common Denominator by the Rules of Fra- 
ctions. Again, find the' greateft common Meafure to both the new Numerators, ( i e. the 
ereateft Number which will divide them both without a Remainder,) by the Method 
might in the Reduction of the Numerator and Denominator of a Fraction to their leaft 
Terms j make that common Meafure the common Numerator to the common Denomi- 
nator before found : The loweft Terms of this Fraction is the common Index fought. 

Again \ Divide the new Numerators mentioned by their greateft common Meafure, and 
mark, the Quotes \ then, involve each given Number to a Power whofe Index is the re- 
fpeitive Quote \ and that is the Number to which if the common Index is applied the 

Cafe is. compleady folved. 
Example: To reduce 8 1 and 15 » to Like Surds, with the other Conditions propo/ed. 

1. They are &^ and I5 T , by reducing the Indexes^ and | to one Denominator j 
Then the greateft common Meafure of the Numerators 2, 2, is 1, and the common In- 
dex isT j and to have Numbers to which it inuft be applied, I raife 8 to the 3d Power, 
and 15 to the 2d, (for here the common. Meafure of 3 and 2 is 1, which makes the 
Quotes the fame,) thefe Powers are 512, 225 - 7 wherefore the Surds fought are 512^ 
8 T , and 225 7 — 15 1 ". 

Example*. To reduce 4'^ and 5 $ : They are firft 4^* , then the greateft com- 

■ 

mon Meafure of 14, 12, is 2; and fo — - is the common Index, which is in its leaft 
Terms 



are 



ms. Again j The Numerators 14, 12* divided by their greateft Meafure 2, the Quotes 
7, 6, and 4 7 = 16384. 5* = 15625. Then laftly, 16384^ = 4 T . 1^62^ =1^, 

Example .3. To . reduce 3* and 4* : They are firft \™ , 4^, and the greateft Mea- 
fure of the Numerators 3, 6» being 3, the common Index is ^ in its leaft Terms ; 
then 3, 6, divided by 3,; the Quotes are 1, 2; and 3' = 3: 4*= 16: Wherefore, laftly, 
3*, 16* are the Surds fought. 

Demon. Let A 5 , B* be any two Surds, (where, if r or n are 1, the Surds are 

fimple.j Thefe are firft' equal to A% E% by Reduction of the Indexes- to one Deno- 
minator, (Tbeor, XI. Cb. I.) Suppofe m to be the common Meafure to ru, ns, and let 
the Quotes.be r*-r-/*=:*- n s r ~- m =^ • f 0 that ru^mx, and »x=wy: Then the 

Surds are A«", fi«, that is, (byZbeor.XU.) a*|* u , T&F*i which is exactly the Ex- 
preffion of the Rule,- fuppofing-w-the greateft common Meafure of ru, ns, and — to 

v\JH I? J?? ? C ' m ^ i° r if /! ^J 1 ^ T*™! s ' 7* l ts Iow : ft Terms Wng put in its 

"~ ~" " " " - - not the 

redue'd 

1 

« . ■ — * — — -j — j — r T *.-^«» ^ iiwaw* v p*iu** nux mwuj tim coco on* 
iy happen when w is the greateft common Meafure. 




H(«)l 



SCHOLIUMS. 



X \? wil1 be tbe fame thin S if we firft reduce the given Surds to fimple Indexes, if they 
are .Mixt, and then reduce thefe new Indexes to one Denominator, and «o on with the 
reft as in the Rule. 1 



go 

2. When 
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Whan there are more Surds propoted, the Operatiori and the Reafbn of it is the 
fame j exceut that we have nor yet learn'd bow to find the greateft common Meafure to 
3 or more 'Numbers (which you'll find in Boot IV. Ch.l.) and therefore, xill that be 
learn'd, we muft be content to reduce the Surds to Likes, tho' not in their loweft Terms, 
by ufing i as a common Meafure, which makes the Dividend and Quote the fame. 

Case IV. To reduce a Surd having a fimple Index to lower Terms ; i. e. to an 

equivalent Expreftion in which there is a fimilar Surd of a iefler Number multiplied into 

fome rational Number. 

Rule. Among the Numbers greater than i, which meafure the given Number, (or 

Surd Power ) feek one which is a fimilar and rational Power, by which divide the given 
Number : Take the Qtiore, and to it apply the given Index - 7 and multiply that Root by 
the Root of the Divifor : This Product is the Exprefiion fought. 




i. S* = 2X2S for 8 — 4 = 2, and 4 



1 

T - 



1 • t 




> 2. 



6±$? = 2 x 8i'=3X24 T ; for 648-^-8= 8r, and 8* = 2 j whence, 
by the Rule, the ifb Solution is 2 x Si 5 . Again 3 648 -h 27 = 24, and 27? = 3. 
whence the 2d Solution is 2 x zaJ. 



Demo >j. Suppofe A-rD a = B, fo that A = B x D n , then is A" = b x D n p, (Ax. 

I.) and B x D a F = D x &«, {Timor. HI.) which, is precifely conform to the Rule; A 
repreiendng the given Number. : ' 

SCHOLIUMS. 

1. If die Power by which we meafure the given Number is. the greateft Like Power 
which meaiures it, then we. find the loweft Terins of the given Surd.. , 

2- \<rto the finding the Numbers riat' meafure any given Nurtberi you'Il'have 1V more 

izJticalarly explained in BookTV. Cbap. L :..Here we <fuFpofe ^hefe .to-. 1*e .given ; bp- 

caufe from the 1 Nature of the Thing this Rule for finding^ them is qb.vipus,, v&. To try 
all the Numbers not exceeding the : fcalf of me given dumber'; for all oFthefe which mea- 
fure it, together alfo with the Quotes, make all the Numbers char,, [meafure k. -But unlets 
thefe Meaiures th2t ferve rhe prefent Problem are obvious, the finding them out is more 

Trouble than is always ceceflary. * - _ 

? If the riven Surd has a mixt Index, the Ome .kind of Reduction may, be per/oraxd 

by reducing Tt^rft to a Surd with a'fimjfle Index and then agplying-'^he prefent .Rale. 
Andasam^If-me-Number under tfielraa^cal '^gri'in the AnJwerJ'thus JS a ra _ 

tional Power of"me Order eimr^ by taking 

the Root of it we <may alfo i^oce,me wbpte to ,*^tdiWith; theigivertmixt^Inde*. Thus, 

i 9 2^isfirit=568547 ( = i~9^U ,wl^ agam, .reduced 4sr^-! 6 x.9^ ft* t^= 4 o^, 
and tr53<U-H ±096=9 : And becaufc.9 isra Square, 
16 x 9* = 16 x 3* ■= 192 5 . 



Cokot£. ; .Hence we fee pfc&djr; That. Ope .foilar Surd. mxf : t» a M^ple or «i- 
or Part of ^nffiW. "Bat- obfarve thatm,#'rj(yta£this ; ttfPra^.41 ^. «n make of 



Ttatrttg^er Sard at9r~o*im&TO : f»^;^^ 
P--- ro.rhef.me decree, rhe Q^^fc^«~ ™"«~J 



ppesrs ro' be itie Quote: But bein* approximate 
nearer and nearer ^ aftfe*. tie Quote be^neaier « ^»i^;.to that other, ajueh 
we here call ;tbe : Ini andGompleac Quote. i«ir the .fame .Dividend be divided^ 
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an y other Surd or Number whatever, the Quote can be brought to exceed that true 
Quote, or will never be brought within an aflignable Difference of ic; and therefore it's 
jaitly called the true Qao:e of thefe two Surds. 

Case V. To reduce any two Surds to Expreffions, having a common Surd,/. e. to 
Expreflions that are Products of rational Numbers into a common Surd. 

.Rule. Reduce the given Surds to the fame fimple Index, if they are not fo already 
(by Cafe j.J: Then find the greateft common Meafure of the Powers (or Numbers un- 
der the radical Sigrjs ) j .and taking the Quotes, examine by Extraction if they are rational 
and fimilar Powers of the Order cxpreflTed by the Denominator of the common fimple In- 
dex; if they are, their Roots are the rational Numbers fought- and the furd Root of the 
common Meafure is the furd Part fought : But if thefe Quotes are not fuch fimilar Powers, 
the Queftion is impoffible. 

Example:' To reduce 12- and 27*: The greateft common Meafure of 12, 27, is 3, 
and the Quotes are 4, 9. which being rational Squares, I take, their Roots 2* 3, and mut- 

tiply them into the. common Surd y, and the Expreffions fought are 2X3* = 12"* 

and 3x3-=: 27*. 

Demonstr. Let A^,- B-^ be the given Surds (or the Expreffions to which they 
are reduced ) : Suppofe A -r- m = a n , and B -~ m = b n , fo that A = m x a n , and B = 

mXl^.j then ' A" '= {Ax. I.) ==s a X to", (Tbeor. I. Cor.) Alfo B" = TuklFF* 

which is exactly according to the Rule, fuppofing m to be any common Mea- 
fure; And the &eafon why it's, in the. Rule called the greateft common Meafure, is, be- 
caufe if the greateft will not quote fimilar rational Powers, none of the other common 
Meafures- will; which -remains to' be demonftrared. Thus; take the given Surd Powers 

frattionwife, -g-'- Tnis is not ah immediate fractional Power of the Order n, becaufe by 
Suppoficion, neither A or B are rational Powers of that Order : but if any other Fraction 

equivalent to ~g is ah 'immediate Power of that Order, the leaft Terms of -g- will be 

foj and if the leaft Terms are not fo, no other Terms can be fo, ( as has been demon- 
ftratcd in the Rulo tor Extracting the Roots of Fractions ) i.e. if A, B, being divided by 
their greateft com mpo / Meafure .do not give for Quotes fimilar- rational Powers of the Or- 

dcr ;f ^diher can t^eir Quotes; b t y any .other common Meafure do fo. 



"'II 



r scholium s. 



1. The greaeeffc gommon Meafures quoting fimilar rational Powers, is a certain Chara- 
cter of the Problems being poffible, tho' none of the other common Meafures fhould 
make fuch Quotes j but if any of thefe others do fo, thefe would make fo many different 
Solutions to the Problem ; in "which rW Difference is - to be obferved, that the leffer: the 
common Meafure is which we ufe>- the letter Terms will the Solurion be in, as to the Surd 

Km; . And the Reafon why we . dhuTe the greateft : Meafure in the Rule is, beca'ufe that 
tno from- "any ottrer Meafilre's giving Quotes which are rational Powers we are fure that 
the Problem is pbffible^ yet we can conclude it impoffible from no other but the greateft 
common. JVIeafuri giving Quotes which are not Like Powers. 

' > Sf- &e two -Surd P6wers ^re.Fraaiom,. then deduce them to any common Denomi- 
nator., and if the new Numerators are reducible according to this "Rule, ' fo are the given 

Surds. 



4 



to 
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Surds. One Example will fhew this: Sappofe -T, the Numerators 12, 3, taken 

radically., viz.. 12% 3% are reducible to chel>, 2x3*, 1 X 3*, or 3 T j wherefore the gi. 
ven Surds are reduced to thefe, 2 x , and - 5 f. 

Again ; If either the Numerators or Denominators of two Fractions, affected with a 
rimple r-dical Sign, or reduced co that State, are rational Powers of the Order exprefled 
by the Denominator of the Index. The Fractions need not be reduced to a common 
Denomiriaror ; for we need only examine if the other Terms are reducible to a common 

Surd Power: Thus ; Suppofe-2*, Hj = : Here the Denominators, 16, 25, are Squares, 



io| 25' 



whofe Roots are 4, 5. Again ; 50* = 2 x 25 2 = 5 x 2*. Alfo 72 1 = 2 x 36 1 =6 x z\ 
whence it's plain that the given Surds are 2 2 x — , 2 2 x - . And had the given Surds 

i&l- 25]f 

50! * 




^j 2 , the Solution is I x ^-j*, "6 x ^ * > for l6 * ~ 4" T°^ == 5 x ^ then 



is 



^-F=r-^-r=7 x -V, or * x lj T , and fo of the other. 



3." This Cafe is commonly called F'zzdhig, if two Surds *re commenfurable j i. e. if they 
have a common Meafure, or if there is any Surd which meafures or is an aliquot Pan of 
each of them j whereby they are reducible to Expreflions which are the Products of that 
common Surd into the refpecrive Quotes. Obferve alfo, That the Meafure of a Surd muft 
be a Surd, which is manifeft ; for if any rational Number fliould meafure a Surd, or be 
an aliquot Pan of ir, then that aliquot Part and its Denominator ( or the Meafure and 
Quote ) would produce the Dividend, /. e. two rational Numbers would produce a Surd, 
which is impoffible. 

The Vfi of theft "Redu&ions in tbs common Operation of Addition, &c. I fiall briefly 
Jbevj thus: 

In Addition and Subtraction of Surds. 

If one Surd is to be added to or fobtra&ed from another, and if they are commenfu- 
rable, i.e. reducible to a common Surd, by Cafe 5. this Reduction being made, or if the 
given Expreflions are of this kind, the Sum or Difference of the rational Parts multiplied 
into the common Surd Parr is the Sum or Difference fought, in a more Ample and con- 
venient Form than connecting the given Numbers by the general Signs of Addition and 
SubtracHon, which is the general Rule for all other Cafes. 





x. Sf* -f 50*= 2 x 2* + 5 X 2*= 7 X 2\ 

i J_ J_ J_ j_ J, 

2- 54* l6 } = 9 X2* 2X2'=3 2 X 2*"= 2 3 - 

The Sum or Difference of two Square Roots may be alfo exprefs'd. thus: Take the 
Surd Powers, or Numbers under the radical Sign} to the Square Root of double their 
Product, add their Sum, or fubtract that Root from this Sum 5 the Square Root of t his 

Sam or Difference expretfes the Sam or Difference fought, Example': 5 T + 3 a =8+3° 1 > 



ands 4 — 3 i ==8 — 30^ 
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t T * t X 

Demon. Suppofe A T — ^ B T = £; then is ^ssA* x B r '=AB* (Mntr, 3.) and 



^ _L B* = a + b = a* + b* + 2 * * j . Alfo A"*-?b* = *~ * = 24^ 



which is exactly according to the Rule. 

i^r Multiplication and Divifion of Surds. 

If one Surd is to be multiplied or divided by another; then if they are unlike, reduce 
them to Likes, and examine if they are commenfurablc, /. e. reducible to Expreffions, 
wherein the fame common Surd is multiplied into rational Numbers; and if it is fo, mul- 
tiply or divide the rational Parts, the Product multiplied again into the Square of the com- 
mon Surd is the Product fought: fo that if the given Surds are Square Roots, the Product 
is rational. But in Divifion the Quote of the rational Parts alone is the Quote fought; 
which is therefore rational. 

Example. 72^x32* = 48. For 72 = 8x9, and 9* = 3; therefore 72* = 8x9* 



. j. ■ « 



<fxfc 1 =3XS T . Again, 32 s =4X 8 V = 4*X 8 T = 2X8 T : fo that 72 1 X 32* = 3 X 8 



1 » * j 



x 2 X 8 r =3X2xS T x8 T = 6x8 = 48. And 7 2 7 --32 2 = 3 x 8* -H-2 x 8* = 3 

Demon. Suppofe A" = a x R", and B" = b x R^; then A^x B" = <j£xR^x 

zzabxR". Wherefore if n = 2, the Product is*£R. Alfo A"-r-B^= a x R" xR" 
=sa~b. 

SCHOLIUMS. 

1. To multiply firailar Surds: If we multiply the Surd Powers, and apply the 
fame Index to that Product ; this exprefles the Product fought more (imply, than by the 

general* Sign of Multiplication. Thus: A~x B~= AB" {Theor. 3. ) Again; if this 
is reducible, bring it to loweft Terms, and you'll have in many Cafes the fame Pro- 
dud that the preceding Rule brings out; and it's always the beft we can make of it, 

when the given Surds are not commenfurable. In the preceding Example, 72* x 32* = 

72 x 32^ = 2304* =48. 

2. If a rational Number is multiplied into a Surd, it may be fometimes convenient to 
exprels it altogether radically; for which you have a Rule mTbeo.y Cor. Thus: Raife the ra- 
tional Part to the Power whofe Index i ; the Denominator of the iurd Part, and multiply this 

Po wer int o the furd Power ; then apply the radical Index. Exam. AxB" = A n B n , and A X B a 

= A"B^fcrB"=B^. 

3. If a Surd and rational Number are multiplied; and if the Surd is reducible to lower 

Terms, the whole Product is fo. Thus: 6Xtf* = 6x 3 x 5*"= i8x 5^; 6*45=9x5, 
and 45 T = 9 T x 5 T =3X5 T . 



You may apply the fame Obfervations to Divifion. So for the lit 72* -f - 32* = 72-^32* 



4* or .2P=A 
4' 2 

And from this Example, wherein the Product or Quote becomes rational, we have a, 
farther remarkable Proof of the Reafonablenefs and Ufefulnefs of our treating Surds, and 
working with rhem in all refpects as with Rationais or compleat Roots; for if any other 

Number than 48 is /uppofed to be the Product of 72* x 32T, we can prove it to be falfe. 

Dd r Thus; 



202 Theorems relating to Book III, 




b 



equal to ;2 T X }i T (Theor. 3.) And tho' 7a 7 , 32 s are furd, yet being infinitely ap- 
prosimable, their Product will grow infinitely near to 73 X 32* = 48 j which is therefore 
the true Limk or compleat Value of 72 T X32 7 , beyond which it cannot poffibly grow; 

nor can it be fuppofed lets becaufe we can approximate 72* and 32* fo far, that the Pro- 

duel {hall exceed any afiignable Number lefs than 48 = 72* 32."""^ for eke they were not 
infinitely approximate, as is fuppofed and demon orated. 



CHAP. IV. 

Containing fevered Theorems relating to the Powers 

of Numbers. 

IN the following Theorems and Corollaries are comprehended all the Proportions of the 
S*covd Book or Euclid :hat are applicable to Numbers, excepting four, which are 
*. erred already explained in this Work ; but that you may fee them all in this Place, 
I o.-icflv repeat thefe four. 

1. It cue Number A, ( or Line, as it is in Euclid, BpokTL. Theor. 1.) is multiplied fe- 
verally into all the Pans of another B = * -f- £ -|- &c. the Sum of the Products is the 
Product of the two Wholes j thus A * + A b~\- A &c. = A B. This you have already 
in Lemma 3 C£ 5. Bw£ I. which, obferve, is equally applicable to Fractions and Integers. 

2. If any Number is multiplied into all its own Parts feverally, the Sum of the Pro- 
ducts is equal to zh: square of the Whole ; which is the Confequence of the laftj thus, if 
N = *_-f b 3 ±sn is N-=N a + N b ( Euclid, Theor. 2. ) 

3. If a Number is divided into two Parts, the Product of the Whole and one Part, is 
equal to the Sum of the Square of this Part, and the Product: of the Parts : This is alfo a 
Confequence, or particular* Cafe of the ill: Thus, if N=* + £, then i$ a = a*-\-ab, 
( Euclid, Theor. 3 . ) 

4- If a Number is divided into two Parts, the Square of the Whole is equal to the Sum 
of the Squares cf the Pans, and twice the Product of the Parts : This proceeds alfo from 
the lit: Thu?, if N = then N 1 = « s + £'--(- 2 a b, (Euclid, Theor. 4.; 

The reft of Euclid you have in the following Theorems. 

Theorem I. 

The Square of any Number is equal to the Difference of the Products of that Num- 
ber, multiplied into any greater Number, and into the Difference of thefe Numbers. Or 
it is eqjal to the Sum of the Products of that Number multiplied into any leffer, and into 
the Difference of thefe Numbers. 

De mon s tr. (1 ) Let two Numbers be a, a-\-d, wherein d is the Difference; 

then c -Aa-L-d = d* -\- a d' 7 hence a-= a *a-\-d — ad . (2.) Let the Numbers^ 

a — a, a, wherein d is alfo the Difference 1 then a x* — d — * a d, mdai^dXa—* 
+ dd. THEOr 
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Theorem II. 

The Sum of the Squares of two Numbers is equal to the Sum of twice their Product 
and the Square of their Difference. 

DEMONSTR. Let the Roots be a, b, then a x -f- b* = 2 a b ~\-a — b- 7 for a — b'-z=. 
a i — 2 a b -|~ £*; whence the Theorem is manifeft. 

Or let the Roots be a, a + b, wherein b is the Difference ; then is a 7 - + a-\-l? = a - 

Scholium. In this laft Form we fee plainly comprehended EucIrtfsTkeor.j. which 
is ihisj If a Number confift of two Parts, (a, b,) the Sum of the Squares of the Whole 

nd of one Parr, ( viz. a -f- b 1 -\-a*) is equal to double the Product of the whole into 

this Part, and the Square of the other Part (viz. 2 * x*-f-£ + b x ). 

Theorem III. 

■ 

The Sum of the Squares of two Numbers is equal to the -j Sum of the Squares of 
their Sum and Difference. 



a 



Demonstr. The two Numbers being a, b> then a 1 + b % = — ^ — JZ J f or 



jT+£*==4* + 2*£ + **> anc * * — £ — a^^ + ^** an< * 'ke Sum of thefe two 



Squares js 2 2^ whofe — is + 

2 • 

Coroll. The Sum of two Squares is 'double the Sum of the Squares of their >half 
Sum and half Difference; for * + a — b> may reprefenr any two Numbers, whofe half 

Sum is a, and their half Difference is &- f but we fee above that -f* 2 & z = J^fT + 



.1 

# — b • 



SiCHO LIU MS. 



1. This CorrolUr.y - is in effect the fame as \Ew/m& Theor, p. «ms. If a Number is di- 
vided into two equal Parts,./?, a, .and .into two unequal Parts a-\-b. a — b, (whofe Sum 

is 2 a) the Sum of the Squares of the unequal Parts, (viz. a-\-b Z -\~ a — b 1 ) is equal to 
twice the Square of the half, ( viz. 2Xa z ) and twice the Square of the middle Part, or 
half Difference of the unequal Parts (viz. ixb 1 ). 

2. If we exprefs me . fuppofed Numbers thus, a, a-\-b, then. the Theorem is * 2 -f- * -fb* 
^ z a-{~b -f- £ ^ ^jf 0 ^ taking b and 2 a -f- b for two Numbers, whole Sum is 2<a-f- 
2 and their half Sum a -f- b, and half Difference a, the preceding Corollary is thus ex- 

prefTed, za + f -j-^ = 2X a^.? + 2X/» l : Which ■ is , in effecT: the fame as Euclid, 
i'heor. 10. was. If .a Number is equally divided jntp two Parts, a, and to the whole 2 a 



another Number-be added as £,-»the"Square of the^Sum, -viz. xa<=f*b , .and .che -Square .of 

D d 2 -the 
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the Number added., viz. b=-, are together equal to double the Squares of -j- the ift Num« 
ber, and of the Sum of that half and the Number added, viz. 2X a ~\-b <*. 

Theorem IV. 

The Sum of the Squares of two Numbers is equal to the Difference betwixt the Square 
of their Sum and double their Product. 

Demonstr. The two Numbers being a, b, the Theorem is a z -^b 1 = a -^ C—iab> 

for a 4- b = a- -\- 1 ab h- > from which take lab, remains a- -f- b % . 



Let 



la -\-b ~—±ab. 



CoROLL. The Square of the Sum of two Numbers is 4 times their Product, more 
the Square of their Difference. This appears by making a, a-\-b, the two Numbers, 

whereby za-\-b is their Sum, and then adding $ab to both Sides, whereby 

Scholium- This Coroll. is the &me in effect as Euclid, Theor. 8. viazjf a Number is 
divided into two Parts, as a, a-\-b - 7 then 4 times the Product of the whole, and one Part, 
more the Square of the other Part, is equal to the Squares of the Sum of the whole and 

that Part. 

Theorem V. 
The Square of the Sum of two Numbers is equal to the Sum of the Square of one 

of them * and the Product of the other into the Sum of this other and double the former. 

Alfo the Square of the Difference of two Numbers is equal to the Difference of the 
Square of one of them, and the ProduS of the other into # the Difference of this other, 
and double the former. 



DtMONSTR. I. « + *~ = tf-- + 2**+* i = * a + 2" + *X*. 




2 . ^ZTy — a a b+b*=* % — 2 a — bxb. 

Scholium. The firft Part of this comprehends Euclid, Theor. 
ber is divided into two equal Parts a , a , and to the whole 2 a, anotb- 
ded; the Product of the Sum za-\-b by the Number added b, viz. 

gather with the Square of i the firft Number, viz. a z , is equal to the Square of the Sum 
of this half Number, and the Number added, viz. a-\-b 

Theorem VI. 

The Difference of the Squares of two Numbers is equal to the Product of their Sum 
and Difference. 

Demon. J+Sxi^J = + — — **. 

COROLLARIES. 

I Of two unequal Numbers, a + b, a — b, the Square of half their Sum, viz. (for 
2 a is the Sum) is the Sum of their Product, viz. &—by and the Square of their Dnte- 
fence, viz. lr. 
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Scholium. This is Euclid's Tbeor. 5. viz. If a Number is divided into two equal 

Parts, and into two unequal Parts, a-^b, a — b\ the Product of the unequal Parts 
Ufa j~£Zf'bx a — b=a % — b 7 ) together with the Square of the middle Part, (i. e. of half 
their Difference, b*) is equal to the Square of half the given Number, viz. a z . 
2. The Sum and Difference of two Numbers are the reciprocal aliquot Parts of the 

Difference of their Squares. 

2. The Square of any Number may be produced after a new Method. Thus: Let the 
given Root be N, affume any other Number A; the Product of their Sum and Diffe- 
rence, which call /», is the Difference of their Squares, /. e. £=N* — A 1 , or A 2 - — N*. • 

Hence N* = A*4"^ or Aa ™ P- 

4. Take any Number A, and make a Series from it continually decreafing by 1, till the 

leaft Term be 1 j alfo a Series increafmg by 1, to the fame Number of Terms 5 multiply 
the correfponding Terms of the two Series together - 7 the Products make a Series decrea- 

fing in fuch a manner, that comparing each 
Product to the Square of A, the Differences 
are the Series of Squares of the natural Pro- 
greflion, 1, 2, 3, &c. the Dedu ction o f which 

from the The or em is eafy. Thus: A — »xA+» 
=A* — N a . But the Differences betwixt A* 

and the feveral Terms of the Series, are, by Suppofition, 1, 2, 3, 4, &c. that is, n is gra- 
dually 1, 2, 3, &c. Confequenrly the Differences of the feveral Products of the corre- 
fponding Terms of the two Series from A 2 the nrft Product, are gradually the Squares of 

thefe Roots, 1,2, 3, &c. Hence again, 

5. We have this Rule for fumming the Series of the Squares of the natural Progreflion 
i, 2, 3, &c> viz. Take any Number A greater than n, the greateft of the Roots whofe 
Squares are to befummed; then beginning at A — 1, and A+i, continue a Series down- 
wards from A — r, and upwards from A-f-i, with the common Difference 1, till the 
Number of Terms be n - 7 then taking the Products of the two Series as before, fubtract 

their Sum from n x A* j the Remainder is the 

Sum fought. The Reafon is plain j for the Sum 
of the Products is n rimes A a , wanting theSum 
of the Series of Squares 1, 4, 9, &c. taken to a 
Number of Terms equal to n - 9 therefore alfo the 
Sum of the Squares is »x A* wanting the Sum of the Products. 



A= 8. 7. 6. 5. 4. 3. 2. 1. 

A= 8. 9.10.11.12.13.14.15' 

Products 64.63.60.55.48.39.28.15. 

Differs from 64. - - 1. 4. 9.16.25 . 36 49. 



A— 1 : A — 2 : A — 3 : A — 4, &e. 
A+ I -A + ^»A-f-3:A~f'4, &c . 

A'— 1 : A* — 4 : A— 9 : A 1 — i6,"£F*« 



Theorem VII. 

The Sum of any Number of different Powers of the fame Root, which ffand all next 
together in the Series or Order of Powers, [/. e. whofe Indexes follow one another in the 
natural Series of Numbers 1, 2, 3, <&c but beginning at any Power, or Place of the Se- 
ries] is equal to the Quote of the Difference of the leaft of thefe Powers, and that next 
above the greateft of them, divided by the Difference of the Root and 1. Thus: 

'Example 1. A *-\-gS-)-a 6 ~ a T a \Ex. 3. a +a % -\-a*,&c. + a n 



A 



a — -J. 

+ &c. +a n ±\ 






a* 
a* 



a * 3 & c . -f a 



n + i 



4. + «'+*_L 



Demon. Take the Series a + a* a+ 

to a n , multiply it by a — 1 ; the Product is 
a*t±a, as the annex'd Scheme of the Operati- 
on manifeftly (hews : For the given Series being 
multiplied by a, the Series of Produds is the 
fame as the given Series from the fecond Term, 

taking 



